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Spin rel ate d e˜e ct s in electr onic transp ort thro ugh quantu m dots , cou-
pled via tunnelin g barriers to t w o metallic leads, are discussed from the
p oint of view of fundamental physics and possibl e appli catio ns in spin elec-

tronics . T he e˜ects follow either from long spin rela xation time in the dots or
from spin dependent tunneling through the barriers w hen the external leads
are ferromagnetic. In the former case large nonequi li bri um spin Ûuctuation s
in the dot can b e induced by Ûowing current. These Ûuctuations modif y

transp ort characteristics, particularl y the shap e of the C oulomb steps. I n
the latter case electric current dep ends on magnetic conÙguratio n of the
system, and tunnel magnetoresistan ce e˜ect due to magneti zatio n rotation

can occur. T ransp ort prop erties in the w eak coupling regime are describ ed
p erturbatively in the Ùrst (sequential ) and second (cotunneli ng) orders. I n
the strong coupli ng regime, on the other hand, the equation of motion for
nonequil i bri um Green functions is used to calculate electric current at low

temp eratures, where the K ondo peak in conductance is formed in the zero
bias regime. In symmetrical systems the K ondo p eak is split in the paral-
lel magnetic conÙguration, whereas no splitting occurs for the antiparallel

alignmen t. Theoretical results are discussed in view of available experimental
data.
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1. I n t rod uct io n

Mo re tha n a decade ago Gr�unb erg et al . [1] di scovered anti ferromagneti c
interl ayer exchange coupl ing in arti Ùcial ly layered structures consisti ng of two
3 d ferrom agneti c m etal l ic Ùlms separated by a nonm agneti c m etal l ic spacer. It
turned out later tha t the sign of the correspondi ng exchange parameter oscil lates
wi th the spacer thi ckness and di sappears when the thi ckness exceeds several tens of
angstrom s [2]. A di rect consequence of the presence of anti ferromagneti c interl ayer
coupl ing was the subsequent di scovery of the giant m agneto resistance (GM R)
e˜ect [3, 4]. Thi s discovery ini ti ated broad interest in spin polarized tra nsport in
arti Ùcial and natura l nanoscopi c system s.

A typi cal structure, in whi ch the GMR e˜ect occurs, is a multi layer in whi ch
adjacent ferromagneti c Ùlm s are coupl ed anti ferromagneti call y across a nonm ag-
neti c spacer, so they have anti para llel m agneti zati ons in zero magneti c Ùeld. W hen
an externa l m agneti c Ùeld is appl ied, the m agneti zati ons rota te from anti para l lel
conÙgurati on to paral lel one, and thi s rota ti on is associ ated wi th a decrease in
electri cal resistance of the system (an increase is also possible [5]). The e˜ect was
found for electri c current Ûowi ng in the Ùlm plane [3, 4], as well as for current
Ûowi ng perpendicul arl y to the Ùlm plane [6].

T o observe the GMR e˜ect one needs to create the anti para llel al ignm ent
of the Ùlm m agneti zati ons. In earl y experim ents such an al ignm ent was a conse-
quence of anti ferrom agneti c interl ayer exchange coupl ing. However, the exchange
coupl ing is not a necessary condi ti on and i ts presence is even not advi sabl e f rom
the appl icati on point of vi ew because i t enhances the satura ti on Ùeld and di m in-
ishes Ùeld sensiti vi ty of the e˜ect. Fortuna tel y, the anti para llel al ignm ent can also
be obta ined by other means. If , for insta nce, the two m agneti c Ùlm s in a tri -
layer structure have di ˜erent coercive Ùelds, then there is a range of m agneti c
Ùelds duri ng scanni ng thro ugh the hysteresi s loop, where the m agneti zati ons are
anti para l lel [7]. A speciÙc exampl e of such structures are spin valv es, where one
m agneti c Ùlm is pinned by exchange ani sotro py to an anti ferromagneti c substra te,
wherea s the other one is magneti cal ly free.

