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U si ng a statisti cal app r oach a simpl e form ula for the structure factor of
decorated Fi bonacci chain w as deri ved . A lthough the used metho d operates
in the physical space only , its equiv alence to the higher - dimen sional analysi s

w as pro ved. A pplicati ons of the analysis to di ˜erent decorated structures
w ere also discussed.
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1. I n t rod uct io n

Af ter the famous discovery of quasicrysta ls [1] the questi on \ where are
the ato m s?" [2] is sti l l open. Mo re accurate m easurements have been perform ed
and the new ideas of data analysis have been elaborated : l ike higher-di mensional
Patterso n analysis [3, 4], X-ray and neutro n di ˜ra cti on [5], density modiÙcati on
m etho d [6], ato mic-resoluti on annua l dark- Ùeld scanni ng tra nsmission electro n m i-
cro scopy (ST EM) [7], electron di ˜ra cti on and STEM [8]. Recentl y a new stati sti cal
appro ach to aperiodic structures (incl udi ng quasicrysta ls) has been form ulated and
used for di ˜erent model structures in one and two di mensions [9{ 11], l ike: 1D Fi -
bonacci chain or sinusoidal m odul ated structures, 2D Penro se ti l ing or random
structures . Sim ilar appro ach has been also form ulated in higher-di mensional re-
ci procal space [12]. The goal of the stati sti cal appro ach is to deri ve rather simpl e
form ulae (i n physi cal space) whi ch can be easily appl ied to the structure reÙne-
m ent from the obta ined di ˜ra cti on pattern. In thi s paper the main idea of the used
appro ach is presented and tested on the sim ple 1D m odel of the Fi bonacci chain.
Thi s idea can then be easily extended to m ore com pl icated 2D and 3D structures,
incl udi ng real quasicrysta ls.

(55)
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2. T heor y

The Fi bonacci chain is a m odel exam ple of the 1D quasicrysta l . Thi s struc-
ture is m ostl y described in higher-di mensional (2D for the Fi bonacci chain) space
and then pro jected to lower-dim ensional physi cal space [13{ 19]. The general ized
pro jection metho d to produce quasilatti ces was Ùrst pro posed by de Brui j n [13]
and subsequentl y used by Kra m er and Neri [14]. The pro jection operato rs wri tten
for the Cartesi an coordi nates (x ; y ) are

P = [cos˜ ; sin ˜ ] ; (1)

T = [ À sin ˜ ; cos˜ ] ; (2)

where cot ˜ = § ² (1 +
p

5 ) =2 ¤ 1 : 6 1 8 ; P and T pro ject the structure onto the
real (para l lel) and perpendi cular (perp) subspaces, respectivel y. The real ( r

k
) and

perp ( r
?

) space components of the 2D positi onal vecto r R ( x ; y ) are given by

r
k

= P Â R = x cos ˜ + y sin ˜ ; (3)

r ? = T Â R = À x sin ˜ + y cos˜ : (4)

T o obta in the Fi bonacci sequence of tw o bounds: large L (wi th the length equal to
§ ) and smal l S (l ength equal to 1), the length of the 2D quadrati c latti ce should
be A =

p

§ + 2 . The corresponding reci procal latti ce is also quadrati c wi th the
length K = 2 ¤ =A . For a given 2D reci procal vecto r

K = (k x ; k y ) =
2 ¤

A
(h x ; h y ) = [ k

k
; k

?
] ; (5)

where

k
k

= P Â K =
2 ¤

§ 2 + 1
( § h x + h y ) ; (6)

k
?

= T Â K =
2 ¤

§ 2 + 1
( À h x + § h y ) : (7)

The round brackets are f or the Cartesi an coordi nates and the square bra ckets are
for ti l t recta ngul ar coordi nates along the real and perp spaces.

For the 2D di ˜ra cti on peaks (at the recipro cal latti ce points)

exp ( iK Â R ) = exp [i ( k x x + k y y )] = exp [ i (k
k

r
k

+ k ? r ? )] = 1 ; (8)

whi ch leads to

k
k

r
k

+ k
?

r
?

