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A m et hod of l inear equation s is prop osed allo win g a reduction of a
physical pro blem of determination of energy , entropy , or magnetisati on for

the systems w ith fro zen disorder to a mathematical problem of solvin g a set
of linear equations . A part from an exact metho d for determination of energy
and entropy , a typ e of the mean Ùeld approach is presented, which p ermits
a summation over series representing entropy . Moreo ver, it was establishe d

that magnetisati on can app ear only w hen the antif erromagnetic integrals
occur at the zero probabil ity .

PAC S numb ers: 05.50.+ q, 75.10.N r, 75.50.L k

1. I n t rod uct io n

R esults of thi s paper have al ready been presented at the conf erence \ Physi cs
of Ma gneti sm' 02" [1].

From among the spin glass m odels onl y tho se of inÙnite range have pro ved
useful for analyti cal studi es. The inf orm ati on we have on spin glass has been
m ostl y obta ined f rom computer simulatio ns al lowi ng a determ inati on of physi cal
pro perti es of increasing ly less ideal ised m odels wi th increa sing accuracy. The Ùrst
sim ulati ons were of the Mo nte Carl o typ e, at present they are of the typ e cal led
exact calcul ati ons. In these simulati ons perf orm ed for smal l systems wi th random ly
chosen exchange integra ls the fol lowi ng therm odyna m ical quanti ti es are calcul ated :
energy, entro py, and m agneti sati on. In the next step new signs of the exchange
integ ra ls are random ly chosen and the calcul ati ons are repeated. As a result of
the sam pl ing the m ean values and errors of thei r determ inati on are obta ined, see
Ha rtm ann [2].

(3)
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The m ain reason why the analyti cal calcul ati ons have been replaced by com -
puter sim ulati ons is the lack of calcul ati on m etho ds for the system s wi th f rozen
di sorder. Al tho ugh physi cs has developed a wi de spectrum of m etho ds for deter-
m inati on of the average values of som e quanti ti es over tem perature, they cannot
be appl ied for a frozen system of exchange integ ra ls. The reason is tha t for such a
system there is no quanti t y whi ch wo uld reach an extrem e value at the equi l ibri um
state and wo uld corresp ond to free energy or entro py for the mean taken over spin
states.

The paper is di rectl y related to the wo rks of D erida et al . [3] and Dress
et al. [4], in whi ch the therm odyna mical quanti ti es in the ground state were de-
term ined from the recurren t relati ons. The descripti on of the model (Sec. 2) is
fol lowed by presentati on of the m etho d reduci ng the pro blem of determ inati on of
energy to the ta sk of solvi ng a set of l inear equati ons (Sec. 3). W hen com pared
wi th the hi therto avai lable m etho ds i t is deÙnitel y the m ost e˜ecti ve. Section 4
presents entro py expressed in the form of a series, apart from a di rect summati on
of the series, a typ e of the mean Ùeld appro xi mati on has been appl ied to obta in a
compact f orm ula for entro py. Section 5 is devoted to analysis of the possibi l i ty of
app earance of m agneti sati on as a functi on of the concentra ti on of anti ferrom ag-
neti c integra ls. The conclusions are given in Sec. 6.

2. D escr ip t io n of t h e m od el

Let us consi der the Ising m odel described by the Ham i lto ni an

H = À

X

i ; j

J i j S i S j ; (1)

where ( i j ) num bers pai rs of neighbouri ng spins, J i j = J wi th a pro babi l i t y 1 À p

and J i j = À J wi th a probabi l i ty p . W e wi l l consi der a square latti ce wra pp ed
around tub es of inÙnite lengths. If the signs of the exchange integ rals are di s-
tri buted at random , there are two typ es of squares: unf rustra ted ones of an even
num ber of anti ferrom agneti c bonds and frustra ted ones wi th an odd num ber of
anti ferromagneti c bonds. W hen the wi dth of the tub e is equal to a single square,
the verti cal (ortho gonal to the tub e) ferrom agneti c bonds can be assigned to the
j + i state, whi le the verti cal anti ferrom agneti c bonds can be assigned to the j Ài

state. The periodici ty of the structure im pli es tha t the hori zonta l bonds in the
square are equal . If we assume tha t the probabi l i ti es of the verti cal bonds are in-
cl uded in the probabi l i ti es of the squares occurri ng on the left of such a bond, then
the probabi l i t y tha t a square is unf rustra ted and al l i ts bonds are ferrom agneti c
is (1 À p ) 2 . The change sign of the exchange integra ls of hori zonta l bonds leads
to the pro babi l ity of p (1 À p ) .The other unf rustra ted squares correspond to the
case of verti cal anti ferromagneti c bonds and occur wi th the probabi l i ti es (1 À p ) p

and p 2 . Fi nal ly the m atri x for the unf rustra ted square ta kes the form
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u =

"
(1 À p ) 2 + p (1 À p ) 0

0 p (1 À p ) + p 2

#

(2)

and for the f rustra ted square can be wri tten as

f =

"
0 p (1 À p ) + p 2

(1 À p )2 + p (1 À p ) 0

#

: (3)

By pr 1 we wi ll denote the probabi l i ty of occurrence of the verti cal bond and
pr 1 = [ (1 À p ) p ] . W hen we consi der a square, whi ch can be preceded on the ri ght
by any frustra ted and unf rustra ted square, then the state of the square on the

ri ght is described by a vecto r J e1 =

"
1

1

#

. The above quanti ti es perm i t wri ti ng

the probabi l i ti es of the selected square being unf rustra ted as pr 1 Â u Â Je 1 and
being frustra ted as pr 1 Â f Â Je 1.

In order to describe the ground state, let us resort to the concept of the
frustra ti ng stri ng intro duced by T oul ouse [5] and Ki rkpa tri ck [6]. The stri ng j oins
the centres of frustra ted squares in pai rs cutti ng the unsati sÙedbonds of elevated
energy. The search for the ground state energy is equivalent to the search for a
frustra ti ng stri ng of the m inimum length who se num ber of possible positi ons equals
the degeneracy. The tub e of a one-square wi dth has some arti Ùcial pro perti es be-
cause di ˜erent squares can be joined by verti cal bonds onl y and only such verti cal
bonds can be unsati sÙed. Theref ore, we shal l consider the tub e of a wi dth of two
squares.

3. Th e en er gy

For a tub e of a two -bond wi dth there are four m atri ces of probabi l i ti es of
Ùndi ng a pai r of squares. Let us denote by uu, u f , f u , and ˜ the matri ces of
pro babi l iti escorrespondi ng to the situa ti ons of two unf rustra ted squares, the upper
one unf rustra ted and the lower frustra ted, the upp er one frustra ted and the lower
unf rustra ted, and both frustra ted. The base of the m atri ces is determ ined by the

verti cal exchange integ ra ls and can be wri tten as
h

f f ; f a; af ; aa

i
, where f and a

stand for the ferrom agneti c and anti ferrom agneti c exchange integ rals. As before,
the probabi l i t y of the bond on the left of the square has been incl uded in the
pro babi l ity of the precedi ng square. The pro babi l it y of the occurrence of these
bonds is described by the row vecto r pr of the form

pr =
È

(1 À p ) 2 p (1 À p ) p (1 À p ) p 2
Ê

: (4)

The energy of the pai r of squares depends on whether they are frustra ted or not
and on the state of the frustra ti ng stri ng reachi ng them let us say f rom the ri ght.
The state ( ÀÀ ) corresp onds to the situa ti on wi tho ut the stri ng, the states (+ À )

and (À +) corresp ond to the situa ti on when the stri ng leaves the upp er and lower
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square, respectivel y. We neglect the state (++) corresp ondi ng to the occurrence of
two unsati sÙedbonds acro ss the tub e, but thi s case can always, wi tho ut a change
in energy, be repl aced by the state who se unsati sÙed bond separates the upper
and lower square. The pro babi l i ty norm al isati on condi ti on leads to

P ( ÀÀ ) + P (+ À ) + P (À +) = Je ; (5)

where Je is the f our-di mensional colum n vecto r of uni ta ry term s.
W hen we do not kno w anythi ng about the squares precedi ng the pair of

squares considered, so when the state is described by the vecto r Je , then pr Â uu ÂJe ;

pr Â uf Â Je ; pr Â f u Â Je , and pr Â ˜ Â Je are the probabi l i ti es of occurrence of
the fol lowing pai rs of squares: both unf rustra ted, upp er unf rustra ted and lower
frustra ted, upper frustra ted and lower unf rustra ted, and both frustra ted.