The GMR e˜ect is described quanti ta ti vely by the rati o Â R =R
""

= (R
" #

À

R
""

)= R
""

, where R
"#

and R
""

are the to ta l resistances of a m ulti layer in the
anti para l lel and paral lel magneti c conÙgura ti ons, respecti vely. A typi cal v alue of
thi s factor is of an order of 0 : 1 Ë 1 : 0 . In the case of the GMR e˜ect described
above, al l com ponents of a mul til ayer are m etal l ic. El ectri cal resistivi ty of such
structures is theref ore typi cal of m etal l ic systems. However, a sim i lar e˜ect also
occurs when the m etal l ic spacer layer in a tri layer structure is repl aced by an
insul ati ng barri er [8, 9]. Verti cal tra nsport occurs then owi ng to electron tunnel ing
thro ugh the barri ers. Consequentl y, a typi cal conducta nce is then several orders of
m agni tude smal ler tha n for m etal l ic spacers. The correspondi ng m agneto resistance
e˜ect is kno wn as tunnel m agneto rsistance (TMR ).
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The TMR e˜ect can exi st in sim ple planar j uncti ons as wel l as in m ore
compl ex ones, e.g., in doubl e-barri er juncti ons [10]. An exampl e of the latter sys-
tem s are juncti ons wi th the centra l electro de (the part between the two barri ers,
cal led an island in the fol lowi ng) being smal l enough, so tha t the e˜ects due to
charg ing of the electro de wi th sing le electrons are vi sibl e in the corresp ondi ng
current { vol ta ge characteri stics. In the case of nonm agneti c system s, and when
di screteness of the density of sta tes of the island can be neglected, thi s leads to
the well -kno wn Coulom b bl ockade of electri c current below a certa in thresho ld
vo l tage and to characteri sti c Coul omb steps. These f eatures disappear when the
therm al energy k B T exceeds the charg ing energy E c . W hen the system is in a
bl ocked state, the Co ulom b bl ockade can be removed by appl yi ng a gate vol tag e
V g to the centra l electro de. The system acts then l ike a tra nsistor, in whi ch elec-
tro ns are tra nsmi tted in a correl ated way one by one, and theref ore the devi ce
is cal led sing le-electron tra nsi stor (SET) [11]. The interpl ay of magneti c proper-
ti es of ferromagneti c juncti ons and charg ing e˜ects was studi ed onl y very recentl y
[12{ 14].

Addi ti onal features in tra nsport characteri sti cs ari sefrom size quanti zati on of
electron states in the centra l electro de [15, 16]. W hen the island is a semiconducti ng
quantum dot or a sing le m olecule, or an ul tra -small metal l ic parti cle, separati on
between di screte states can be com parable or even larger tha n the charging energy,
and also much larger tha n therm al energy. In thi s paper we wi l l describe just the
interpl ay of the charging e˜ects, discreteness of the density of sta tes, and m agneti c
pro perti es. Acco rdi ngly, we consider a quantum dot connected to two externa l
electrodes whi ch can be m agneti c in a general case. W e wi l l describe the l im it of
weak coupl ing between the dot and electro des, when the Coulomb bl ockade and
other charg ing phenom ena dom inate, as well as the stro ng coupl ing l im it, where
the Kondo e˜ect m ay be observed at low tem peratures.

The spin e˜ects in electro nic tra nsport, discussed in thi s paper, are due to
ei ther a di ˜erence in relevant ti me scales for spi n and charge degrees of free-
dom or spin polarizati on of electri c current when the externa l and/ or centra l
electrodes are ferro magneti c. General ly, one can disti ngui sh three relevant ti m e
scales in electroni c tra nsp ort thro ugh ferromagneti c or nonm agneti c quantum dots:
(i ) spin-conservi ng energy relaxati on ti m eon the dot §¯ , (i i ) current inj ection ti m e
§ I , and (i i i ) spin-Ûip relaxati on ti m e §s f . In real system s § ¯ i s usual ly the shortest
ti m e scale, §¯ < 1 0 À 9 s, whereas § sf can be in the range of 1 0 À 9