= 2 ¤ n; n 2 Z : (9)

In respect of the reference latti ce constructed for a given scatteri ng vecto r k 0 = k
k

[9, 11], the reduced ato m ic positi on is given by

u ² r
k
m od ( Ñ) ; where Ñ = 2 ¤ =k 0 : (10)

Using (9) and (10) one can also wri te
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r ? = À

k
k

k
?

u +
2 ¤ n 1

k
?

; (11)

where n 1 i s an integ er.
The structure f actor in the real space can then be wri tten as

F ( k
k

) =

Z § 2

0

P
?

(r
?

) exp( À ik
?

r
?

) dr
?

; (12)

where P
?

( r
?

) i s the probabi l i ty distri buti on of ato m ic positi ons in perp space (thi s
di stri buti on di rectl y corresp onds to the so-cal led ato m ic surface). The perp space
di stri buti on is bounded to the wi dth of the stri p equal to § 2 . Using (11) one can
wri te

F ( k
k

) =

Z
À u 0

0

À

k k

k ?

P ?

˚

À

k k

k ?

u +
2 ¤ n 1

k ?

Ç

È exp

ç

À ik
?

˚

À

k
k

k
?

u +
2 ¤ n 1

k
?

ÇÑ

du ; (13)

where u 0 ² (k
?

=k
k

) § 2 . The bounds of the integ ral have been reduced to the
average uni t cell only.

Kno wi ng (10) one gets

k
k

k ?

P
?

˚

À

k
k

k ?

u +
2 ¤ n 1

k ?

Ç

=
k

k

k ?

P
?

ç

À

k
k

k ?

( u + Ñn 1 )

Ñ

=
k

k

k
?

P ?

˚

À

k
k

k
?

u

Ç

² P k (u ) ; (14)

whi ch Ùnal ly leads to

F ( k
k

) =

Z
0

À u 0

P
k

( u ) exp ( ik
k

u )du : (15)

The above m eans tha t the structure factor can be calcul ated in real space using
the stati stical distri buti on, i.e. the average uni t cell appro ach [9{ 11]. The average
uni t cell is deÙned by the pro babi l i ty distri buti on of ato mic positi ons in respect of
the corresp ondi ng ref erence latti ce. Al tho ugh the avera ge uni t cell is calculated for
the parti cul ar scatteri ng vector k 0 , the obta ined probabi l i t y distri buti on describes
the structure factor for al l hi gher harm onics of the given wave vector (i .e. k =

nk 0 ). In 2D descripti on thi s also m eans tha t form ula (15) correctl y describes the
structure f actor calculated along the l ine given by k

?
=k

k
= const. It has also

been pointed out [11] tha t the average uni t cell is an obl ique pro jecti on of the
ato m ic surf ace onto physi cal space (f orm al ly there is also inv ersion whi ch should
be consi dered to com pare the discusseddi stri buti ons, however, i t does not inÛuence
the di ˜ra cti on pattern). The ato mic surface is l im i ted to ( 0 ; § 2 ) , wi th P ? (r ? ) =

1 =§ 2 . The corresp ondi ng distri buti on in the physi cal space is bounded to ( À u 0 ; 0 ) ,
wi th value P ( u ) = 1 =u 0 .
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3. Mo d ulat ion vect or

T o describe al l the di ˜ra cti on peaks one needs the second wave vecto r, i .e.
the m odul ati on vector q 0 . For the Fi bonacci chain the m odul ati on vector, describ-
ing the satel li tes reÛections, is § ti mes shorter tha n the scatteri ng vecto r of the
m ain reÛecti ons ( k 0 ), i .e q 0 = k 0 =§ . Using tw o reference latti ces, the Ùrst one
correspondi ng to k 0 , and the second one | to q 0 , one gets the probabi l i ty distri -
buti on P ( u ; v ) [9{ 11], where u and v are the ato mic distances to the corresp ondi ng
ref erence latti ces. Pro babi l i ty di stri buti on P (u ; v ) stands for the avera ge uni t cell
in the stati stical appro ach. The structure factor at the scatteri ng vecto r given by
k = nk 0 + mq 0 , n and m are integ ers, reads

F ( k ) =

Z 0

À u 1

Z 0

À v 1

P ( u ; v ) exp[ À i ( nk 0 u + mq 0 v )] dv du : (16)

In Eq. (16) the integ ra l bounds are given by the boundari es of the avera ge uni t
cell , i .e. u 1 = 2 ¤ =k 0 and v 1 = 2 ¤ =q 0 . In m any cases, however, l ike in the discussed
one of the Fi bonacci chain, the di stri buti on is addi ti onal ly bounded to the range
of u 0 < u 1 and v 0 < v 1 . An arbi tra ry shift of the obta ined distri buti on does not
inÛuence the di ˜ra cti on pattern.

