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A proto col for t eleport i ng t w o qudit s simult aneously in opposite direc -
tions using a single pair of maximall y entangled qudits is presented . T his
pro cedure w orks pro vided that the pro duct of dimensi ons d 1 and d 2 of the

tw o qudits to be telep orted does not exceed the dimension d of the indiv id ual
qudits in the maximall y entangled pair.

PAC S numb ers: 03.67.{a

1. I n t rod uct io n

Qua ntum tel eporta ti on, the process of tra nsferring compl ete inf orm ati on
about a quantum state from a sender to a receiver, is one of the fundam ental
features of quantum inf orm ati on. In the ori gina l setti ng [1], Al ice and Bob uti l ize
a shared m axim all y entangled pai r of qubi ts to tel eport a qubi t in som e unkno wn
state from Al ice to Bob. Thi s is impl emented by local operati ons by Al ice and
Bob suppl emented by classical com munica ti on between them . Thi s scheme is eas-
i ly general ized to the case of qudi ts (d -di mensional quantum systems) [1, 2]. In
order to tel eport a d -dim ensional qudi t, Al ice and Bob m ust share a pai r of at
least d -di mensional qudi ts in the m axi ma lly enta ngled state. Quantum tel eporta -
ti on between mul ti ple parti es using qubi ts [3 , 4] and qudi ts [5, 6] has also been
wi dely studi ed. In al l tel eporta ti on pro to cols, the pai r of m axim ally enta ngled
qudi ts plays the ro le of a uni -di recti onal quantum channel .

In thi s arti cl e we analyze two- way quantum tel eporta ti on, i .e. sim ulta ne-
ous tel eporta ti on of two qudi ts in two opposite di recti ons, as intro duced in [7].
Let us supp ose tha t Al ice possessesa d 1 -dim ensional qudi t in the state j ˜ i 1 =P

d 1 1
i = 0 ˜ i j i i 1 , whi le Bob has a d 2 -di mensional qudi t in the state j Ù i 2 =

P
d 2 1
i =0 Ù i j i i 2 .

(409)
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The qudi ts 1 and 2 wi l l henceforth be cal led tel eportee qudi ts. Addi ti onal ly Al ice
and Bob share a m axi mall y enta ngled pai r of d -dim ensional qudi ts, whi ch serves
the purp ose of a quantum channel , in the state

j ˆ i =
1

p

d

d À 1X

i =0

j i i c 1 j i i c 2 ; (1)

such tha t d 1 d 2 ç d . In accordance wi th the nota ti on, the qudi ts in the state j ˆ i

wi l l be referred to as channel qudi ts wi th the Ùrst qudi t belonging to Al ice and
the second to Bob. By appl yi ng the standa rd tel eporta ti on proto col of Bennett et
al ., Al ice and Bob can m anage to tel eport onl y one of the two states j ˜ i or j Ù i

usi ng the channel described by Eq. (1). W e construct an expl icit scheme enabl ing
the tel eporta ti on of j ˜ i 1 from Al ice to Bob and j Ù i 2 f rom Bob to Al ice using the
shared m axi mal ly entangled pai r in the state j ˆ i .

2 . T h e p rot ocol

Our tel eporta ti on scheme consists of three m ain stages: (1) ta i loring of the
quantum channel , (2) encoding of inf orm ati on about the states to be tel eported
into the channel qudi ts and (3) decoding inf orm atio n in the channel into qudi ts
in product form . W e divi de our consi derati ons into two cases, vi z. d 1 d 2 = d and
d 1 d 2 < d .

W eÙrst consider the form er case,where the quantum channel is characteri zed
by the dim ension d = d 1 d 2 . In thi s case, the channel is already in the desired state.
The Ùrst step of the encoding stage consi sts of Al ice pro jecti ng her two qudi ts into
one of d 1 ortho gonal d -di mensional subspacesof the ori ginal d 1 d -dim ensional space,
by m easuri ng the pro j ectors

P k 1
=

d 1 À 1X

j 1 =0

d 2 À 1X

j 2 =0

j j 1 i 1 j ( j 1 ` 1 k 1 ) + j 2 d 1 i c1 c 1 h ( j 1 ` 1 k 1 ) + j 2 d 1 j 1 h j 1 j ; (2)

k 1 = 0 ; . . . ; d 1 À 1 ;

where ` 1 denotes addi ti on m odul o d 1 . Bob perf orm s an analogous m easurem ent
on hi s qudi ts wi th d 2 outcom es, k 2 = 0 ; . . . ; d 2 À 1 , described by