Ë 1 0 À 6 s. On the
other hand, for the current of 1 nA, the inj ection ti m e is of the order of 1 0 À 9 s.
Accordi ngly, one m ay assume tha t the shortest ti m e scale in the system s under
considerati on is the spin-conservi ng energy relaxati on ti m e, whi le the longest one
is the spin-Ûip relaxati on ti m e, § sf ƒ §I ƒ §¯ (sl ow spin relaxati on l imit). In other
wo rds, one may assume tha t after tunnel ing to the island, the electro n relaxes en-
ergeti cal ly to the relevant Ferm i level before next tunnel ing processesta ke place,
wherea s electro n spin preserves i ts ori entati on for a ti me much longer tha n the
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ti m e between successive tunnel ing events (i njecti on ti m e). In the case of m agneti c
system s thi s results in a spin spli tti ng of the steady- state Ferm i level of the island.
Apa rt from thi s, one may exp ect large nonequi l ibri um spi n Ûuctuati ons on the
island, even i f the system is enti rely nonm agneti c. These large spin Ûuctuati ons
m ay lead to observable e˜ects in electronic tra nsport [17, 18].

In some system s, however, the condi ti ons of slow spin relaxa ti on are not
ful Ùlled and §sf becom esof the order of §I or even shorter. In thi s so-called fast spin
relaxa ti on lim i t, the spin e˜ects due to di ˜erent ti m e scales disappear. Ho wever,
the e˜ects due to spin dependent tunnel ing across the barri ers can sti l l occur when
som e components of the system are f erromagneti c.

W hen the quantum dot conta ins an odd num ber of electro ns, the Ko ndo
e˜ect in electro nic tra nsp ort thro ugh the dot can be observed at low tem peratures
[19, 20]. The e˜ect is fundam enta lly simi lar to the Ko ndo e˜ect observed in al loys
wi th magneti c impuri ti es. However, there is an im porta nt di ˜erence | the Ko ndo
e˜ect in al loys givesri se to a mini mum in resisti vi ty below the Ko ndo tem perature,
whi le in the case of tra nsport thro ugh quantum dots i t gives ri se to a m inimum in
conducta nce. Spin polari zati on of conducti on electrons in f erromagneti c electro des
leads to new features of the Ko ndo phenom enon [21{ 23].

In Sect. 2 we discuss spin e˜ects in quantum dots connected to nonm agneti c
leads. Such spin e˜ects fol low either from exchange coupl ing between electrons on
the dot or from a di ˜erence between energy and spin relaxa ti on ti mes. In Sect. 3
we consider spin polarized tra nsport thro ugh a quantum dot in the sequential
tunnel ing and cotunnel ing regim es. Fi na l ly, in Sect. 4 we discuss spin polari zed
tra nsport thro ugh quantum dots in the Ko ndo regime. Possible appl icati ons in
spi ntro nics are di scussedin Sect. 5 , where also concl uding rem arks are given.

2. Sp in e˜ ect s in qu an tu m d ot s co u pl ed t o nonm agn et ic lead s

Excha nge intera cti on between electrons in quantum dots leads to e˜ects
whi ch are simi lar to tho se occurri ng in natura l ato ms. One of i ts consequences is
l i fti ng the spin degeneracy of di screte levels. Mo reover, in som e casesconsecuti ve
di screte levels m ay becom e popul ated fo llowing Hund ' s rul e. Accordi ng ly, the dot
can acqui re a stabl e m agneti c m oment, sim ilar to the m agneti c mom ent of certa in
ato m s. Hund' s rul e m ay then lead to spi n blockade phenom enon in electro nic
tra nsport thro ugh the dot. In other words, electrons wi th one spin ori enta ti on
can tunnel from the source electro de to the dot and then from the dot to the
dra in electro de, whereas tunnel ing of electrons wi th opp osite spin orienta ti on is
suppressed by Hund' s rul e [24].

