
Vol . 105 (2004) ACT A PHY SIC A POLON IC A A No . 3

O pt im i zati on of Di r ection al Ante nnas

in T wo -Dim ension al Arti Ùcial Die le ctric s

M . Janow i cza; Ê , M. R usek b and A . Or ¤ow sk i b

a I nst i t ut f �ur Physik , C arl von Ossietzky Uni versi t�at, 26111 Ol denbur g, Germ any
b Instytut Fi zyki , Polska Ak ademia Na uk

al . Lotni k§w 32/ 46, 02-668 Warszawa, Poland

(Received N ovember 5, 2003)

W e i nvesti gate numeri call y t he problem of optimi zati on of directional
characteristics of dip ole antennas located inside , or in the vicini ty of , pho-

tonic crystals or more general arti Ùcial dielectri cs, made of very thin per-
fectly conducting w ires . We concentrate on tw o-dimensional propagation.
Simulated annealing is used to Ùnd the distributi on of wires w hich optimizes

the directional pattern. I t is demonstrated that high directivi ty can be ob-
tained for systems containing a very small numb er of elements pro vided that
the size and shape of the unit cell as w ell as the position of the radiatin g
source w ith resp ect to the crystal are optimized. Buildi ng up of the radiatio n

pattern is also illu strated w ith the help of the w ave-optical rays.

PACS numb ers: 41.20.Jb, 84.40.Ba, 42.25.Bs

1. I n t rod uct io n

The am ount of appl icati ons of photo nic crysta ls in vari ous Ùelds of opti cs,
sol id state physi cs, and technology has recentl y become rather im pressive [1{ 3].
They incl ude, am ong others, two -dim ensional band-gap laser [4, 5], a new typ e
of wa ve-guiding m echanism , associated wi th guiding and bending of electrom ag-
neti c waves thro ugh local ized coupl ed-cavi ty modes [6], an increase in the photo n
l i feti m e along wi th extrem ely smal l group vel ocit y at the coupl ed-cavi ty wave-
gui de band edges [7]. In addi ti on, there exi st extrem ely interesti ng pro posals for
novel appl icati ons, l ike tho se concerni ng thresho ld- less semiconducto r lasers [1, 8]
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and sing le-m ode l ight- emitti ng diodes [9, 10]. Im porta nt appl icati ons to the prob-
lem of design of m icrowave antenna s [11] wi th a very hi gh di recti vi ty have also
been found [1, 12{ 16]. Both one-di mensional mul til ayer di electri c structures and
three- dim ensional photo ni c band- gap materi als have been used. A parti cul arl y
interesti ng conÙgura ti on has been proposed in [16], where the photoni c crysta l
wi th a negati ve e˜ecti ve refracti ve index has been appl ied to obta in an extrem ely
hi gh di recti vi ty . There can be no doubt tha t the novel opti cal m ateri als wi l l o˜er
vast impro vement in the antenna perf orm ance. The purp ose of thi s paper is m ore
m odest, however. We wo uld l iketo inv estigate to wha t extent one can impro ve the
di recti vi ty of an antenna located inside or in the vi cini ty of an arti Ùcial di electri c
(A D), either under the condi ti on tha t our AD shoul d in f act be a photo nic crysta l
wi th a wel l -deÙned uni t cell , or under no condi ti ons at all , tha t is, adm i tti ng par-
ti al ly or f ul ly disordered systems. It is shown tha t surpri sing ly few elements are
necessary to obta in a very hi gh di recti vi ty of antenna s, i f the positi ons of tho se
elements are opti m ized. On the other hand, an unopti m ized photo nic crysta l can
wo rk much poorer tha n an opti m ized random structure .

The m ain body of our work is organi zed as f ollows. In Sec. 2 we pro vi de
a deta i led speciÙcati on of a simpl e model of arti Ùcial dielectri c whi ch is used in
the num erical sim ulatio ns. Section 3 conta ins descripti on and analysis of num erical
resul ts perta ining to the structure of opti mized form s of AD s as wel l as the analysis
of radi ati on patterns. In Sec. 4 we incl ude som e Ùnal remarks and di scussion of
the prospects of further research.