The choice of the states permi ts an intro ducti on of the Ma rko v chain. The
state ( ÀÀ ) acti ng on a pai r of unf rustra ted squares gives ( ÀÀ ), whi ch we wri te
u u Â P ( ÀÀ ) ! P ( ÀÀ ) . From here the m atri x mul ti pli cati on is denoted by a dot,
pro vi ded tha t the matri ces are not given in the expl ici t form . The sam e state
acti ng on a pai r of frustra ted squares gives: ˜ Â P ( ÀÀ ) ! P (ÀÀ ) . W hen one of
the squares is frustra ted we have f u Â P (ÀÀ ) ! P (+ À ) and uf Â P ( ÀÀ ) ! P (À +) .
These relati ons are i l lustra ted in Fi g. 1. W ri ti ng the analogous relati ons for P (+ À )

and P ( À +) we arri ve at the set of equati ons

P ( ÀÀ ) = ( ˜ + uu ) Â P (ÀÀ ) + ( f u + uf ) Â P (+ À ) + (u f + f u ) Â P ( À +) ;

P (+ À ) = f u Â P ( ÀÀ ) + u u Â P (+ À ) + ˜ Â P (À +) ;

P ( À +) = uf Â P ( ÀÀ ) + ˜ Â P (+ À ) + uu Â P (À +) : (6)

The periodi c condi ti ons and the system sym m etri es lead to the identi ty of the
coordi nates of these vecto rs

P ( ÀÀ )( 2 ) = P ( ÀÀ )( 3 ) = 0 ; P (+ À )(1 ) = P (+ À )( 4 ) = 0 ;

P ( À +)(1 ) = P ( À +)(4 ) = 0 ; P (+ À )(2 ) = P ( À +)(3 ) ;

P (+ À )(3 ) = P ( À +)(2 ) : (7)

T aki ng adv anta ge of the norm al isatio n condi ti on (5), the vecto rs of probabi l i ti es
can be wri tten as

P ( ÀÀ ) =

2

6
6
6
6
4

1

0

0

1

3

7
7
7
7
5

; P (+ À ) =

2

6
6
6
6
4

0

x

1 À x

0

3

7
7
7
7
5

; P ( À +) =

2

6
6
6
6
4

0

1 À x

x

0

3

7
7
7
7
5

: (8)

Putti ng these vecto rs into one of Eq. (6), we get

x =
2 p À p 2

À 4 p 3 + 4 p 4

1 À 2 p + 1 0 p 2
À 1 6 p 3 + 8 p 4

: (9)

The energy per spin can be wri tten as
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E

J
= 1

2
pr Â f [ À 4uu À 2uf À 2 f u À 2 ˜ ] Â P ( ÀÀ )

+[ À 2u u À 2uf À 4 f u À 2 ˜ ] Â P (+ À )

+[ À 2u u À 4uf À 2 f u À 2 ˜ ] Â P ( À +) g : (10)

The coe£ cients precedi ng the probabi l i t y matri ces are the energies of the
pai r of squares assuming tha t the energy of the verti cal bonds is incl uded to
tha t of the squares on thei r right. Thi s conventio n becom es necessary when we
consider a com plete set of the states leading to degenerati on. Equati on (10) can
be rewri tten as

E

J
=

À 4 (1 À 4 p + 1 5 p 2
À 2 6 p 3 + 2 3 p 4

À 1 2 p 5 + 4 p 6 )

2 À 4 p + 2 0 p 2 À 3 2 p 3 + 1 6 p 4
(11)

and intro duci ng z = 1 À 2 p , we get Eq. (17) from the paper of D erri da et al . [3].

Fig. 1. T he states obtained from the state ( À À ) for four typ es of square pairs. T he

frustrated squares marked by crosses are the sources of frustrated string intersecting the

unsatisÙed bonds.

Ana logous calcul ati ons were perform ed f or tub es of the wi dth of 3 and
4 bonds. The numb er of states tha t must be considered increases to 8 and 9,
and the numb er of variabl es increases to 6 and 13, respect ivel y. The results are
in the form of fracti ons, who se num erato r and denominato r are polyno mia ls of
the 22nd and 19th degree, and 38th and 34th degree for the tub e wi dth of 3 and
4 squares, respect ively. The form of the results in deta il is given in App endix A.
The expression for the energy of a tub e of three bonds in wi dth has been given by
D erri da and Vanniemenus and by putti ng p = (1 À z ) =2 , the equati on f or e3 = J f rom
App endix A is tra nsform ed into Eq. (12) from R ef. [7]. Fi gure 1 in [1] presents the
energy per site as a functi on of the concentra ti on of anti f erromagneti c integra ls
for three di ˜erent wi dths of the tub e. For a tub e of 3 squares in wi dth (the bro ken
l ine) the energy ceases to be invari ant wi th the repl acement p $ (1 À p ) , as the
verti cal bonds form tri angles breaki ng thi s sym metry .
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4. En t r opy

W hen consideri ng entro py we cannot restri ct our analysis to the states
( ÀÀ ) ; (+ À ) ; (À +) , but we have to ta ke into account al l possible locati ons of
the frustra ti ng stri ng. Thus, we have to consider the fol lowi ng four pro babi l -
i ti es: P 1 ( ÀÀ ) ; P 2 (+ À )( À + ; + 2 ) ; P 3 ( À +)(+ À ; + 2) ; P 4 (ÀÀ )(++ ; + 2 ) . Apa rt
from P 1 (ÀÀ ) , these are the probabi l i ti es of al terna ti ve states. P 2 (+ À )( À + ; + 2)

i s the pro babi li t y of the state wi th the frustra ti ng stri ng leavi ng the upp er square
or the lower square, but the second possibi l i ty corresponds to the energy by 2 J

hi gher tha n the Ùrst one. For P 3 ( À +)(+ À ; + 2) the sequence of the possibi l i ti es
because of the stri ng locati on has been changed. P 4 ( ÀÀ )(++ ; + 2) corresponds to
the state when the frustra ti ng stri ng does not leave the squares or when there are
two stri ngs leavi ng the upp er and the lower square, the pro babi li t y of the latter
case is by 2 J greater. Sim ilarl y as above, we wri te a set of equati ons determ ining
the probabi l i ti es of these f our states

P 1 = uu Â P 1 + f u Â P 2 + uf Â P 3 + uu Â P 4 ;

P 2 = f u Â P 1 + uu Â P 2 + ˜ Â P 3 + f u Â P 4 ;

P 3 = uf Â P 1 + ˜ Â P 2 + uu Â P 3 + uf Â P 4 ;

P 4 = ˜ Â P 1 + uf Â P 2 + f u Â P 3 + ˜ Â P 4 : (12)

As fol lows from the set of equati ons, the states P 1 ( ÀÀ ) ; P 2 (+ À )( À + ; + 2 ) ,
P 3 ( À +)(+ À ; + 2 ) and P 4 ( ÀÀ )(++ ; + 2 ) can be also deÙned as the states obta ined
from the state wi tho ut the frustra ti ng stri ng after the tra nsform ati on of the fol -
lowi ng pai rs of squares: u u ; f u ; u f , and f f . The set of Eqs. (12) is equivalent to
the m atri x of probabi l i ti es of tra nsi ti ons between the pai r of sta tes, denoted by x :

x =

2

6
6
6
6
4

uu f u uf uu

f u uu ˜ f u

uf ˜ u u uf

˜ u f f u ˜

3

7
7
7
7
5

: (13)