There are also other spi n e˜ects in electroni c tra nsport, whi ch are due to
nonequi l ibri um spi n Ûuctua ti ons in quantum dots. Such spin Ûuctua ti ons occur
when spin-Ûip relaxa ti on ti m e §sf is long com pared to other relaxati on pro cesses
l ike the energy relaxati on ti m e §¯ and the inj ection ti m e §I . These e˜ects occur
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in the nonl inear current À vol ta ge regim e, and when the size e˜ects play a ro le.
Mo reover, they can occur even in the absence of exchange intera cti ons on the dot.
In the fol lowi ng part of thi s section we wi l l consider in m ore deta i ls the ro le of
nonequi l ibri um spi n Ûuctua ti ons in tra nsport pro cesses.

Assum e tha t a quantum dot is connected to two nonm agneti c leads. W hen
positi ve bias corresponds to electrons Ûowi ng from ri ght to left, then the electri c
current I Ûowi ng thro ugh the dot is determ ined by the fol lowing form ula:
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i s the tunnel ing probabi l i t y to (+) and o˜ ({ ) the dot thro ugh the ri ght barri er.
Simi lar probabi l i ty m ay be deÙned for tunnel ing thro ugh the left barri er ( I =

I l = I r ). In the simpl est \ ortho dox" tunnel ing theo ry , these pro babi l i ti es can
be calculated from the Fermi golden rul e. On the other hand, the probabi l i ty
P ( N

"
; N

#
) can be determ ined from the relevant m aster equati on, whi ch takes into

account a deta i led balance of electrons tunnel ing to and o˜ the dot [16, 17].
A state of the dot can be characteri zed ei ther by the num bers N " and N # ,

or equivalentl y by the num bers N = N " + N # (cha rge state) and M = N " À N #

(m agneti c state). W hen the spi n relaxati on is slow, large spin Ûuctuati ons on the
dot can arise in a nonequi l ibri um situa ti on (bi ased system ). In Fi g. 1 two di ˜erent
m agneti c states are shown schemati cally assuming the constant level spacing Â E :

These di ˜erent magneti c states corresp ond to the same charge state. Owi ng to

Fig. 1. T w o magnetic states of the dot, w hich corresp ond to the same charge state.

T he state (a) corresp onds to short spin- Ûip relaxation time, whereas the state (b) is

relev ant w hen the spin- Ûip relaxation time is long.



170 J . Bar naƒ et al .

the discrete energy structure, a tra nsi ti on from the N to N + 1 charge states can
occur at a bi as lower tha n in the absence of spin Ûuctua ti ons. Thi s tra nsiti on in-
vo lves high-spin states (states corresp ondi ng to large values of M ). Co nsequentl y,
the tra nsi ti on between di ˜erent charge states is smoother and the Coulomb steps
in the current{ vol ta ge characteri sti cs become less pronounced. The e˜ect is rel -
evant as long as the energy of therm al Ûuctua ti ons is lower tha n the energy of
nonequi l ibri um spin Ûuctuati ons. Thus, even i f the discrete states are not resolved
(k B T >

¿
Â E ), the spin Ûuctuati ons can lead to observabl e e˜ects.

The ro le of nonequi l ibri um spin Ûuctua ti ons in electroni c tra nsport thro ugh
quantum dots is shown schemati cal ly in Fi g. 2, where positi ons of the conducta nce
peaks (current steps) are indi cated in the low- temperature l im it, k B T § Â E . The
regions m arked wi th N ; N + 1 , and N + 2 are the Co ulom b bl ockade ones and
correspond to N ; N + 1 , and N + 2 electro ns on the dot, respecti vel y. In the fast
spi n relaxati on l imi t, the sol id l ines determ ine the well -known Coulom b bl ock-
ade di amond structure . The regions denoted as SETT (si ng le electron tunnel ing
tra nsport) and D ETT (doubl e electro n tunnel ing tra nsport) corresp ond to the
caseswhere one and tw o excess electro ns can occur in the dot, respectively, when
appro pri ate gate and tra nsport vol ta ges are appl ied. The dotted l ines indi cate
standard resonance peaks fol lowi ng from the discrete structure. W hen spin relax-
ati on is slow, there are new resonance peaks indi cated by the dashed lines whi ch
start inside the SETT diam ond when a parti cul ar spin excita ti on appears. D ue
to nonequi l ibri um spin Ûuctua ti ons, the doubl e electro n tunnel ing tra nsport can
occur al ready wi thi n the SETT diam ond region (the regions m arked in gray in
Fi g. 2).