It has al ready been noti ced [9, 10] tha t for § ti mes shorter scatteri ng vecto r
in the real space, i ts perp space com ponents becom e § ti m es longer and Ùnal ly the
bound v 0 , whi ch is pro porti onal to the rati o of the perp space to the real space
components of the integ ra l , shoul d be ( À § 2 ) ti m eslarger tha n u 0 , i .e. v0 = À u 0 § 2 .
Thi s leads to the fo llowi ng:

F ( k ) =

Z 0

À u 0

£ Z 0

u 0 § 2

P ( u ; v ) exp[ À i( nk 0 u + mq 0 v )] dv

¥

du ; (17)

where k k ² k 0 and q 0 = k 0 =§ . W hen the distri buti on is shi fted by a 0 the expression
for the structure f actor is m odiÙed by a phase factor as fo llowi ng:

F ( k ) =

Z a 0

À u 0 + a 0

Z a 0

u 0 § 2 + a 0

P ( u ; v ) exp[ À i( nk 0 u + mq 0 v )] dv du

= exp( À ik a 0 )

Z
0

À u 0

Z
0

u 0 § 2

P ( u ; v ) exp
h

À ik 0

±
nu +

m

§
v

² i
dv du : (18)

Such a pha se facto r does not inÛuence the di ˜ra cti on pattern but i t is cruci al for
the decorated structures. Probabi l i ty di stri buti on is non-zero onl y along the l ine
given by the expression v = À § 2 u + c , whi ch leads to

F ( k ) = exp( À ik a 0 )

Z 0

À u 0

˚ Z 0

u 0 § 2

P ( u ; v (u )) dv

Ç

È exp
n

À ik 0

h
nu +

m

§
( À § 2 u + c)

i o
du

= exp [À i ( k a 0 + c 1 )]

Z 0

À u 0

P ( u ) exp [À ik 0 ( n À § m ) u ] du : (19)
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Kno wi ng tha t

k = nk 0 + mq 0 = k 0 ( n + m= § ) = k 0 (n À § m ) + k 0 m
p

5 ; (20)

one can also wri te

F ( k ) = exp [ À i ( k a 0 + c1 )]

Z 0

À u 0

P (u ) exp( À ik m u ) du ; (21)

where c 1 i s a constant, k m ² k À k 0 m
p

5 i s the reduced scatteri ng vector for
the group of m -order satel li tes. Supp osing tha t k i s a conti nuous vari able, j F ( k ) j

2

describes a curve, called as envelope functi on, connecti ng peaks ' intensi ti es of the
appro pri ate group of satel l i tes. For m = 0 thi s envelope connects the periodi c set
of m ain reÛections. Kno wi ng onl y the distri buti on P ( u ) , whi ch for the Fi bonacci
chain has a rectangul ar shape, i .e. P (u ) = 1 =u 0 for À u 0 < u ç 0 , one can ful ly
describe the corresp ondi ng di ˜ra cti on pattern.

4. Sm al l an d lar ge b ou nd s

The questi on, whi ch has to be answered, is the fol lowi ng: whi ch part of the
pro babi l ity di stri buti on has to be connected wi th short and large bounds respec-
ti vel y? It is easy to solve thi s probl em in 2D. The length of the ato mic surf ace is
equal to § 2 . Al l the hori zonta l sides of the quadrati c structure s belonging to the
pro jected stri p give largebounds; the verti cal sides bri ng to the short bounds of the
Fi bonacci chain. Let us consider the short bound: there shoul d be two points sepa-
rated by § in perp space belonging to the pro jected stri p of the ful l wi dth equal to
§ 2 (the wi dth of the ato mic surface). Thi s means tha t the f ollowing equati on holds
for the perp space positi on of ato m s decorati ng the small bound: s perp + § < § 2,
whi ch bri ngs to the soluti on s perp 2 h 0; 1) . Sim ilarly for the ato ms decorati ng the
large bound one gets l perp 2 h 1; § 2 ). W hen pro jected to the real space (obl ique
pro jection perpendi cular to the chosen wa ve vecto r K = (k