No w, let us deÙne the degeneracy rel ated to the tra nsiti ons between two
states joined by a pai r of squares. As the degeneracy depends on whi ch of the
al terna ti ve states are real ised, only when the ini ti al and Ùnal state is the state 1,
the degeneracy is a numb er, and in the other cases i t wi l l be expressed as a m atri x.
For exam ple

h P 1 ( ÀÀ ) j y j P 1 ( ÀÀ ) i =

h
1

i
;

h P 3 ( À +)(+ À ; + 2 ) j y j P 1 ( ÀÀ ) i =

"
1

2

#

;



T he Ground Stat e of Isi ng Mo del Ï J . . . 9

h P 2 (+ À )( À + ; + 2 ) j y j P 2 (+ À )( À + ; + 2) i =

"
1 0

2 1

#

:

The locati ons of the frustra ti ng stri ng correspondi ng to these three casesare
shown in Fi g. 2. In the sam e way we obta in the m atri x of degeneracy denoted
by y :

y =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

h
1

i h
1 0

i h
1 0

i h
1 0

i

"
1

2

# "
1 0

2 1

# "
1 0

0 1

# "
1 0

2 1

#

"
1

2

# "
1 0

0 1

# "
1 0

2 1

# "
1 0

2 1

#

"
2

1

# "
2 1

1 0

# "
2 1

1 0

# "
2 1

1 0

#

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (14)

The system is di vi ded into blocks, deÙned as the smal lest elements bri ng ing
addi ti ve contri buti ons to entro py. Thus, a bl ock starts and ends wi th the state 1.
The entro py per spin is obta ined by multi plyi ng the bl ock entro py by the pro ba-
bi l ity of i ts occurrenc e, and summ ing up the resul t over al l blocks. Thus, we can
wri te

S

k
= 1

2

1X

n =1

4X

i 1 =2

. . .

4X

i n =2

pr Â h 1 j x j i 1 i Â h i 1 j x j i 2 i . . .

h i n j x j 1 i Â P 1 ln[ h 1 j y j i 1 i Â h i 1 j y j i 2 i . . . h i n j y j 1 i ] : (15)

Fig. 2. Possible position s of the frustrating string for the cases describ ed in the text.
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Fi gure 3 presents the entro py per spin versus the concentra ti on of anti f er-
rom agneti c integ ra ls p , ta ki ng into account the bl ocks of the lengths from 10 to
18 bonds. For p = 0 : 5 ; for bl ocks up to 18 bonds long we get the entro py per site
S= k = 0 : 1 4 2 7 . Because the blocks longer tha n 18 bonds sti l l bri ng signiÙcant con-
tri buti ons to entro py , i t wa s found tha t these contri buti ons can be appro xi mated
by the quadra ti c equati on in the logari thm ic coordi nates. The val idi t y of thi s ap-
pro xi mati on is il lustra ted in Fi g. 4. The contri buti ons to the entro py as a functi on
of the block length are mark ed by circl es and the corresp ondi ng appro xi mate values

Fig. 3. T he entropy per spin versus the concentration of the antif erromagnetic integrals

p for the blo cks up to 10 bonds long | broken line, for the blo cks up to 18 b onds long

| solid line.

Fig. 4. The contributions coming from blo cks to entropy per spin as a function of the

blo cks length | circles, and the corresp ondi ng approximate values | squares.

Fig. 5. The deriv ative of entropy p er spin as a function of the concentration of the

antif erromagnetic integrals p .
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are mark ed by squares. On the basis of thi s appro xi mati on, the contri buti ons f rom
19th to 50th and to 500th bonds were summ ed up, getti ng the entro py per spin
of 0 : 1 5 1 3 k and 0 :1 5 1 5 k . Fi gure 5 presents the concentra ti on p dependence of the
deri vati ve of entro py obta ined on the basis of the sym bol ic expression derived for
the 11-bond long blocks. It reaches a m axi mum for the concentra ti on p ¤ 0 : 0 6 . For
the concentra ti ons higher tha n p ¤ 0 : 2 6 the deri vati ve of the entro py is negati ve.

Kno wi ng tha t the series (15) is slowl y converg ent for the majori ty of con-
centra ti ons, i t woul d be interesti ng to Ùnd a pro babi l i ty of each of the al terna ti ve
states and determ ine the entro py from them . Al tho ugh such a procedure leads
to exact expressions for any m easurabl e quanti ty (e.g. energy or m agneti sati on),
i t gives onl y appro xi mate expression for entro py. The measurable quanti ti es are
expressed thro ugh one- and two -spin correl ati on functi ons and thei r derivati ves.
These quanti ti es are l inear wi th respect to both the pro babi l i ty of the states of the
system at a Ùxed di stri buti on of adm ixed bonds and the probabi l i ty of exchange
integ ra ls. Because of these properti es, determ inati on of the m ean values of such
quanti ti es can be perform ed accordi ng to the procedure of determ inati on of the
m ean interna l energy. For a certa in di stri buti on of the exchange integ ra ls we Ùnd
the energy of a pai r of squares and m ulti ply i t by the probabi l i ty of occurrence
of thi s pai r of squares. The pro cedure is repeated for di ˜erent di stri buti ons of
exchange integra ls and the obta ined sum of the corresp ondi ng energies multi pl ied
by the appro pri ate probabi l i ti es is the searched m ean value. As the entro py is
not a m easurabl e quanti ty , the smal lest element of the system for whi ch i t can
be deÙned is not a pai r of squares but a block, whi ch in general is bui l t of m ore
squares and i ts length is not l im ited. W e can fol low another pro cedure, in whi ch
the entro py of a pai r of spins is determ ined, i f the pai r of spins di rectl y proceed-
ing the above-consi dered pai r, occurs in a certa in Ùxed state. In thi s way we get
the entro py value for a pai r of squares for the assumed exchange integra ls. Thi s
m etho d is related to an error fol lowing f rom the im possibi li ty of separati on of the
spi n pro babi l i ty from the pro babi l i t y of exchange integ rals whi ch lead to the spin
pro babi l ity . Al tho ugh a change in the sequence of ta ki ng the avera ge and ta ki ng
the logari thm is m athem atica l ly j usti Ùed onl y for smal l logari thm argum ents, thi s
appro xi m atio n is eliminated for measurable quanti ties, so i f a measurable quanti ty
is expressed by entro py in thi s appro xi m ati on, it m ust be exact.

No w, we shal l describe the way of determ ining the probabi l i ti es of al terna -
ti ve states. Let us note tha t the degenerati on matri ces intro duced determ ine the
possible degenerati ons, whi ch real ise after a bl ock is deÙned. For insta nce

h 1 j y j 2 i Â h 2 j y j 2 i Â h 2 j y j 2 i Â h 2 j y j 1 i

=

h
1 0

i
"

1 0

2 1

# "
1 0

2 1

# "
1

2

#

= 1 ; (16)

so the state P 2 (+ À )( À + ; + 2) can be always replaced by the state (+ À ) , and
the exci ted state ( À + ; + 2 ) i s never real ised; thus the above product could be
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repl aced by

h
1 0

i
"

1 0

0 0

# "
1 0

0 0

# "
1

0

#

: (17)

