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Pr oduc t op erator t heory i s w idely used for analytical description of mul -
tiple pulse nuclear magnetic resonance exp eriments for w eakly coupled spin

systems . Distortion less enhancement by p olari zati on transf er and subsp ectral
editing w ith a multiple quantum trap N M R exp eriments are used for spec-
tral assignments of 1 3 C N MR spectra in CH n groups. First , in this study
w e prop osed and show ed theoretical ly that distortionl ess enhancement by

p olarizati on transf er and subsp ectral editing w ith a multiple quantum trap
experiments can also be used for subsp ectral editing of 13 C N MR spectra
w hen 13 C nuclei coupled to spin- 3/ 2 nuclei. The pro duct operator technique

is applie d for the analyti cal descriptio n of 13 C distortion less enhancement by
p olarizati on transf er and subsp ectral editing w ith a multiple quantum trap
N MR spectroscopy for 13 CX n ( I X = 3=2 ; n = 1 ; 2; 3 ) groups.
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1. I n t rod uct io n

One of the major problems of the multi pul se NM R spectro scopy has become
the determ inati on of pro ton mul ti pli citi es in 1 3 C for the past over t wo decades.
D istorti onl essenhancement by polari zati on tra nsfer (D EPT) NMR spectro scopy
is used to edi t 1 3 C spectra into subspectra conta ini ng only CH, CH 2 , and CH 3

groups whi le subspectra l edi ti ng of CH 3 , CH 2 , CH, and also C groups can be
achi eved by usi ng subspectra l edi ti ng wi th a multi ple quantum tra p (SEMUT)
NMR spectroscopy [1{ 4]. As NMR is a quantum m echanica l phenomenon, the
pro duct operator theory as a quantum m echani cal metho d is wi dely used for ana-
lyti cal descripti on of multi pul seNMR exp erim ents on weakl y coupl ed spin system s
in liqui ds [5{ 9]. Pro duct operato r form al ism has been used mostl y in two spin-1/ 2
system s and in systems havi ng spin-1/ 2 and spin-1 nucl ei [9{ 13]. By usi ng product
operato r theo ry, SEMUT NMR spectroscopy is also appl ied to CD n groups [13].
Exp erim ental and theo reti cal investi gatio n of 1 3 C D EPT NMR spectra on CD n

system s is presented elsewhere [14]. Pro duct operato r theo ry for spin-3/ 2 and i ts
appl icati on for 2D J -resolved and 3D J - resolved NMR spectro scopies are recentl y
reported [15, 16].

In thi s study , the theo reti cal inv estigatio n on the spectra l edi ti ng tech-
ni ques of both DEPT and SEMUT NMR spectroscopy for 1 3 C nucl ei coupl ed
to spin-3/ 2 nucl ei are separatel y presented. For the Ùrst ti me, thi s wi l l be an ap-
pl icati on of pro duct operato r theory to DEPT and SEMUT NMR spectro scopy
for 1 3 CX n ( I X = 3=2; n = 1 ; 2 ; 3 ) groups. For exam ple, X can be 1 1 B nucl ei
( I = 3 =2 ; 80.1%) in boron compounds.

2. T heor y

The pro duct operato r theo ry is the expression of the density m atri x operato r
in term s of m atri x representati on of angular mom entum operato rs for indi vi dual
spi ns. Ti m e dependence of the density m atri x is given by [6, 7]:

( ) = exp( i ) ( 0 ) exp ( i ) (1)

where is the to ta l Ham i lto ni an whi ch consists of radio frequency (rf ) pul se,
chemical shift and spi n{ spin coupl ing Ha mi l toni ans and (0 ) is the density matri x
at = 0 . Af ter employi ng the Ha usdor˜ form ul a [7],

exp( i ) exp ( i ) = ( i ) [ ] +
( i ) 2

2 !
[ [ ] ]

( i ) 3

3 !
[ [ [ ] ] ] + . . . (2)

the evoluti ons of product operato rs under the rf pul se, chemical shift, and spin{ spin
coupl ing Ham i lto ni ans can easily be obta ined [5{ 7]. The deta i ls on the evoluti on
of product operato rs under these Ha m ilto nians and the short hand notati ons can
be found elsewhere [5{ 8]. For n ( = 1 2 = 3 2 ) spin system , by usi ng the
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Ha usdor˜ f orm ula, evoluti ons of I x ; I y ; I x S z , and I y S z pro duct operato r under
the spin{ spin coupl ing Ham i l to nian H J = 2 ¤ J I z S z can be obta ined as f ollows [15]:

I x
2 ¤ J I z S t

x S cos(3 ) + y z S sin(3 )

+ x S cos( ) + 2 y z S sin ( ) (3a)

y
2 ¤ J I S t

y S cos(3 ) x z S sin(3 )

+ y S cos( ) 2 x z S sin ( ) (3b)

x z
2 ¤ J I S t

x z S cos(3 ) + y S sin(3 )

+ x z S cos( ) + y S sin ( ) (3c)

y z
2 ¤ J I S t

y z S cos(3 ) x S sin(3 )

+ y z S cos( ) x S sin ( ) (3d)

where S i s the identi ty operato r for nucl eus. Recently, these results were Ùrst
obta ined and then appl ied to analyti cal descripti on of heteronucl ear 2D -resolved
NMR spectro scopy for n ( = 1 2 = 3 2 ) spin system s [15].