2. Mo d el an d i t s sol ut io n

Mul ti -param eter global opti mizati on, whi ch we attem pt to perf orm here, is a
very di £ cul t ta sk. In general , one cannot hope to obta in a real ly global minimum
of a f uncti on of many vari ables; one can onl y hope to appro ach a relati vely deep
local m inimum . And even i f one is ready to accept thi s, there is an addi ti onal
di £ cul ty : global opti mizatio n is num erical ly expensive and ti m e consuming. In
order to m inimi ze the ti m e necessary for our num erical sim ulati ons, we decided
| in thi s Ùrst attem pt | to drasti cal ly reduce the com pl icati ons and employ a
very sim pl iÙed m odel of elements whi ch form the arti Ùcial di electri c. Tha t is, our
elements are assumed to be inÙnitel y long para l lel perf ectly conducti ng wi res. The
source of radi ati on is another such wi re antenna , para l lel to al l the other ones,
wi th prescri bed l inear current density I 0 . The point in the (x ; y ) plane, where i t
is located, wi l l be denoted by r 0 . Thi s m odel al lows us to perf orm a large part of
calculati ons analyti cal ly, and they are in addi ti on rather sim ple.

Since al l our sources are paral lel inÙni te wi res, the propagati on of radi ati on
is just two- di mensional , so tha t we consider here onl y the pro pagati on of E -wa ves.
The ti m e dependence is assumed to have the form exp({ i ! t ). Let us choose the
z -axi s to be para l lel to the wi res. Then the Ma xwel l equati ons for the components
E z of the electri c Ùeld and H x ; H y of the m agneti c Ùeld ta ke the fol lowi ng form :
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@E z
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= iñ 0 ! H x ;
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= À iñ 0 ! H y ;
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@y
= À i ¯ 0 ! E z + J z ; (1)

where ñ 0 i s the vacuum magneti c permeabi l i ty, ¯ 0 i s the vacuum electri c perm i t-
ti vi ty , and J z i s the current density incl udi ng currents induced in the wi res.

From the above equati ons we im mediatel y obta in the Helm hol tz equati on
for E z

À
r

2
t

+ k 2
Â

E z = À iñ 0 ! J z ; (2)

where r
2
t = @2 =@x 2 + @2 =@y 2 . The soluti on to the problem (2) is given by

E z ( r ) = iñ 0 ! l im
£ 0

S S

G ( r r ) J z ( r ) + E 0
z ( r ) +

1

i ! ¯ 0
L̂ J z ( r ) : (3)

In the above equati on S i s the to ta l two-dimensional space, whereas S £ i s a sum
of \ pri nci pal surf aces" whi ch exclude singul ari ti es of G (r r ) ; S £ becom es in-
Ùnitesim al ly smal l as thei r maxi mum chord length appro aches zero [17]. In our
case, the surface S £ compri sesn small surf aces coveri ng the points in the ( x ; y )

pl ane, where the wi res are located. The Ùeld E 0
z i s the soluti on to a homogeneous

Hel m hol tz equati on, whi ch is in our case the Ùeld due to the prescribed antenna
current. Fi nal ly, the source dya di c L appears here to m ake the soluti on rigorous in
the region, where sources are present. Indeed, as has been shown by Yaghji an in
R ef. [17], the dya dic L̂ i s, in generic case, necessary to obta in correct soluti ons in
tha t region. Ho wever, the appropri ate L s in two-dimensional pro blems are tra ns-
verse, tha t is, they do not conta in any mz com ponent (m = x ; y ; z ). Thi s m eans
tha t in our case the last term in Eq. (3) actua l ly vanishes,and the resulti ng electri c
Ùeld simpl iÙesto

E z ( r ) = iñ 0 !

n

j = 1

G ( r r j ) I j + E 0
z ( r ) ; (4)

because all wi res are inÙni tel y thi n, so tha t

J z ( r ) =

n

j =1

I j £ ( r r j ) ;

where I j ; j = 1 ; 2 ; . . . ; n are induced currents associated wi th each wi re. W e m ust
rem ember, however, tha t | when calcul ati ng the Ùeld at each point, where the
current is di ˜erent from zero | an inÙni tesimall y smal l surface surro undi ng the
point wi th non-zero current should be excluded from integrati on. In pra cti ce, thi s
leads to the vani shing of diagonal elements of a characteri sti c m atri x g i j (see
below), whi ch is to be inverted to obta in currents I j .
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Since our wi res are inÙnitel y conducti ng, the electri c Ùeld must vanish at
each point r i , so tha t

0 = E z (r i ) = iñ 0 !