Af ter thi s repl acement, each matri x presents the actual degenerati on of a pair of
sites. The situa ti on is sim ilar for the other al terna ti ve states. They can occur in the
norm al form (a l terna ti ve states) or in the reduced form | when only the state of
a lower energy can be real ised. Consequentl y, instead of the four states ori ginal ly
considered we have seven. In order to Ùnd out whi ch of the al terna ti ve states is
rea lised in the system , each of the al terna ti ve states is replaced by two new ones,
and thus the to ta l numb er of the states increases to ten. Fi nal ly, because of the
need to di stinguish the spin states thi s numb er is doubl ed, as each of the states is
repl aced by two states: wi th the spin up and down. Further, because of the need
to determ ine the state of the upp er spi n, each of the m atri ces of pro babi l i ti es is
repl aced by a pai r of m atri ces: one for the ferrom agneti c upp er bond and one for
the anti ferrom agneti c upp er bond. Assum ing tha t the upper bond is sati sÙed, they
correspond to the case of no change or a change in the upper spin respectively.
For exampl e, for a pai r of unf rustra ted squares we have uu n and uu c. Because of
the above changes the m atri x of degenerati on h 2 j y j 2 i i s repl aced by the m atri ces
of the probabi l i ti es of tra nsiti ons between the states

h 2 j yn j 2 i =

2

6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

3

7
7
7
7
5

; h 2 j yc j 2 i =

2

6
6
6
6
4

0 1 0 0

1 0 0 0

0 0 0 0

0 0 0 0

3

7
7
7
7
5

; (18)

when the states are reduced and

h 2 j yn j 2 i =

2

6
6
6
6
4

1 =3 0 0 0

0 1 =3 0 0

1 =3 1 =3 1 0

1 =3 1 =3 0 1

3

7
7
7
7
5

; h 2 j yc j 2 i =

2

6
6
6
6
4

0 1 =3 0 0

1 =3 0 0 0

1 =3 1 =3 0 1

1 =3 1 =3 1 0

3

7
7
7
7
5

; (19)

when the states are norm al . The bases of the matri ces are the states:
(+ À )( " ) ; (+ À )( # ) ; ( À + ; +2 )( " ) ; (À + ; +2 )( # ) . Fi gure 6 presents the positi on of
the frustra ti ng stri ng and spins of the bond di stinguished for the non-zero elements
of the m atri ces. W e should deÙne now when the states are reduced and when nor-
m al . If any of the states 2, 3, or 4 is fol lowed by the state 4 and not by 1 occurri ng
cl oser to thi s state on the left, then thi s state is norm al; i f sta te 1 is closer to
the state considered then i t is reduced. In order to wri te down the equati ons for
the probabi l i t y of states, we shal l intro duce the f ol lowing abbrevi ati ons for these
pro babi l iti es. For the norm al states
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P 2 (+ À )( " ) = P 21; P 2 (+ À )( # ) = P 22;

P 2 (À + ; + 2 )( " ) = P 23 ; P 2 ( À + ; + 2 )( # ) = P 24;

P 3 (À +)( " ) = P 31; P 3 ( À +)( # ) = P 32;

P 3 (+ À ; + 2 )( " ) = P 33 ; P 3 (+ À ; + 2 )( # ) = P 34 ;

P 4 (ÀÀ )( " ) = P 41; P 4 ( ÀÀ )( # ) = P 42;

P 4 (++ ; + 2 )( " ) = P 43 ; P 4 (++ ; + 2 )( # ) = P 44 ;

Fig. 6. T he p ositions of the frustrating string and spins of the upp er bonds for the

non -zero matrix elements h 2 j yn j 2 i yc , for the reduced and normal states.
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for the reduced states

P 2 (+ À )( " ) = P 25; P 2 (+ À )( # ) = P 26; P 3 ( À +)( " ) = P 35 ;

P 3 (À +)( # ) = P 36; P 4 ( ÀÀ )( " ) = P 45; P 4 ( ÀÀ )( # ) = P 46 ;

and for state 1, whi ch can be either reduced or norm al

P 1 (ÀÀ )( " ) = P 11 and P 1( ÀÀ )( # ) = P 12:

T en of the twent y equati ons (onl y for the spin down) for the probabi l i ti es of
states are given below.

P 11 = uun Â P 11 + u uc Â P 12 + f un Â P25 + f uc Â P 26 + uf n Â P 35

+ uf c Â P36 + uun Â P 45 + uuc Â P46 ;

P 21 = 1

3
f un Â P 11 + 1

3
f u c Â P 12 + 1

3
u un Â P21 + 1

3
uuc Â P 22 + ˜n Â P 31

+ ˜c Â P 32 + 1

3
f un Â P 41 + 1

3
f uc Â P42 ;

P 23 = 1

3
f un Â P 11 + 1

3
f u c Â P 11 + 1

3
f u n Â P 12 + 1

3
f uc Â P12 + 1

3
uu n Â P 21

+ 1

3
uuc Â P 21 + 1

3
u un Â P 22 + 1

3
uuc Â P 22 + uu n Â P 23 + uuc Â P24

+ ˜n Â P 33 + ˜c Â P34 + 1

3
f un Â P 41 + 1

3
f uc Â P 41 + 1

3
f un Â P42

+ 1

3
f uc Â P42 + f u n Â P 43 + f uc Â P 44;

P 25 = f un Â P 11 + f uc Â P 12 + u un Â P 25 + uuc Â P 26 + ˜n Â P 35

+ ˜c Â P 36 + f u n Â P 45 + f uc Â P 46 ;

P 31 = 1

3
uf n Â P 11 + 1

3
u f c Â P 12 + ˜n Â P21 + ˜c Â P 22 + 1

3
uun Â P 31

+ 1

3
uuc Â P 32 + 1

3
u f n Â P 41 + 1

3
uf c Â P 42 ;

P 33 = 1

3
uf n Â P 11 + 1

3
u f c Â P 11 + 1

3
u f n Â P 12 + 1

3
uf c Â P12 + ˜n Â P 23

+ ˜c Â P 24 + 1

3
uun Â P31 + 1

3
uuc Â P 31 + 1

3
u un Â P32 + 1

3
uuc Â P 32

+ uun Â P 33 + u uc Â P 34 + 1

3
uf n Â P41 + 1

3
uf c Â P 41 + 1

3
u f n Â P 42

+ 1

3
uf c Â P42 + uf n Â P 43 + u f c Â P 44;

P 35 = uf n Â P 11 + uf c Â P 12 + ˜n Â P 25 + ˜c Â P 26 + uun Â P 35

+ uuc Â P 36 + u f n Â P 45 + uf c Â P 46 ;

P 41 = 1

3
˜n Â P 11 + 1

3
˜c Â P 11 + 1

3
˜n Â P 12 + 1

3
˜c Â P 12 + 1

3
u f n Â P 21

+ 1

3
uf c Â P21 + 1

3
uf n Â P 22 + 1

3
u f c Â P 22 + uf n Â P 23 + uf c Â P 24

+ 1

3
f un Â P 31 + 1

3
f uc Â P 31 + 1

3
f un Â P 32 + 1

3
f uc Â P32 + f un Â P 33

+ f uc Â P34 + 1

3
˜n Â P 41 + 1

3
˜c Â P 41 + 1

3
˜n Â P42 + 1

3
˜c Â P 42

+ ˜n Â P 43 + ˜c Â P44 ;



T he Ground State of Isi ng Mo del Ï J . . . 15

P 43 = 1

3
˜n Â P 11 + 1

3
˜c Â P 12 + 1

3
uf n Â P 21 + 1

3
uf c Â P 22 + 1

3
f un Â P31

+ 1

3
f uc Â P32 + 1

3
˜n Â P 41 + 1

3
˜c Â P 42;

P 45 = 1

2
˜n Â P 11 + 1

2
˜c Â P 11 + 1

2
˜n Â P 12 + 1

2
˜c Â P 12 + 1

2
u f n Â P 21

+ 1

2
uf c Â P21 + 1

2
uf n Â P 22 + 1

2
u f c Â P 22 + uf n Â P 23 + uf c Â P 24

+ 1

2
f un Â P 31 + 1

2
f uc Â P 31 + 1

2
f un Â P 32 + 1

2
f uc Â P32 + f un Â P 33

+ f uc Â P34 + 1

2
˜n Â P 41 + 1

2
˜c Â P 41 + 1

2
˜n Â P42 + 1

2
˜c Â P 42

+ ˜n Â P 43 + ˜c Â P44 : (20)

As a state can be norm al or reduced, we have the fol lowing two norm alisati on
condi ti ons:

P 11 + P 12 + P 21 + P 22 + P 23 + P24 + P 31 + P 32

+ P 33 + P 34 + P 41 + P 42 + P 43 + P 44 = Je ;

P 11 + P 12 + P 25 + P 26 + P 35 + P36 + P 45 + P 46 = Je : (21)

In these condi ti ons and due to the sym metri es, the set (20) is reduced to a
scalar system wi th 8 vari ables. The soluti ons to these equati ons are given in
App endix B, whi ch also gives the probabi l i ti es of the states. To solve the set
(20) two norm al isati on condi ti ons are needed.