1 3
n ( = 3 2 ; = 1 2 3

In thi s section of study , by using the product operato r theo ry, analyti cal
descripti on of D EPT and SEMUT NMR spectroscopi es for 1 3 CX n ( = 3 2)

groups wi l l be presented. The pul se sequences empl oyed for DEPT and SEMUT
NMR spectroscopi es are i l lustra ted in Fi g. 1 and Fi g. 2, respect ively. As seen in
these Ùgures, the density m atri x operators at each stage of the experim ent are
labeled wi th the numb ers. Furtherm ore, in our calcul ati ons and have been
trea ted as 1 3 C and X nucl ei , respecti vely.
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Fig. 2. The pulse sequence of SEM U T N MR spectroscopy . I n this pulse sequence, the

optimum value of § is ( 2 J ) À 1 for I S n ( I = 1 =2 ; S = 3 =2 ) spin system. During t only

the chemical shif t evolution takes place.

3.1. DEPT NMR

For I S (CX) spin system , ¥ 0 = S z i s the density m atri x operato r at therm al
equi l ibri um in D EPT NMR . By using the pul se sequence in Fi g. 1, the fol lowi ng
density matri ces for each labeled point are obta ined:

¥ 1 = y (4)

2 = 2 z x (5)

3 = 4 = 2 y x (6)

5 = 2 y z sin (7)

6 = 3 x S
3

2 x S
1

2 ˚ (8)

where n ˚ = sin ( ) . It is assumed tha t duri ng , the relaxa ti on and evoluti on
under chemical shift do not exi st. The chemical shift evoluti on ta kes place onl y
duri ng detecti on ti m e, . The densi ty operator at point 6 in Fi g. 1 im pl ies tha t the
calculati on can be stopped at thi s point because of the decoupl ing between and
nucl ei after tha t. W hen the signal is detected only from axi s, the m agneti zati on
along axi s is pro porti onal to x and becom es

x x = T r( x 6 ) (9)

For ( = 1 2 = 3 2 ) spin system by consideri ng the fol lowing calcul ated
tra ce values [15]:

T r x x S
3

2
= Tr x x S

1

2
= 1

2
Tr ( x x ) = 1 (10)

we obta in

x ( ) = 2 ˚ (11)

For 2 spin system
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¥ 0 = S 1 z + S 2 z (12)

and by using the sam e pul se sequence, we have

¥ 1 = À ( S 1 y + S 2 y ) ; (13)

¥ 2 = 2 I z S 1 x + 2 z 2 x (14)

3 = 2
y S

3
2

3
2

+ y S
3
2

1
2

+ y S
1

2

3

2
+ y S

1

2

1

2

( 1 x + 2 x ) (15)

and

6 = x

3 S
3

2

3

2
+ 3 S

3

2

1

2

S
1

2

3

2
S

1

2

1

2

2 ˚ (16)

By usi ng the values [15]:

T r x x S = Tr x x S = Tr x x S

= Tr x x S = T r( x x ) = 2 (17)

x ( 2 ) = 8 2 ˚ (18)

is found.
In the case of 3 spi n system

0 = 1 z + 2 z + 3 z (19)

Using the same pul se sequence, the fol lowi ng density m atri ces can be obta ined:

1 = ( 1 y + 2 y + 3 y ) (20)

2 = 2 z 1 x + 2 z 2 x + 2 z 3 x (21)

3 = 2 y

S
3
2

3
2

3
2

+ S
3
2

3
2

1
2

+ S
3
2

1
2

3
2

+ S
3
2

1
2

1
2

+ S
1
2

3
2

3
2

+ S
1
2

3
2

1
2

+ S
1
2

1
2

3
2

+ S
1
2

1
2

1
2

( 1 x + 2 x + 3 x ) (22)

Then, we have

6 = x

9 S
3

2

3

2

3

2
+ 5 S

3

2

3

2

1

2

+5 S
3

2

1

2

3

2
+ S

3

2

1

2

1

2

+5 S
1

2

3

2

3

2
+ S

1

2

3

2

1

2

+ S
1

2

1

2

3

2
3 S

1

2

1

2

1

2

˚
2
˚ (23)

where ˚ = cos . And by using the values [15]:
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T r
È

I x I x E S

À
Ï

3

2
; Ï

3

2
; Ï

3

2

ÂÊ
= Tr x x S

3

2

3

2

1

2

= Tr x x S
3

2

1

2

3

2
= T r x x S

1

2

3

2

3

2

= Tr x x S
3

2

1

2

1

2
= T r x x S

1

2

3

2

1

2

= Tr x x S
1

2

1

2

3

2
= T r x x S

1

2

1

2

1

2

= 1

8
Tr ( x x ) = 4 (24)

x ( ) = 2 4 ( ˚ + ˚ ) (25)

is obta ined.