nX

j =1

G ( r i À r j ) I j + E 0
z ( r i ) : (5)

The Green functi on of the Hel mhol tz equati on whi ch sati sÙesthe equati on
À

r
2
t

+ k 2
Â

G ( r ; r 0 ) = À £ ( r À r 0) (6)

is given by [18]

G ( r r ) =
1
4

iH 1
0

( k r r ) ; (7)

where H 1
m ( x ) i s the m th- order Hankel f uncti on of the Ùrst ki nd, and argum ent x

[19]. Thus, we can rewri te Eq. (5) as a system of l inear equati ons to obta in the
current densiti es I j

n

j =1

g i j I j = e 0 i ; (8)

where

g i j =
1

4
iH 1

0 ( k r i r j ) (9)

and g i i = 0 , whi le

e 0 i =
1
4

iH 1
0

( k r i r 0 ) : (10)

From the Ma xwel l equati ons we obta in the compl ete soluti on for the Ùelds
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Using asym pto ti c expansions of the Hankel functi ons, we obta in the fol lowi ng
form ulaef or the Cartesi an components of the Poyn ti ng vector in the radiati on zone:

S x =
1

2
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y =
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j ; l
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=
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j ; l

exp [ ik ( r r j r r l ) ] I j I
l

; (12)
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where ( r ; ¢ ) are the polar com ponents of the observati on point r . Since r ƒ r j for
every j , the argum ent of the exp onenti al f uncti on can be further sim pl iÙed to give

j r À r j j À j r À r l j = r l cos( ¢ À ¢ l ) À r j cos( ¢ À ¢ j ) : (13)

The (unno rm al ized) far-zone radiati on pattern becom es thus:

P ( ¢ ) = r S r = r ( S x cos ¢ + S y sin ¢ ) =

ñ 0 !

1 6 ¤
j ; l

exp [ ik ( r l cos( ¢ ¢ l ) r j cos( ¢ ¢ j ))] I j I ?
l (14)

and is expl icitl y rea l.

W e have decided to deÙne the functi on to be opti m ized as fol lows. W e have
ta ken a large natura l num ber N (eventua l ly N was chosen to be equal to 1440),
and, for ¢ m = ¤ + 2 ¤ m=N ; m = 0 ; 1 ; 2 ; . . . N 1 , have deÙned two sums

U 1 =

¢ ¢ ¢

P ( ¢ m ) (15)

and

U 2 =

N 1

m =0

P (¢ m ) (16)

for a smal l angle ¢ 0 . The opti mizati on pro blem has been deÙned as tha t of m ini -
m izati on of the fol lowing rati o:

t ( r j ; ¢ 0 ) =
U 2

U 1

: (17)

W e have experim ented wi th several values of the angle ¢ 0 before choosing i t to be
equal to ¤ =7 2 .

Our opti mizatio ns have been perf orm ed using two freely avai lable Fortra n
routi nes: the sim ulated anneal ing code sim ann , avai labl e from w w w : net l i b : or g ,
and the program D I R ect by J. Gabl onsky. The frequency of radiati on has been
chosen to be equal to 10 GHz, but al l other f requenci es are obvi ously avai lable
by tri vi al rescal ing. In our ta bles and Ùgures we have used SI uni ts to specify the
(sub)o pti m al locati on of the wi res. As al ready stated above, the absolute opti mum
is extrem ely di£ cul t to obta in, and we can onl y cl aim tha t we have reached a deep
local mini mum , or have appro ached i t closely.

Opti m izati on of antenna s in the vi cini ty of potenti al ly compl etely disordered
system f orm ed the Ùrst part of our num erical exp eriments. The opti m izati on rou-
ti nes have been al lowed to change both coordi nates of al l (4 or 8) wi res | they
have onl y been constra ined by the requi rement tha t the whole structure is invari -
ant under reÛections wi th respect to x axi s. In thi s sense we cal l such structures
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\ random " . The local m inimum found gives a rather poor value of t ; sti l l , the m ax-
im um near the angle 0 is wel l vi sible, and turns out to be much better tha n for an
unopti mized crysta l l ine structure. The coordi nates of wi res corresp ondi ng to the
local mini mum are given in Tabl e I and il lustra ted in Fi g. 1, whi le the norm al ized
radi ati on patterns are shown in Fi g. 2.