W e would l ike to express thi s set in such a way to give the inf orm ati on
whether the state is norm al or reduced and to be abl e to give onl y one norm al i -
sati on condi ti on for al l sta tes. In order to do thi s we shall intro duce the m atri ces
a41, a42, a43, a44 of the pro babi li ti es of tra nsiti ons from the Ùrst, second, thi rd,
and fourth state to the fourth state

a41 = h 4 j x j 1 i + r Â s Â t 1 ;

a42 = r Â s Â

"
I

0

#

; a43 = r Â s Â

"
0

I

#

;

a44 = h 4 j x j 4i + r Â s Â t 4; (22)

where

r = [h 4 j x j 2 i ; h 4 j x j 3 i ] = [u f , f u ] ;

s =

1X

k = 0

"
h 2 j x j 2 i h 2 j x j 3 i

h 3 j x j 2 i h 3 j x j 3 i

# k

=

1X

k =0

"
uu ˜

˜ u u

#k

;

t 1 =

"
h 2 j x j 1 i

h 3 j x j 1 i

#

=

"
f u

uf

#

; t 4 =

"
h 2 j x j 4 i

h 3 j x j 4 i

#

=

"
f u

uf

#

:

Ma tri ces I and 0 have thei r usual meaning of the identi ty and zero m atri x,
respect ively. Replacing the Ùnal state 4 by 1 we get the matri cesa11, a12, a13,
a14. In a sim i lar way we deÙne the m atri ces of condi ti onal probabi l i ti es. For
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exam ple a41˜ is the m atri x of tra nsiti on pro babi l iti es from the state 1 to 4, i f the
state 1 is fol lowed by the m atri x ˜ , so a41˜ = I . D ue to so deÙned probabi l i ti es
the set (20) can be rewri tten wi tho ut the need to disti ngui sh the norm al and
reduced parts. For exam ple, the eighth equati on f rom the set (20) ta kes the f orm

a44 Â P 41 = a44 Â ( 1

3
a41˜ Â ˜n Â P 11 + 1

3
a41˜ Â ˜c Â P 11

+ 1

3
a41˜ Â ˜n Â P 12 + 1

3
a41˜ Â ˜c Â P 12 + 1

3
a42uf Â uf n Â P 21

+ 1

3
a42uf Â uf c Â P 21 + 1

3
a42u f Â uf n Â P 22 + 1

3
a42u f Â uf c Â P 22

+ a42u f Â uf n Â P23 + a42u f Â uf c Â P 24 + 1

3
a43f u Â f un Â P 31

+ 1

3
a43f u Â f uc Â P 31 + 1

3
a43f u Â f un Â P 32 + 1

3
a43f u Â f uc Â P 32

+ a43f u Â f un Â P33 + a43f u Â f uc Â P 34 + 1

3
a44˜ Â ˜n Â P 41

+ 1

3
a44˜ Â ˜c Â P 41 + 1

3
a44˜ Â ˜n Â P 42 + 1

3
a44˜ Â ˜c Â P42

+ a44˜ Â ˜n Â P 43 + a44˜ Â f uc Â P 44 ) : (23)

The sum of the left hand side of the equati ons of the m odi Ùed set gives the
norm al isati on condi ti on of the state probabi l i ti es.

pr Â [P 11 + P 12 + a42 Â (P 21 + P 22 + P 23 + P 24) + a12 Â ( P25 + P 26 )

+ a43 Â (P 31 + P 32 + P 33 + P 34 ) + a13 Â ( P 35 + P 36)

+ a44 Â (P 41 + P 42 + P 43 + P 44 ) + a14 Â ( P 45 + P 46)] = 1 : (24)

The equati ons of thi s m odiÙed set perm i t expressing the entro py in the unp erturb ed
but appro xi mate form . The appro xi m ati on is a consequence of a change in the
sequence of ta ki ng avera ge and ta ki ng logari thm , and as above, i t is el iminated
for observabl es.

A norm al state wi th two ferrom agneti c bonds and wi th the upp er and botto m
spi n di rected upwards can be ei ther the Ùrst coordi nate of the vecto r P 11 and
the Ùrst coordi nate of the vecto r P 41. The state is denoted " " (1 ; 4 ) where the
Ùrst coordi nate is the numb er of the state vecto r coordi nate and the second one
determ ines the state of the bond on the left hand side and when the latter is 4, the
state is norm al , whi le when i t is 1, the state is reduced. As we wi sh to determ ine
the entro py of the state after the tra nsform ati on, thus, the probabi l i ty tha t af ter
the app earance of ˜n squares the system is in the state wi th ferrom agneti c bonds
and spins di rected upw ards or anti ferrom agneti c bonds wi th the spins up and
down, is denoted as P ( " " ; 0 ; 0 ; " # ; f f n " " (1 ; 4 )) . The Ùrst four coordi nates of thi s
pro babi l ity are the states of the pai r of spins when the exchange integra ls are
f f ; f a; af , and aa . The Ùfth vari able describes the typ e of the pai r of squares
and the state of the pai r of spins tra nsform ed. The set of equati ons analogous to
Eq. (23) perm i ts wri ti ng
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P ( " " ; 0 ; 0 ; " # ; f f n " " (1 ; 4 )) = pr

Â

0

B
B
B
B
@

1

3
a44 Â a41˜ Â ˜n

2

6
6
6
6
4

P 11 (1 )

0

0

0

3

7
7
7
7
5

+ 1

3
a44 Â a41˜ Â ˜n

2

6
6
6
6
4

P 41(1 )

0

0

0

3

7
7
7
7
5

1

C
C
C
C
A

: (25)

Expressi ons for P ( # # ; 0 ; 0 ; # " ; f f n " " (1 ; 4 )) and P ( " # ; 0 ; 0 ; " " ; f f n " " (1 ; 4 )) are
identi cal . These expressions represent al l the possibl e tra nsiti ons f rom the state
wi th both spins upwa rds, i f the f f n squares occur. Thus, the to ta l probabi l i ty is

P ( f f n " " (1 ; 4 )) = P ( " " ; 0 ; 0 ; " # ; f f n " " (1 ; 4 ))

+ P ( # # ; 0 ; 0 ; # " ; f f n " " (1 ; 4 )) + P ( " # ; 0 ; 0 ; " " ; f f n " " (1 ; 4 )) : (26)

No w, we are able to Ùnd the condi ti onal probabi l i t y of occurrence of any
of these states, e.g. tha t wi th the spins up for the ferrom agneti c bonds, i f any
of the three states has occurred. For thi s exempl ary state P ( " " ; 0 ; 0 ; "# ; f f n " "

(1 ; 4 )) = P ( f f n " " (1 ; 4 )) . The contri buti on to entro py com ing from thi s state can
be wri tten as