P k 2
=

d 1 À 1X

j 1 =0

d 2 À 1X

j 2 =0

j j 2 i 2 j j 1 + (j 2 ` 2 k 2 ) d 1 i c2 c2 h j 1 + ( j 2 ` 2 k 2 ) d 1 j 2 h j 2 j ; (3)

wi th ` 2 denoti ng addi ti on m odul o d 2 . If Al ice and Bob obta in the results k 1 and
k 2 respecti vely, then the joint sta te of all four qudi ts considered is

j ê 1 i =

d 1 À 1X

j 1 =0

d 2 1X

j 2 =0

˜ j 1
Ù j 2

j j 1 i 1 j ( j 1 ` 1 k 1 )

+( j 2 ` 2 k 2 ) d 1 i c 1 j j 2 i 2 j ( j 1 ` 1 k 1 ) + ( j 2 ` 2 k 2 ) d 1 i c 2 : (4)
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Next, Al ice and Bob inform each other about the results of thei r local m easure-
m ents. Using these results, they perf orm the fol lowing operati on on thei r channel
qudi ts:

j ( j 1 ` 1 k 1 ) + ( j 2 ` 2 k 2 )d 1 i c r ! j j 1 + j 2 d 1 i c r ; (5)

where r = 1 ; 2 refer to Al ice' s and Bob' s qudi ts respecti vely. The state j ê 1 i i s
tra nsform ed to

j ê 2 i =

d 1 À 1X

j 1 =0

d 2 À 1X

j 2 =0

˜ j 1
Ù j 2

j j 1 i 1 j ( j 1 + j 2 d 1 i c1 j j 2 i 2 j j 1 + j 2 d 1 i c2 : (6)

Now Al ice and Bob perform the fol lowing uni ta ry operati on on thei r respective
pai rs of qudi ts:

j j r i r j j 1 + j 2 d 1 i cr ! j 0 i r j j 1 + j 2 d 1 i cr ; (7)

tha t leaves the Ùrst qudi t of each pai r in a standard state j 0 i r ( r = 1 ; 2 ) and
the channel qudi t unchanged. In thi s way, enti re inform atio n about the tel eportee
states is encoded into the quantum channel , whi ch is in the state

j ê 3 i =

d 1 À 1X

j 1 =0

d 2 À 1X

j 2 =0

˜ j 1
Ù j 2

j j 1 + j 2 d 1 i c 1 j j 1 + j 2 d 1 i c2 ; (8)

whi le the other two qudi ts can be discarded. The tw o parti es now share the inf or-
m ati on about both states j ˜ i and j Ù i .

T o com plete the tel eporta ti on pro cedure, Al ice and Bob have to decode the
inf orm ati on present in j ê 3 i . T o do thi s, Al ice perform s a d 1 -di mensional Fouri er
tra nsform described below

j j 1 + j 2 d 1 i c1 !

1
p

d 1

d 1 À 1X

m 1 =0

!
m 1 j 1

d 1
j m 1 + j 2 d 1 i c1 ; (9)

where ! d 1
= exp[ i2 ¤ =d 1 ] is com plex root of uni ty . Bob perf orm s a sim i lar Fouri er

tra nsform on his channel qudi t

j j 1 + j 2 d 1 i c2 !

1
p

d 2

d 2 À 1X

m 2 =0

!
m 2 j 2

d 2
j j 1 + m 2 d 1 i c2 : (10)

The state of the two channel qudi ts is tra nsform ed in thi s way into

j ê 4 i =
1

p

d

d 1 À 1X

m 1 =0

d 1 1X

j 1 =0

d 2 1X

m 2 =0

d 2 1X

j 2 =0

˜ j 1
Ùj 2

!
m 1 j 1

d 1
!

m 2 j 2

d 2

Èj m 1 + j 2 d 1 i c 1 j j 1 + m 2 d 1 i c2 : (11)

Al ice and Bob di sentangle thei r qudi ts by perform ing the pro j ections

Q m 1
=

d 2 1X

j 2 =0

j m 1 + j 2 d 1 ih m 1 + j 2 d 1 j ; m 1 = 0 ; . . . ; d 1 (12)
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and