3.2. SEM U T N MR

For the analyti cal descripti on of SEMUT NMR spectroscopy for CX n

( = 3 2, = 1 2 3 ) groups ( n spin system s), the pul se sequence in Fi g. 2 is
used. The opti m um value for is (2 ) . For ( = 1 2 = 3 2 ) spin system

= z and the fol lowi ng density m atri ces for each labeled point are obta ined:

= y (26)

= 2

3 x z S
3

2
+ 2 x z S

1

2
(27)

= x z
2

3 S
3

2
+ 2 S

1

2 ˚ (28)

= y S
3

2
+ S

1

2 ˚ (29)

W hen the signal is detected only from axi s, the m agneti zati on along axi s is
pro porti onal to y and becom es

y y = T r ( y ) (30)

Theref ore, we obta in

y ( ) = 2 ˚ (31)

For spin system , the f ollowing density matri ces are found:

= y (32)

=
y S y S

y S + 4 y S

( z z ) (33)

= y
S + S

+ S + S

˚ (34)

Then,

y ( ) = 8
˚

(35)
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For I S 3 spin system

¥ 4 = I y

2

6
6
6
6
4

E S

À
Ï

3
2

; Ï
3
2

; Ï
3
2

+ S
3
2

3
2

1
2

+ S
3
2

1
2

3
2

+ S
3
2

1
2

1
2

+ S
1
2

3
2

3
2

+ S
1
2

3
2

1
2

+ S
1
2

1
2

3
2

+ S
1
2

1
2

1
2

3
˚ (36)

Then,

y ( 3 ) = 3 2 3
˚ (37)

T r ( x 6 ) = T r( x f ) and Tr ( y 4 ) = T r( y f ) values obta ined in the preced-
ing section for n ( = 1 2 = 3 2 ; = 1 2 3 ) spin systems for both D EPT
and SEMUT NMR spectroscopi es represent the f ree inducti on decay (FID ) signals,
respect ively. These values can be norm al ized by mul ti pli cati on wi th 4/ T r( ). Here

is the uni ty product operato r for corresp ondi ng spin system . Obta ined T r( x f )
and Tr( y f ) values and thei r norm alized form s are presented in T able I and T a-
bl e I I for DEPT and SEMUT NMR spectroscopi es, respectively, f or both n

T AB LE I

T ABLE I I
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( I = 1 =2 ; S = 1 =2 ; n = 1 ; 2 ; 3 ) and I S n ( I = 1 =2 ; S = 3 =2 ; = 1 2 3 )
spi n system s. As seen in T abl e I and T abl e I I norm alized form s of Tr( x f ) and
T r( y f ) values are the same for both spin system s in both DEPT and SEMUT
NMR exp eriments. Theref ore, DEPT and SEMUT NMR experim ents can be also
used for CX n ( = 3 2; = 1 2 3 ) groups simi lar to CH n ( = 1 2 3 )

groups. Al tho ugh, i t is well kno wn tha t coupl ing to quadrup olar nucl ei cannot
be observed because of the existi ng electri c Ùeld gradient (EF G). But in some
sym m etri es of molecules, the quadrup olar nucl ei have zero or low EFG and
coupl ing can be observed [17, 18]. As there exists coupl ing in D EPT and SE-
MUT NMR pul se sequences, SEMUT and DEPT NMR spectro scopy of C can
be observed in som e m olecules in whi ch coupl ed spi n-3/ 2 nucl ei have zero or low
EFG . As NMR pl ays an im porta nt ro le in boron chemistry , X can be B nucl ei
in CX n ( = 3 2; = 1 2 3 ) groups [19]. For exampl e alkyl boron com -
pound can be a model m olecule for proposed D EPT and SEMUT experim ents.
Hydro borati on of alkenes can give theo reti cal ly the fol lowing com pound:

C[B ( Me ) ] C [B( Me ) ] C [B ( Me ) ]

In thi s compound CB, CB , and CB groups exi st. Al tho ugh thi s com pound is
steri cal ly hi ndered, thi s can be synthesi zed by hydro borati on of corresp ondi ng
alkene derivati ves.

D EPT and SEMUT NMR experim ents are wi dely used for spectra l edi ti ng of
C nucl ei in CH n groups. In thi s study , by usi ng product operato r theo ry, we have

pro posed and showed theo reti cal ly tha t D EPT and SEMUT NMR experim ents can
be also appl ied for subspectra l edi ti ng of C NMR spectra when C nucl ei are
coupl ed to spin-3/ 2 nucl ei. But, one should be aware of the fact tha t in order to
observe DEPT and SEMUT NMR experim ents for these spi n system s, spin-3/ 2
nucl ei in a molecule must have zero or low EFG .

W e would like to tha nk D r. Y. Bekdem ir (D epartm ent of Chemistry , On-
dokuz Ma y±s Uni versi ty , Sam sun, T urkey) for his com ments and suggestions about
hydro borati on of alkenes.
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