P ( " " ; 0 ; 0 ; " # ; f f n " " (1 ; 4 )) ln[ P ( " " ; 0 ; 0 ; " # ; f f n " " (1 ; 4 )) =P ( f f n " " (1 ; 4 ))]

and the other two contri buti ons are found analogousl y. Then we also sum up the
contri buti ons for the situa ti on when the state after the tra nsform ati on is reduced.
Simi lar calculati ons are perform ed for the other vecto r coordi nates (si gns of the
exchange integ ra ls), other di recti ons of spins and possible matri cesof probabi l i ti es
of pai rs of squares. Because of the appro xi mati on used for determ inati on of entro py,
onl y i ts l inear term is correct, al tho ugh the resul ts are close to tho se obta ined
for blocks up to 18 bonds long: S (0 : 5 ) =k = 0 :1 4 2 1 0 4, the m axi mum entro py of
0.147344 occurs at p = 0 : 3 1 2 , and the m axi mum of the entro py derivati ve is 0.8437
and occurs at p = 0 : 0 5 2 5 . The appro xi m ati on is rem oved i f we forbi d summati on
of the pro babi l iti es of the states of the sam e spi n state but preceded by di ˜erent
sequences of frustra ted and unf rustra ted states in the exemplary sequencesm ade of
P 11 and P 44. However, thi s leads to a necessity of consideri ng a greater num ber
of squares. If the ban on the summ ati on of the probabi l i ti es is real ised so tha t
the only pro babi l iti es considered are P 11 and P 12, and so the possible blocks
start and end wi th these states, we obta in the series described above. As fol lows
from the above consi derati ons, apart from the deÙniti on of bl ocks as the smal lest
elements of the system bri nging addi ti ve contri buti ons to the system entro py , they
can be also deÙned as the smal lest elements of the system wi th the Ùxed spin state
at the ends and the Ùxed probabi l i ty of the state occurrenc e. A com pari son of
the values of entro py per site obta ined in thi s appro xi m atio n and by ta bul ati on of
series (15) for bl ocks of up to 18 squares in length, is given in Fi g. 2 in [1].
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5. M agn et isat io n

5.1. Str ict ly one-dimensional case

In thi s section we shal l revi ew the possibl e m ethods of determ inati on of m ag-
neti sati on and give the deÙniti ons of magneti sati on. In the absence of a m agneti c
Ùeld, the magneti sati on is determ ined from the relati on

h s i
2 = l im

n !1

h s 0 s n i (27)

and because

h s 0 s n i = th ( ÙJ 0 ; 1 ) th (ÙJ 1 ;2 ) . . . th ( ÙJ n À 1 ;n ) (28)

and in the ground state th ( ÙJ ) = 1 wi th the probabi l i t y 1 À p and th ( ÙJ ) = À 1

wi th the probabi l i t y p , the mean value of the spin correl ati ons ta ken over the di s-
tri buti on of the exchange integ ra ls h s 0 sn i = (1 À 2 p )n , whi ch im pli es h s i = 0 for
p 6= 0 . If the exchange integra ls (except the f erromagneti c and anti ferromagneti c
ones) can ta ke zero wi th a non-zero pro babi l ity , then i rresp ective of the concen-
tra ti on of ferrom agneti c bonds we get h s i = 0 . In the presence of a magneti c Ùeld
B , when we calcula te h s i at Ùrst ta ki ng the l im it for T ! 0 and then for B ! 0 ,
we get h s i 6= 0 , see Doman [8]. Pro babl y for inÙnite system s these two deÙniti ons
are equivalent.

Let us denote by P ( n; " ) the probabi l i ty of getti ng the to ta l spin of the
system as n and the last spin di rected upwards. Then, we shal l m ake a Ma rko v
chain by addi ti on of another bond. Thi s Ma rko v chain can be wri tten as

(
P ( n + 1 ; " ) ê (1 À p ) P ( n; " ) + pP ( n; # ) ;

P ( n À 1 ; # ) ê pP ( n; " ) + (1 À p ) P ( n; # ) ;
(29)

where the sign of substi tuti on ê becomes =, when i t is the only way of getti ng a
pro babi l ity on the left hand side. For n = 0 , Eq. (29) gives

(
P (1 ; " ) ê (1 À p ) P (0 ; " ) + pP (0 ; # ) ;

P (1 ; " ) ê pP (0 ; " ) + (1 À p ) P (0 ; # ) ;
(30)

where the last substi tuti on was made wi th the inversion of the system in order to
preserve non-negati ve m agneti sati on. Equa ti on (30) im pl ies

P (1 ; " ) = P (0 ; " ) + P (0 ; # ) ; (31)

but P (0 ; " ) = 0 as otherwi se the pro babi li ty wi th negati ve m agneti sati on m ust
have been non-zero, so

P (1 ; " ) = P (0 ; # ) : (32)

Let us intro duce the nota ti on

U =

1X

n =0

P ( n; " ) ; V =

1X

n =0

P ( n; # ) ; (33)
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then

U + V = 1 ; U À V = h s i : (34)

Sum ming up (29) for n = 1 ; 2 ; . . ., we get
(

U À P (1 ; " ) = (1 À p )U + p [V À P (0 ; # )] ;

V = pU + (1 À p )[ V À P (0 ; # )] ;
(35)

but since P (1 ; " ) = P (0 ; # ) , each of the equati ons is equivalent to

p h s i = (1 À p ) P (0 ; # ) : (36)

Since P (0 ; # ) = pP (1 ; " ) + (1 À p ) P (1 ; # ) , thus when p 6= 1 we have
P (1 ; " ) = P (1 ; # ) , and simi larl y P (2 ; " ) = (1 À p ) P (1 ; " ) + pP (1 ; # ) gives
P (2 ; " ) = P (1 ; " ) .

In thi s way for i Ñ 1 ; p 6= 1 we get

P ( i; " ) = P ( i; # ) ; P ( i + 1 ; " ) = P ( i; " ) : (37)

These expressions wi th the norm al isatio n condi ti on give P (0 ; # ) = 0 for p 6= 1 , so
always

p h s i = 0 : (38)

The sam e equati on can be obta ined as a result of averaging over the last but one
spi n

h s i = (1 À p ) U + pU À (1 À p )[ V À P (0 ; # )] + (1 À p ) P (0 ; # ) À pV

= U À V + 2 (1 À p ) P (0 ; # ) = h s i + 2 p h s i : (39)

Investi gatio n of a to ta l spin of a system in such a way to guarantee tha t i t is
positi ve is very di£ cult and theref ore i t is more conveni ent to determ ine two -spin
correl ati ons. In order to do thi s we shal l denote by P i ( " ) and P i ( # ) the probabi l i ti es
tha t the spin of the i -th node is di rected upwa rds and downwards, respectively.
These pro babi l i ti es are determ ined as

(
P i +1 ( " ) = (1 À p ) P i ( " ) + pP i ( # ) ;

P i +1 ( # ) = pP i ( " ) + (1 À p ) P i ( # ) :
(40)

The to ta l spin of the system can be positi ve or negati ve, so despite the
condi ti on P i ( " ) + P i ( # ) = 1 , the expression P i ( " ) À P i ( # ) i s not necessari ly equal
to h s i i . The relati ons (40) can be rewri tten in the m atri x form

"
P i +1 ( " )

P i +1 ( # )

#

=

"
1 À p p

p 1 À p

# "
P i ( " )

P i ( # )

#

: (41)

W e can determ ine the pro babi l i ti es over n bonds
"

P n ( " )

P n ( # )

#

=
1

2

"
1 + (1 À 2 p ) n 1 À (1 À 2 p ) n

1 À (1 À 2 p ) n 1 + (1 À 2 p ) n

# "
P 0 ( " )

P 0 ( # )

#

; (42)
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thus

h s 0 s n i = P 0 ( " ) P n ( " ) À P 0 ( " )P n ( # ) À P 0 ( # ) P n ( " ) + P 0 ( # ) P n ( # )

= (1 À 2 p ) n [ P 0 ( " )P 0 ( " ) À P 0 ( " ) P 0 ( # ) À P 0 ( # ) P 0 ( " ) + P 0 ( # ) P 0 ( # )]

= (1 À 2 p ) n [ P 0 ( " ) À P 0 ( # )] 2 : (43)