Q m 2
=

d 1 À 1X

j 1 =0

j j 1 + m 2 d 1 ih j 1 + m 2 d 1 j ; m 2 = 0 ; . . . ; d 2 (13)

on thei r respective qudi ts. Any pai r of resul ts m 1 ; m 2 of these local m easurem ents
occurs wi th equal pro babi li t y d À 1 yi elding the product state

j ê 5 i =

d 1 À 1X

j 1 =0

d 2 À 1X

j 2 =0

˜ j 1
Ù j 2

! m 1 j 1

d 1

! m 2 j 2

d 2

j m 1 + j 2 d 1 i c 1 j j 1 + m 2 d 1 i c 2 : (14)

Al ice and Bob com muni cate the results of the m easurements Q m 1
and Q m 2

(Eqs. (12) and (13)) to one another and perform the uni ta ry operati ons U 1 and U 2 :

U 1 j m 1 + j 2 d 1 i c1 = ! À m 2 j 2

d 2
j j 2 d 1 i c 1 ; (15)

U 2 j j 1 + m 2 d 1 i c2 = !
À m 1 j 1

d 1
j j 1 i c2 (16)

on thei r qudi ts. The channel qudi ts end up in the state

j ê 6 i =

d 2 À 1X

j 2 =0

Ù j 2
j j 2 d 1 i c 1

d 1 1X

j 1 =0

˜ j 1
j j 1 i c 2 = ( V

y

1
j Ù i c 1 ) j ˜ i c 2 : (17)

Bob' s qudi t is now in the desired state j ˜ i whi le Al ice's qudi t com pletel y
encodes the state j Ù i . Al ice onl y has to perform a rota ti on of basis V 1 j j 2 d 1 i c 1 =

j j 2 i c1 to exactl y retri eve the ori ginal sta te. In thi s m anner, tel eporta ti on in two
opp osite di recti ons is achieved.

Let us noti ce tha t tel eporta ti on of both states in thi s process can essential ly
be conducted simul ta neously. Thi s pro cess is successful wi th uni t e£ ciency since
i t is im plem ented usi ng onl y uni ta ry operati ons and compl ete m easurem ents.

No w, let us consider the case when d 1 d 2 = d < d . In thi s case, the pro-
to col presented above cannot be di rectl y appl ied. The reason behind thi s is tha t
the pro jections appl ied do not span the enti re local spaces of the given qudi ts,
whi ch in turn m ay lead to a loss of inf orm ati on due to the possibl e pro jection
onto some com plementa ry space. The conversi on of the state of the given channel
(Eq. (1)) into the requi red form can be conducted beforehand by Al ice and Bob
in a \ ta i lori ng" stage, as discussed below.

Al ice (or Bob) can prepare an anci l lary d -dim ensional qudi t in the state

j ¢ i =
1

p

d

d 1X

i =0

j i i 0 ; (18)

e.g. by appl yi ng the d -dim ensional Fouri er tra nsform to the state j 0 i 0 : The joint
sta te of the ancil la and channel qudi ts is j ¢ ij ˆ i . Al ice perform s a m easurem ent
havi ng d outco mes deÙned by the pro jecti on operato rs

R k =

d 1X

n =0

j n i 0 j n + k i c 1 c1 h n + k j 0 h n j ; (19)
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where k = 0 ; 1 ; . . . d À 1 and al l sums are ta ken m odul o d . The state j ¢ ij ˆ i i s
pro jected wi th equal pro babi l i ty d À 1 into one of the states

j ' k i =
1

p

d 0

d 0
À 1X

n =0

j n i 0 j n + k i c 1 j n + k i c 2 : (20)

Al ice uni ta ri ly separates the anci l la from her channel qudi ts by the operati on

j n i 0 j n + k i c1 ! j 0 i 0 j n + k i c1 : (21)

Al ice sends the result k to Bob, and both parti es perform the subtra cti on operati on
j i i c r ! j i À k i cr leavi ng the channel qudi ts in the m axi mal ly entangled states

j ˆ 0
i =

1
p

d 0

d
0

À 1X

i =0

j i i c 1 j i i c 2 : (22)

Thi s pai r of qudi ts can now be used as a channel for tel eporti ng two qudi ts in
opp osite di recti ons, by perform ing steps (2) and (3) as described earl ier.

A general proto col uti l i zing a maxim ally enta ngled state as a bi -di recti onal
channel for tel eporta ti on wa s presented. The onl y condi ti on f or successful tel epor-
ta ti on is tha t the inf orm atio n to be exchanged occupies a space of at most as high
a dim ension as tha t occupied by each channel qudi t.
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