T ABLE I

Coordinates of w ires are show n w hich resulted from an attempt to optimize the ra-
diation pattern w ithout imp osing the conditi on of regularity of the structure to b e
formed by the w ires, except of the reÛection symmetry with respect to the y axis.

A . Structure w ith four w ires

x ( m ) 5.8310 {0. 0385 5.8310 {0. 0385

y ( m ) {0. 2395 0. 1395 0.2395 {0. 1395

B. Structure w ith eight w ires

x ( m 8.9865 3. 3558 {4. 6385 4.6585 8.9865 3.3558 {4. 6385 4.6585

{0. 0579 {5. 6703 {0. 6745 {0. 4340 0.0579 5.6703 0.6745 0.4340

Fig. 1. Suboptimal lo cations of w ires in structures for which optimizati on involved

changing both coordinates and . Systems w ith 4 and 8 w ires are show n. The data

have b een ta ken from Table I . T he w avelength is equal to 0. 189 m.

\ No rm al ized radiati on pattern" means tha t we actua l ly plot the fol lowi ng
quanti ty :

P ¢ P ¢ = P ¢ :
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Fig. 2. N ormalized radiation pattern for the systems of w ires located according to

T able I and Fig. 1.

Fig. 3. Wa ve-optical rays for the 8-wires tw o-dimensional \random " structure.

In Fi g. 3 we have plotted 99 tra jectori es of the wa ve-opti cal rays, tha t is,
the curves whi ch are ta ngent to the Poynting vecto r at each point. As they are
obta ined by integ rati ng num erical ly the fol lowi ng equati on:

dr

d§
= S( r )

(where § i s an arbi tra ry param eter), they cannot intersect each other, unl ike the
geometro opti cal rays. Thi s fol lows from the Picard theo rem about the local uni que-
ness of the dependence of soluti ons of ordi nary di ˜erenti al system s | wi th Li p-
schi tzi an ri ght- hand side | on ini ti al condi ti ons. Ho wever, the wa ve-opti cal rays
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can run qui te errati cal ly, as is seen in Fi g. 3. Thi s Ùgure also well i l lustra tes how the
far- zone radi ati on pattern for angles close to zero is bui lt (l et us noti ce tha t we have
used Eqs. (11) to com pute the ri ght- hand side of (18), wi tho ut usi ng asym pto ti c
appro xi m atio ns for the Ha nkel functi ons). An interesti ng e˜ect is vi sible, whi ch wi l l
be even m ore pro nounced in our further exam pl es: al tho ugh the far-zone \ m ain"
m axi mum (i .e., tha t for smal l angles) appears, in the wave-opti cal -ray pi cture, al -
ready for the di stances from the system whi ch are com parable wi th the di stances
between the wi res, the other m axi ma requi re consi derabl e redi stri buti on of rays
on the sti l l much larger scale.

T ABLE II
C oordinates of w ires are show n which resulted from optimizati on under the condition

that all the w ires are located on the axis of abscissas.

A . Structure with four w ires

x ( m ) {19. 3643 {9. 3807 {1. 5126 {0. 3275

B. Structure with eight w ires

x ( m ) {23. 1057 {11. 8038 {3. 9357 {1. 0489 {0. 1379 {0. 0784 {0. 02399 {0. 0100

Our next opti m izati on involv ed an elementary parti al ly di sordered system .
Tha t is, al l the wi res have been constra ined to l ie on the x axi s, but thei r x -coordi -
nates have not been arra nged in the crysta l - l ike structure, but ra ther al lowed to
\ m ove" freely to look for the m inimum of t . Our T able I I and Fi g. 4 show the
subopti mal x -coordi nates of the wi res for n equal to 4 and 8.

Fig. 4. Suboptimal lo cations of w ires in structures for which optimizati on involved

changing only x coordinates of the w ires w hile their y coordinates have b een equal to

zero. Systems w ith 4 and 8 w ires are show n. T he data have been taken from Table II .

W e can seetha t the found local m inimum corresp onds to a rather disordered
system . Neverthel ess, the di recti vi ty , shown in Fi g. 5 turns out to be qui te con-
siderable, al tho ugh m uch worse tha n tha t in the case of the crysta ll ine AD of the
next exampl e.
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Fig. 5. N ormalized radiation pattern for the system of 4 and 8 w ires located according

to Table I I and Fig. 4.

Fig. 6. Wa ve-optical rays for the 8-wires one-dimensi ona l \random" structure.