Fig. 2. T he scheme of conductance peaks in the V À V g plane for a symmetric j unction ;

E C = Â and Solid lines determine the Coulomb blo ckade diamond

structure indicati ng also the onset of single electron tunneling transp ort (SET T ) and

double electron tunnelin g transp ort ( DET T ) in the absence of nonequi li bri um spin Ûuc-

tuations. Dotted lines are usual e˜ects related to the o˜set in transp ort of new discrete

energy levels. Dashed and dotted- dashed lines indic ate the onset of the consecutive

charge states due to particular spin excitations (as indic ated).
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R ecently, Fuj isawa et al . [18] obta ined experim ental results on smal l verti cal
QD s at low tem peratures, whi ch conÙrm the ro le of nonequi l ibri um spin Ûuctua -
ti ons in electro nic tra nsport. One shoul d also note tha t the borders between SETT
and DETT di am onds observed in earl ier exp eriments have features indi cati ng the
ro le of nonequi l ibri um spin Ûuctua ti ons, to o.

3. Sp in p ol ar ized t r an sp or t t hr ou gh qu an t um d ot s in t h e sequ enti al
t u nn el ing an d co t u nn el in g r egim es

W hen the quantum dot is atta ched to f erromagneti c electro des, the lead-
ing spin e˜ects ori ginate from spi n polarizati on of injected electrons. If the spin
relaxa ti on ti m e on the dot is su£ cientl y long, spin dependent tunnel ing thro ugh
the barri ers gives ri se to the TMR e˜ect. The relevant experim ents have been
perform ed wi th carb on nanotub es (CNTs) of Ùnite length used as the centra l elec-
tro de [25]. W hen CNT is not to o long, i t behaves l ike a quantum dot wi th di screte
energy levels and wi th a Ùnite numb er of electrons. Mo reover, the corresp ond-
ing spin relaxati on ti me can be relati vel y long. Indeed, spi n polari zed tra nsport
thro ugh CNT atta ched to two Co electro des revealed long spin coherence length,
whi ch gave ri se to large TMR e˜ect [25].

T o describe the m ain features of spin polarized electroni c tra nsport thro ugh
quantum dots, let us consider the l im iti ng case of a single-level dot. El ectron
correl ati ons on the dot can be then ta ken into account in the Hubba rd form and
the Ham i lto ni an of the who le system can be wri tten as

H =
X
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where the Ùrst term on the ri ght hand side describes the two electro des in the non-
intera cti ng quasi-parti cle appro xi m atio n, the second and thi rd term s describe the
dot wi th ¯ d being the energy of the discrete level and U denoti ng the electron cor-
relati on param eter. The last term ta kes into account tunnel ing processesbetween
the dot and the leads, wi th the spin dependent coupl ing parameters V ˜ k ¥ . The
energy level ¯ d incl udes the electro stati c part, ¯ d = ¯ 0

d À eU e, where ¯ 0
d i s the level

energy at zero bias, and U e i s the electrostati c potenti al of the dot. Sim ilarl y, the
sing le-electro n energy of the leads includes the corresp ondi ng electrostati c energy,
to o.

Streng th of the coupl ing between electro des and the dot can be described by
À ˜ ¥ ( E ) = 2 ¤

P
k

j V˜ k ¥ j
2 £( E À ¯ ˜ k ¥ ) , for ˜ = l ; r. In the fol lowing we consider onl y

col inear magneti c conÙgurati ons, i .e., the para llel and anti para l lel ori entati ons of
m agneti c m oments of the leads. W hen the tunnel ing rates are smal l (smal l values of
À r ( l ) ¥ ( E ) ), tra nsport characteri stics can be calcul ated wi thi n the master equati on



172 J . Bar naƒ et al .

techni que, wi th the tunnel ing rates calcul ated in the lowest order from the Fermi
golden rul e. Ho wever, such a descripti on does not pro perly ta ke into account the
electron correl ati ons on the dot. It also is not appl icable in the strong tunnel ing
regim e and at low temperatures, where many body e˜ects become importa nt and
lead to the Ko ndo e˜ect. However, when tra nsport is dom inated by sequential
tunnel ing processes, such a descripti on gives reasonabl e results [26, 27].