In order for the m agneti sati on to be non-zero, apart from the sym m etry breaki ng,
i t is necessary tha t the non-zero l im it of the expression (1 À 2 p ) n existed for
n ! 1 , whi ch happens when p = 0 . Ano ther way of Ùndi ng p at whi ch sponta neous
m agneti sati on can appear is to look for the stati onary soluti ons of (42). Both
soluti ons are then identi cal and we get

1

2
[ 1 À (1 À 2 p ) n ]P ( " ) = 1

2
[ 1 À (1 À 2 p ) n ] P ( # ) : (44)

The equati on is ful Ùlled when P ( " ) = P ( # ) or when 1

2
[ 1 À (1 À 2 p ) n ] = 0 ,

whi ch happens for any n for p = 0 . Thi s exam ple suggests tha t the operati on of
bond addi ti on m ust not be m any ti m es repeated and the sponta neous sym m etry
breaki ng ta kes pl ace when the set of Eqs. (40) has, apart from the sym m etri c
soluti ons P ( " ) = P ( # ), also unsym metri cal soluti ons P ( " ) À P ( # ) = z 6= 0 , pro vi ded
tha t the stati onary condi ti on is fulÙlled. In the assumed nota ti on each of Eqs. (40)
is equivalent to pz = 0 .

5.2. T he tube

From am ong the above presented m etho ds of determ inati on of the concen-
tra ti on p at whi ch the sponta neous m agneti sati on can app ear, the last is the most
e˜ecti ve and has been appl ied to a two- bond wi de tub e. In order to Ùnd the prob-
abi l i ti es P 11 ; . . . ; P 46, we intro duced the vari ables x [ i ] ; i = 1 ; . . . ; 1 4 , whi ch by
the norm al isati on condi ti ons were reduced to 8 independent vari ables. Because we
have to di stinguish between the caseswi th the spin upwa rds and down wards, the
num ber of the variabl es is doubl ed. Theref ore, x [ 1 ] i s repl aced by x [ 1 u ] or x [ 1 d ].
Simi larl y as in the one-dim ensional case we intro duce z [ 1 ] sati sfyi ng the rela ti on
x [ 1 u ] = x [ 1 ] + z [ 1 ] , getti ng the vari ables z [ i ] ; i = 1 ; . . . ; 1 4 . Expressi ng the pro babi l -
i ty vecto rs P 11 ; . . . ; P 46 in the vari ables z [ i ] and substi tuti ng them into Eq. (20)
we get a uni form and scalar set of equati ons wi th 14 unkno wns z [ i ] . In order for
thi s set to have non-zero soluti ons (apart from zero ones) the m atri x made of i ts
coe£ cients shoul d be singul ar. In thi s wa y we arri ve at

p
À

1 À 2 p + 6 p 2
À 4 p 3

Â2
(1 6 2 À 7 0 2 p + 2 9 3 4 p 2

À 6 8 7 3 p 3 + 1 4 0 1 0 p 4

À 2 0 2 5 8 p 5 + 2 3 5 2 0 p 6
À 2 5 0 7 1 p 7 + 2 5 5 9 6 p 8

À 3 2 4 2 4 p 9

+3 5 3 2 8 p 1 0
À 1 5 2 6 0 p 1 1

À 1 5 3 1 2 p 1 2 + 2 9 0 4 0 p 1 3
À 2 1 8 8 8 p 1 4

+9 4 0 8 p 1 5
À 2 3 0 4 p 1 6 + 2 5 6 p 1 7 ) = 0 : (45)
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In the range p 2 h 0 ; 1 i i t has onl y one real soluti on p = 0 , theref ore, onl y for
p = 0 , so when the anti ferromagneti c integra ls occur wi th the zero probabi l i ty, the
m agneti sati on can be non-zero. W hen the calcul ati ons are perform ed not for (20)
but for i ts modiÙed form (23), then the determ inant of Eq. (45) is enlarged by the
facto r

p 1 2 (1 À p ) 1 2 (1 À 2 p )1 2

(1 À 4 p + 1 6 p 2
À 4 0 p 3 + 6 0 p 4

À 4 8 p 5 + 1 6 p 6 )1 2
(46)

and the occurrence of non-zero m agneti sati on wi l l be also possible for p = 1 =2 and
p = 1 .

6 . Co n cl usion s

The states deÙning the positi on of the frustra ti ng stri ng were deÙned. The
pro babi l iti es of these states to gether wi th the probabi l i ti es of the frustra ted and
unf rustra ted squares perm i t determ inati on of the ground state energy. In order to
determ ine entro py and magneti sati on, the above states were spl it into the norm al
and reduced ones, wi th the disti ngui shed spin di rected either up or down. The
pro babi l iti es of the two typ es of states (correspondi ng to energy or entro py) can
be found f rom a set of l inear equati ons. On the basis of the soluti ons of thi s set, the
expressions for energy and entro py can be given. The entro py can be expressed in
the form of a series of blocks, deÙned as the smal lest elements of the system bri ng-
ing addi ti ve contri buti ons to entro py. The need to express entro py in the form of
a series is a consequence of i ts nonl ineari ty . Assum ing the appro xi m atio n in whi ch
entro py is trea ted as a m easurabl e quanti t y, i t wa s possible to sum up the series.
Apa rt from determ inati on of the energy and entro py, the probabi l i ti esof the states
perm i tted identi Ùcati on of the concentra ti on range in whi ch magneti sati on m ust
be zero. D espite the fact tha t num erous com puter simulati ons have estimated the
cri ti cal value of concentra ti on p for two-dimensional latti ce as p c = 0:1, our resul ts
indi cate tha t at a Ùnite wi dth of the tub e sponta neous m agneti sati on wo uld occur
onl y for p = 0 . Ana lysis of the behavi our of the entro py deri vati ve pro vi des the
inf orm ati on on the concentra ti on of anti f erromagneti c integ ra ls at whi ch a phase
tra nsiti on woul d occur on a two -dim ensional square latti ce. We get a sim ilar resul t
from a search for the condi ti ons in whi ch the rel ati on describing the sponta neous
m agneti sati on becomes singular, it happens in the compl ex plane for such concen-
tra ti ons p tha t Rep 2 (0 : 0 6 ; 0 :1 7) . As a conti nuatio n, i t would be interesti ng to
appl y thi s m etho d to system s wi th non-zero m agneti c Ùeld and non-zero tem per-
ature.

Ap p en dix A

The energy per a site for tub es three bonds e3 or four bonds e4 wi de can be
expressed as
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e 3

J
=

N (3 )

D (3 )
;

N (3 ) = 2 (3 À 1 8 p + 1 2 9 p 2
À 5 2 2 p 3 + 1 8 9 9 p 4

À 5 3 2 5 p 5 + 1 2 0 7 4 p 6

À 2 2 6 8 2 p 7 + 3 5 8 0 7 p 8
À 4 7 9 9 1 p 9 + 5 8 4 0 7 p 1 0

À 7 2 7 4 7 p 1 1 + 1 0 1 6 1 6 p 1 2

À 1 5 3 4 3 4 p 1 3 + 2 2 1 9 8 0 p 1 4
À 2 7 7 4 4 0 p 1 5 + 2 8 4 8 3 2 p 1 6

À 2 3 7 3 7 6 p 1 7

+1 6 0 5 1 2 p 1 8
À 8 6 2 7 2 p 1 9 + 3 4 3 0 4 p 2 0

À 8 7 0 4 p 2 1 + 1 0 2 4 p 2 2 ) ;

D (3 ) = 3 ( À 1 + 4 p À 3 4 p 2 + 1 2 0 p 3
À 4 3 5 p 4 + 1 1 7 6 p 5

À 2 5 1 4 p 6

+4 3 5 4 p 7
À 6 2 2 1 p 8 + 7 2 7 8 p 9

À 7 9 2 9 p 1 0 + 1 0 3 0 4 p 1 1
À 1 6 3 4 4 p 1 2

+2 5 7 7 2 p 1 3
À 3 5 2 9 6 p 1 4 + 3 8 4 8 0 p 1 5

À 3 0 8 4 8 p 1 6 + 1 6 7 0 4 p 1 7

À 5 3 7 6 p 1 8 + 7 6 8 p 1 9 ) ;

e 4

J
=

N (4 )