In Fi g. 6 we have pl otted corresponding wave-opti cal rays, but | unl ike in
Fi g. 3 | thi s ti m e our rays start from a long and thi n ell ipse surro undi ng the
wi res. Bui lding-up of the di ˜ra cti on m axi mum near ¢ = 0 i s again excellentl y
vi sibl e, but considerable rearrangements must evidentl y happen in far zone since
there are no far- zone m axim a near the angle ¢ = ¤ .

Furtherm ore, we have assumed tha t the conducti ng wi res form a photo nic
crysta l wi th the length and wi dth of the uni t cell given by 2 a and 2 b, and the shift
of the \ center of m ass" of the crysta l wi th respect to the source denoted by d .
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T ABLE II I

C oordinates of wires are show n w hich resulted from opti-
mization under the conditio n that the w ires form a small
crystalli ne structure w ith the unit cell length 2a , w idth 2b,
and the \center of mass" of the crystal located at d .

Parameters of crystal structure

4 w ires 16 w ires 36 w ires

a ( m ) 2: 7377 4 :1 64 8 4

0.0503 0.1524 0. 0567

2.8815 15.9225 16.0523

The opti m ized param eters are given in T able I I I for three num bers of wi res
to form the crysta l | they were equal to 4, 16, and 36. Fi gure 7 i l lustra tes the
locati on of wi res accordi ng to T able I II.

Fig. 7. Suboptimal locations of w ires in rectangular \crystalli ne " structures for w hich

optimizati on involved changing the size of elementary cell as w ell as the overall location

of w ires with resp ect to the source of radiation . Systems with 4, 16, and 36 wires are

show n. T he data have been taken from Table II I .

Fi gures 8, 9, and 10 provi de correspondi ng radiati on patterns. The fact tha t
the di recti vi ty impro ves when the num ber of elements becomes larger seems rather
intui ti ve. In parti cul ar, the di recti vi ty for the case seems to be qui te sati s-
facto ry, al tho ugh we have found i t di £ cul t to rem ove the annoyi ng local minimum
at . In Fi g. 11 we pro vi de the corresp ondi ng tra jectories of wa ve-opti cal rays.
Let us noti ce tha t the obvi ous m axi mum at , whi ch disapp ears f or sti l l larger
di stances, is an arti fact connected wi th a peculiar choice of the ini ti al condi -
ti ons for the tra jectori es, whi ch, as in Fi g. 6, start from a hi ghly eccentri c ell ipse
surro undi ng the wi res.

The fol lowi ng observati on is perhaps of som e interest. The sim ulated anneal-
ing routi ne requi res som e ini ti al guess as an input. Norm ally, thi s ini ti al
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Fig. 8. N ormalized radiatio n pattern for the systems of 4 located according to Table II I

and Fig. 7.

Fig. 9. N ormalized radiatio n pattern for the systems of 16 located according to T able II I

and Fig. 7.

guess have been m ade using the random numb er generato r r anl u x . Ho wever, i f
the ini ti al guess conta ined the positi ons of wi res corresp onding to a previ ousl y
opti mized photo nic crysta l wi th the sam e num ber of elements, simann has sti l l
been able to Ùnd a l i ttl e bi t \ better" positi ons of wi res, wi th slightl y impro ved
di recti vi ty , but wi th the crysta l l ine structure somewhat \ spoi led" . But the defects
have been extrem ely smal l, the lengths and wi dths of deform ed uni t cells have
devi ated by no m ore tha n 0.01%, and the impro vement in our t functi on has been
very insigni Ùcant. Theref ore, al tho ugh the stra tegy i tsel f, i.e., Ùrst opti m ize the
locati on of elements in a crysta l l ine structure, then feed the opti mizati on routi ne
wi th thei r positi ons and try to Ùnd a better one, seems to be advi sable, in thi s
case we have not obta ined any substa nti al changes.
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Fig. 10. N ormalized radiation pattern for the systems of 36 located according to Ta-

ble I I I and Fig. 7.

Fig. 11. W ave-optical rays for the 16-wires \crystallin e" structure.

The form of our subopti mal smal l crysta ll ine structures has suggested tha t a
wa veguide-l ik e structure, empty inside, and located close to the radiati on source,
can also pro vi de a useful system to obta in a high di recti vi ty . In our Ùnal num er-
ical experim ents, we have tri ed to opti mize the \ wi dth" of the waveguide, the
di stance between elements, and the overa l l locati on of the waveguide wi th respect
to the source. Subopti mal locati on of the elements, for 17 and 31 wi res, is shown
in Fi g. 12.