The descripti on based on sequenti al tunnel ing breaks down in the Coulom b
bl ockade regim e, where sequential tunnel ing is suppressed by the Coul omb en-
ergy. Electri c tra nsport in thi s regim e is sti ll possibl e vi a higher-order tunnel ing
pro cesses. The dom inant pro cesses are the ones of the second order, kno wn also
as cotunnel ing, where two tunnel ing events thro ugh the barri ers occur sim ulta ne-
ousl y, so the charge state of the dot is not changed. For weak coupl ing between
the dot and electrodes, the sequential and cotunnel ing pro cesses can be calcul ated
perturba ti vely, and in a simpl iÙed descripti on one can use Born appro xi mati on
to calcul ate the appro pri ate tunnel ing rates. However, the Born appro xi mati on is
val id only at smal l bias vol ta ge. W hen the bi as is close to the thresho ld vol ta ge,
one has to use a m ore accurate descripti on, e.g., by summing a certa in cl ass of
hi gher order term s to rem ove di vergences. The most suita ble m etho d seems to be
the real ti m e diagram mati c techni que, in whi ch the density m atri x is expanded
into a series wi th respect to tunnel ing Ha mi lto nian, and each tunnel ing event cor-
responds to a certa in cl assof di agrams [28]. Thi s techni que al lows a di rect contro l
of tunnel ing events ta ken into considerati ons.

Let us assume tha t the discrete level of the dot is below the Ferm i level of
the leads in equi l ibri um and the correlati on param eter U i s su£ cientl y large so
the dot in equi l ibri um is occupied by a sing le electron only. In the l imi t of small
bi as, the sequenti al tunnel ing pro cessesare exp onenti al ly suppressed and onl y the
fol lowi ng elastic cotunnel ing pro cessescan occur: (i ) an electro n wi th spin opp osite
to tha t on the dot enters the dot and then one electron leaves the dot, and (i i ) an
electron leaves the dot and another electron enters the dot. W hen the spi n state
of the dot is not changed, such elastic tunnel ing pro cessesare coherent. W hen,
however, the spin state is changed, the tunnel ing processesdestroy coherence. In
any case, one can have one-barri er and/ or two -barri er cotunnel ing pro cesses.The
form er pro cesses contri bute di rectl y to electri c current. The latter ones, on the
other hand, do not tra nsport electron charge, so they do not contri bute di rectl y to
the Ûowi ng current. However, they can contri bute indi rectl y by modi fyi ng m agneti c
state of the dot. In addi ti on, there are also other second order tunnel ing pro cesses
whi ch e˜ecti vely lead to renorm al izati on of the sequenti al tunnel ing. Thus, the
to ta l second order contri buti on to tunnel ing current can be positi ve as wel l as
negati ve.

In Fi g. 3 we show the TMR in the Coulumb blockade regim e, when onl y
sequenti al tunnel ing pro cessesare ta ken into account and also when cotunnel ing
events are incl uded. It is evident tha t cotunnel ing pro cesses enhance the TMR
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Fig. 3. TM R as a function of bias voltage, calculated for a symmetrical system in the

sequential tunneli ng limit (dashed line) and with the cotunnelin g pro cesses include d

(solid line). T he parameters are: k B T = 2 À ; ¯ 0
d = À 1 0À ; U , polari zatio n of the

leads and À À À , w ith À À À in the parallel conÙguration .

e˜ect in the Coul omb bl ockade regime. Such an enhancement was also observed
in the case of electro n tunnel ing thro ugh smal l meta ll ic m agneti c gra ins. Ano ther
interesti ng e˜ect is the suppression of TMR obta ined in the sequentia l tunnel ing
l im it close to the resonance. Thi s fol lows from suppression of electri c current by
renorm alizati on of the sequenti al tunnel ing due to the second order tunnel ing
pro cesses.