D (4 )
;

N (4 ) = À 2 8 5 0 8 1 6 + 2 1 3 8 1 1 2 z 2
À 1 2 5 0 5 6 0 z 4

À 1 3 6 0 7 3 6 z 6

À 7 5 0 9 7 6 z 8 + 4 5 4 0 0 z 1 0 + 3 8 7 9 7 6 z 1 2 + 2 5 7 5 1 7 z 1 4

À 1 1 1 0 4 6 6 z 1 6 + 1 9 3 6 3 6 z 1 8 + 3 6 8 3 8 6 z 2 0
À 2 0 2 5 9 1 z 2 2

À 1 4 3 9 2 4 z 2 4 + 1 0 9 4 1 6 z 2 6
À 7 2 5 2 z 2 8

À 2 7 2 6 5 z 3 0

+1 2 1 1 8 z 3 2
À 2 4 6 8 z 3 4 + 2 3 4 z 3 6

À 4 5 z 3 8 ;

D (4 ) = 6 4 (3 2 7 6 8 À 2 4 5 7 6 z 2 + 4 8 6 4 z 4 + 1 3 2 1 6 z 6 + 8 7 0 4 z 8

À 1 6 7 2 z 1 0
À 5 0 8 0 z 1 2

À 2 2 9 1 z 1 4 + 9 5 9 4 z 1 6
À 1 3 3 7 z 1 8

À 3 4 5 2 z 2 0 + 1 4 3 8 z 2 2 + 1 3 5 2 z 2 4
À 9 1 0 z 2 6

À 1 2 z 2 8

+2 4 5 z 3 0
À 9 8 z 3 2 + 1 5 z 3 4 ) ;

z = 1 À 2 p:

Ap p en dix B

The probabi l i ti es of the states occurrence can be expressed as

p [ 1 1 ] = p [ 1 2 ] =

2

6
6
6
6
4

x [ 1 ]

0

0

x [ 2 ]

3

7
7
7
7
5

; p [ 2 1 ] = p [ 2 2 ] =

2

6
6
6
6
4

0

x [ 3 ]

x [ 4 ]

0

3

7
7
7
7
5

;
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p [ 2 3 ] = p [ 2 4 ] =

2

6
6
6
6
4

0

x [ 5 ]

x [ 6 ]

0

3

7
7
7
7
5

; p [ 2 5 ] = p [ 2 6 ] =

2

6
6
6
6
4

0

x [ 1 1 ]

x [ 1 2 ]

0

3

7
7
7
7
5

;

p [ 3 1 ] = p [ 3 2 ] =

2

6
6
6
6
4

0

x [ 4 ]

x [ 3 ]

0

3

7
7
7
7
5

; p [ 3 3 ] = p [ 3 4 ] =

2

6
6
6
6
4

0

x [ 6 ]

x [ 5 ]

0

3

7
7
7
7
5

;

p [ 3 5 ] = p [ 3 6 ] =

2

6
6
6
6
4

0

x [ 1 2 ]

x [ 1 1 ]

0

3

7
7
7
7
5

; p [ 4 1 ] = p [ 4 2 ] =

2

6
6
6
6
4

x [ 7 ]

0

0

x [ 8 ]

3

7
7
7
7
5

;

p [ 4 3 ] = p [ 4 4 ] =

2

6
6
6
6
4

x [ 9 ]

0

0

x [ 1 0 ]

3

7
7
7
7
5

; p [ 4 5 ] = p [ 4 6 ] =

2

6
6
6
6
4

x [ 1 3 ]

0

0

x [ 1 4 ]

3

7
7
7
7
5

;

wi th the fol lowing norm al isati on condi ti ons for the non-reduced part:

x [ 1 ] + x [ 7 ] + x [ 9 ] = 1

2
; x [ 2 ] + x [ 8 ] + x [1 0 ] = 1

2
;

x [ 3 ] + x [ 4 ] + x [ 5 ] + x [ 6 ] = 1

2
;

whi le for the reduced part:

x [ 1 ] + x [ 1 3 ] = 1

2
; x [ 2 ] + x [ 1 4 ] = 1

2
; x [1 1 ] + x [ 1 2 ] = 1

2
:

Solvi ng Eq. (20) wi th respect to x [ 1 ] ; x [ 2 ]; x [ 3 ] ; x [ 4 ] ; x [ 5 ]; x [ 7 ] ; x [ 8 ] ; x [1 1] we get

x [ 1 ] =
1

D 1
(1 À 4 p + 1 1 p 2

À 1 2 p 3 + 4 p 4 ) ;

x [ 2 ] = x [1 1 ] =
p

D 2
(2 À p À 4 p 2 + 4 p 3 ) ;

x [ 3 ] =
3 p

D 3
(À 6 + 8 p + 4 p 2

À 5 p 3
À 2 6 p 4 + 4 6 p 5

À 3 2 p 6 + 8 p 7 ) ;

x [ 4 ] =
3

D 4
(À 3 + 1 2 p À 2 8 p 2 + 2 8 p 3

À 5 p 4
À 2 6 p 5 + 4 6 p 6

À 3 2 p 7 + 8 p 8 ) ;
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x [ 5 ] =
p

D 5
(À 3 6 + 3 p + 6 0 p 2

À 2 7 8 p 3 + 1 3 6 4 p 4
À 2 8 2 7 p 5 + 2 8 0 8 p 6

À 1 0 3 6 p 7
À 1 2 2 4 p 8 + 2 5 8 8 p 9

À 2 3 3 6 p 1 0 + 1 2 1 6 p 1 1
À 3 8 4 p 1 2 + 6 4 p 1 3 ) ;

x [ 7 ] = À

p

D 7
(3 6 + 2 1 p À 2 3 2 p 2 + 1 0 7 4 p 3

À 4 0 4 2 p 4 + 9 3 3 7 p 5
À 1 4 1 0 4 p 6

+1 4 9 2 4 p 7
À 1 1 1 2 0 p 8 + 6 0 1 2 p 9

À 2 9 1 2 p 1 0 + 1 4 7 2 p 1 1
À 5 1 2 p 1 2 + 6 4 p 1 3 ) ;

x [ 8 ] =
1 À p

D 8
( À 1 8 + 4 8 p À 1 4 4 p 2

À 7 2 p 3 + 9 0 5 p 4
À 3 9 8 7 p 5 + 1 0 7 0 8 p 6

À 1 6 9 6 4 p 7 + 1 6 2 4 4 p 8
À 9 0 2 8 p 9 + 2 2 0 8 p 1 0 + 3 2 0 p 1 1

À 3 2 0 p 1 2 + 6 4 p 1 3 ) ;

D 1 = D 2 = 2 À 4 p + 2 0 p 2
À 3 2 p 3 + 1 6 p 4 ;

D 3 = D 4 = À 5 4 + 3 6 p À 2 4 6 p 2 + 2 6 8 p 3 + 4 7 8 p 4
À 1 4 1 6 p 5 + 1 7 0 4 p 6

À 1 2 4 8 p 7 + 5 5 2 p 8
À 1 6 0 p 9 + 3 2 p 1 0 ;

D 5 = D 7 = D 8 = 2 (1 À 2 p + 1 0 p 2
À 1 6 p 3 + 8 p 4 )( À 2 7 + 1 8 p À 1 2 3 p 2 + 1 3 4 p 3

+2 3 9 p 4
À 7 0 8 p 5 + 8 5 2 p 6

À 6 2 4 p 7 + 2 7 6 p 8
À 8 0 p 9 + 1 6 p 1 0 ) :
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