In Fi gs. 13 and 14 we have pl otted the radiati on patterns for the wa veguide-
- l ike structures wi th 17 and 31 wi res. It is seen tha t the di recti vi ty is at least
comparable wi th tha t of the crysta l -l ike system s, but, not surpri singly, we have
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Fig. 12. Sub optima l locations of wires in \w aveguide" structures for which optimiza-

tion involved changing the w idth of the w aveguide, the distance betw een the elements

forming its \surf ace" as w ell as the overall location of w ires w ith resp ect to the source

of radiation . Systems with 17, and 31 wires are shown.

Fig. 13. N ormalized radiation pattern for the systems of 17 located according to Fig. 12.

Fig. 14. N ormalized radiation pattern for the systems of 31 located according to Fig. 12.
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encountered serious di£ cul ti es to el iminate narrow side di ˜ra cti on m axi ma. These
could not be eliminated even tho ugh we have added a penal ty functi on to our
functi on t in order to m ini mize also the rati o of heights of side maxi ma to the
height of the m ain m aximum.

For the system compri sing 17 wi res we also pro vi de the i l lustra ti on of how
the far-zone radi ati on pattern emerges from the wa ve-optica l rays, see Fi g. 15.

Fig. 15. W ave-optical rays for the 17-wires \w aveguide" structure.

It is to be noti ced tha t i t wo uld be very interesti ng to inv estigate the Ùne
structure of radiati on insid e photo ni c crysta ls and wa veguide-l ik e system s in the
spi ri t of [20]. The wa ve-opti cal rays (to gether wi th the l ines of constant am pl i tude
and of constant phase) are an ideal to ol f or such an analysis. In parti cular, the
di stri buti on of stati onary points and the structure of separatri ces bri ng about
valuable inf orm ati on on the electrom agneti c Ùelds. In thi s paper we have not
to uched these fascinati ng to pi cs.

4. Fi nal r em ar ks

In thi s work we have analyzed the possibi l i ti es of opti mizati on of radi ati on
patterns of ideal ized antenna s emi tti ng onl y E wa ves, located inside, or in the
vi ci ni ty of, arti Ùcial dielectri cs. Arti Ùcial dielectri cs consi dered here have been
assumed to compri seperf ectly conducti ng inÙnitel y thi n para l lel wi res, so tha t the
pro pagati on probl em has been restri cted to two di mensions. W e have shown tha t
very hi gh di recti vi ty can be achi eved f or (sub- )opti m al positi ons of conducti ng
elements pro vi ded tha t they form a photo ni c crysta l or a wa veguide-l ik e system ,
even if the numb er of tho se elements is rather smal l , of the order of 10. The
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hal f-power beam -wi dth has been as smal l as 8 £ for just about 30 wi res form ing a
crysta l . In addi ti on, we have dem onstra ted tha t i t is also possible to obta in a qui te
considerable di recti vi ty from parti ally di sordered, or even com pletel y disordered
AD s, al tho ugh thei r di recti onal characteri stics have been m uch worse tha n tho se
of opti m ized photo nic crysta ls.

There are som e desirable features absent in thi s research, whi ch we plan to
incl ude in our future work. Fi rstl y, we are going to get ri d of the assumpti on tha t
the elements are paral lel inÙni tel y long wi res, and consider ful l three- dim ensional
pro pagati on. Onl y then our opti mizati on can be com pared wi th the results of
[13{ 16]. Secondl y, the assumpti on tha t the elements to form AD s are perfectly
conducti ng m ust be relaxed. Thi rdl y, we have not considered here the probl em of
e£ ciency of antenna s. If num erical opti mizati on l ike tha t perform ed here has to
have real appl icati ons, the gain m ust be opti mized to gether wi th the di recti vi ty .
In addi ti on, i t is also possible to state the opti m izati on problems as fol lows: try
to Ùnd the minimum numb er of elements and opti m al param eters of the crysta l ,
such tha t the desired values of di recti vi ty and the gain can be achi eved. Thi s is
a m ixed-integ er opti mizati on pro blem, the num erical soluti on of whi ch is highl y
non- tri vi a l, but conceivable.
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