The Ko ndo phenomenon in electroni c tra nsport thro ugh quantum dots
stro ngly coupl ed to m etal l ic nonm agneti c leads was predi cted theo reti cal ly long
ti m e ago [19]. The predi cti on was recentl y conÙrmed experim enta l ly [20]. There is
som e di ˜erence between the Ko ndo e˜ect in quantum dots and tha t observed in
al loys wi th magneti c im puri ti es. In the latter case there is a minimum in resisti v-
i ty at a certa in tem perature (kno wn as the Ko ndo tem perature), whereas in the
form er one there is a m inimum in conducta nce. However, the physi cal mechanism
leading to the anomal ies is simi lar in both cases and is based on the form ati on of
Ko ndo peak in the density of states at the Ferm i level. Thi s Kondo peak enhances
tra nsmission thro ugh quantum dots leading to alm ost perfect tra nsmission at zero
tem perature, i .e., to the conducta nce 2 e =h .

Several theo reti cal techni ques have been developed in the past decade to
study the Ko ndo phenom enon in quantum dots. The lim i t of linear response (l im it
of zero bias vo lta ge) can be trea ted by equi l ibri um m etho ds. Ho wever, the pro blem
becomes m ore com plex when a bi as vol ta ge is appl ied, whi ch dri ves the system
out of equi l ibri um . It was shown tha t the Ko ndo peak becom es then spli t and the
two peaks are form ed at the Ferm i levels of both leads atta ched to the dot [29].
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It is onl y very recentl y when the probl em of the Ko ndo e˜ect in quantum
dots atta ched to ferrom agneti c leads wa s addressed [21{ 23]. There are no rel evant
exp erimenta l data yet, but the existi ng theo reti cal resul ts cl earl y indi cate tha t the
Ko ndo e˜ect can be observed, al tho ugh the predi cti ons di ˜er in certa in aspects.
The key di ˜erence concerns spl itti ng of the Ko ndo peak in the density of states
at equi l ibri um . Such a spli tti ng was predi cted in R ef. [22], where the Ko ndo e˜ect
in the large U l imi t wa s analyzed wi thi n the equati on of moti on m etho d, and also
by som e scal ing considerati ons.

Fig. 4. Di˜erential conductance in the K ondo regime, calculated for zero magnetic

Ùeld B and for the parallel conÙguration . T he energy parameters are given in dimensi on-

less units (the unit is 1/5 0 of the electron band w idth). A part from this, À u p = À l " = À r "

and À d n = À l À .

One of the m etho ds appl icabl e to systems out of equi l ibri um is the nonequi -
l ibri um Green f uncti on techni que. T o calcul ate density of states and electri c current
one needs both reta rded and lesser (correl ati on) Green functi ons. In Ref. [23] the
equati on of m oti on was used to calcul ate both Green f uncti ons on equal f ooti ng,
i .e., wi thi n the sam e appro xi mati on scheme. Assum ing the model Ham i lto ni an
given by Eq. (2), the f ollowing f orm ula for electri c current was deri ved there:

I
ie

h

dE

¤

À E À E À E À E

À E À E

G E G E f E f E ; (3)

whi ch is val id for col l inear m agneti c conÙgurati ons. Here, f E i s the Ferm i distri -
buti on functi on in the electro de ˜ ; G is reta rded (advanced) Green' s functi on
of the dot, and À E are certa in e˜ecti ve coupl ing parameters whi ch are closely
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related to À ˜ ¥ ( E ) [23]. The Green functi ons depend on the occupati on num ber
n ¥ = h d +

¥ d ¥ i , whi ch can be determ ined from the f orm ula

n ¥ =

Z
dE

2 ¤

eÀ l¥ ( E ) f l ( E ) + eÀ r ¥ ( E ) f r ( E )

eÀ l¥ ( E ) + eÀ r ¥ ( E )
[ G r

¥ ¥ ( E ) À G a
¥ ¥ ( E ) ] :

Al l inform ati on on the Ko ndo anomaly in the density of sta tes is conta ined
in the Green functi ons. In the case of nonm agneti c system s, the Ko ndo peak in the
density of sta tes gives rise to a Ko ndo peak in the di ˜erenti al conducta nce G di ˜ ,
whi ch occurs in the zero bias regime. W hen the dot is sym metri cal ly coupl ed to two
ferrom agneti c leads, a spli tti ng of the Ko ndo peak in the density of sta tes occurs
in the para l lel conÙgura ti on. Thi s, in turn, leads to spli tti ng of the Ko ndo peak in
the di ˜erenti al conducta nce. Thi s is shown in Fi g. 4, where G di˜ is presented as a
functi on of the bias vo l tage. It is worth noti ng tha t by appl yi ng a magneti c Ùeld
one can com pensate the spl i tti ng and restore the ful l stro ng coupl ing Ko ndo e˜ect.
In the case of anti para l lel conÙgurati on, there is no spli tti ng of the Ko ndo peak in
the density of sta tes and no spli tti ng of the zero-bias anomaly in the di ˜erenti al
conducta nce. The situa ti on is then sim i lar to wha t one expects in quantum dots
coupl ed to nonm agneti c leads. Thi s behavi or of di ˜erenti al conducta nce leads to
negati ve TMR in the smal l bias range.

5. P ossible ap p l i cat io ns an d co ncl ud ing r em ar ks

For practi cal appl icati ons in spin electroni cs, the devi ces based on quantum
dots shoul d operate at tem peratures whi ch are m uch higher tha n the Ko ndo tem -
perature [30]. One ki nd of possible appl icati ons of quantum dots are spin Ùlters. W e
al ready m entio ned before tha t quantum dots wi th energy states obeyi ng Hund' s
rul e m ay be used as spin Ùlters. From simi lar reasons one can use magneti c quan-
tum dots as spi n Ùlters, to o. W hen the spin spli tti ng of the dot level is su£ cientl y
large, one can reach the spin blockade regim e for electro nic tra nsport, simi lar to
the spin blockade due to Hund' s rul e.

Ano ther interesti ng appl icati on of quantum dots is a spin diode. In such
a devi ce, a quantum dot tra nsmi ts electri c current for one bias polarizati on and
bl ocks the current for the opp osite bi as. An exam ple of such a system is a quantum
dot coupl ed to two ferrom agneti c electro des, one of them being hal f m etal l ic wi th
alm ost f ul l spin polari zati on of electron states at the Ferm i level.

Since the devi cesshoul d operate at hi gh tem peratures, the form al descripti on
of the tra nsport characteri sti cs may be simpl iÙed. In the f ram ework of the equati on
of moti on m etho d one can l im it oneself to the Hartree{ Fock approxi matio n when
deri vi ng the Green functi ons. In tha t case the form ula for electri c current becomes
sim pl iÙedand has the form of Eq. (3), but wi th eÀ ˜ ¥ ( E ) repl aced by À ˜ ¥ ( E ) [31, 32].

Let us consi der qual i ta ti vely the case where the ri ght electrode is ferrom ag-
neti c (i t can be also nonm agneti c), whereas the left one is hal f-metal l ic. Assum e
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tha t the discrete level ¯ 0
d i s well below the Ferm i level of the electro des at equi l ib-

ri um , and ¯ 0
d + U i s slightly above the Ferm i level. W hen ¯ 0

d + U i s much larger
tha n the therm al energy, the discrete level is always occupi ed wi th a sing le elec-
tro n in equi l ibri um . For positi ve bias the current starts to Ûow when ¯ d + U crosses
the Ferm i level of the source electro de. The situa ti on is signi Ùcantl y di ˜erent for
negati ve bi as. W hen ¯ d + U crosses the Ferm i level of the source electrode, onl y
a smal l current Ûows due to cotunnel ing pro cesses, whi le sequential tunnel ing is
suppressed. Thi s is because an electro n wi th spin para l lel to the spin of electrons
in the hal f-m etal lic source electro de bl ocks sequential tunnel ing pro cesses.

In concl usion, one may state tha t quantum dots o˜er new physi cs and also
possibi l i ti esof new devi cesf or appl icati ons in nanoelectro nics and spin electroni cs.
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