k
; k

?
)) one can con-

cl ude: for u 2 (0 ; À u s ) the di stri buti on describes the short bounds onl y, and for
u 2 ( À u s; À u 0 ) | the large bounds of the Fi bonacci chain, where u s = k

?
=k

k
and

u 0 = ( k
?

=k
k

) § 2 . The u s positi on divi des the rectangular stati stical distri buti on
of the Fi bonacci chain into two distri buti ons: the Ùrst one connected wi th the S

bound, the second one | wi th the L bound. Then one can wri te

F ( k ) = F S ( k ) + F L (k ) ; (22)

where

F S (k ) =

Z
0

À u s

P ( u ) exp (À ik m u ) du ; (23)

F L ( k ) =

Z
À u s

À u 0

P ( u ) exp ( À ik m u ) du : (24)
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5. D eco rat i on

Let us supp ose tha t the smal l bound of the Fi bonacci chain is decorated
by n S ato ms at relati ve positi ons given by f s j g ; j = 1 ; n S . Sim ilarly the large
bounds are decorated by n L ato ms and the relati ve positi ons of decorati ng ato ms
are: f l j g ; j = 1 ; n L . Usi ng (21) and (22) one can wri te the structure facto r for
decorated Fi bonacci chain as

F ( k ) = F S ( k )

n SX

j =1

exp (À ik s j ) + F L ( k )

n LX

j =1

exp ( À ik l j ) : (25)

Using (23) and (24) in (25) one Ùnal ly gets

F ( k ) =
§

n L § + n S

8
<

:
sin( w )

w

n LX

j =1

exp

ç

i

˚

À k l j + k m u 0

3 À §

2

ÇÑ

+
1

§

sin( w =§ )

w =§

n sX

j =1

exp

ç

i

˚

À k s j + k m u 0

2 À §

2

ÇÑ
9
=

;
; (26)

where

w =
k m u 0

2 §
=

( k À mk 0

p

5 ) u 0

2 §
: (27)

The above equati ons f ul ly describe the structure facto r of arbi tra ry decorated
Fi bonacci chain. In case of decorati on by di ˜erent ato ms, the correspondi ng ato m ic
form factors should be added before the exp onenti al f uncti ons. Equa ti on (26) can
be essentially reduced for the parti cular decorati on. The sim plest decorati ons are
di scussed below in two exampl es: the Ùrst one is for the sing le atom ic decorati on
in the centres of each bounds, the second one is som e other decorati on whi ch keeps
the Fi bonacci ra ti o of large to smal l bound.

6. E xam pl e 1

The sim plest decorati on is the fol lowi ng: let us suppose tha t the \ ato ms"
are pl aced at the centres of each short and large bounds. In such a case there are
onl y two positi ons: s1 = 0 : 5 and l 1 = § =2 ¤ 0 : 8 0 9 . The m ean di stance between
the ato ms is

a 0 = 1 +
1

§ 2
¤ 1 : 3 1 9 ; (28)

i .e. the sam e as for non-decorated Fi bonacci chain. The corresp ondi ng wa ve vecto rs
are

k
k

² k 0 =
2 ¤

a 0

=
2 ¤

§ 2 + 1
(§ + 1 ) ¤ 4 : 5 4 7 ) h x = 1 ; h y = 1 ; (29)

k ? (1 ; 1 ) =
2 ¤

§ 2 + 1
( À 1 + § ) ¤ 1 : 0 7 3 (30)
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and

q 0 =
k 0

§
¤ 2 : 8 1 0 (31)

wi th the rati o

k
?

k k

=
1

§ 3
¤ 0 :2 3 6 : (32)

The obta ined P ( u ; v ) distri buti on is shown in Fi g. 1a and i ts pro jecti on to
u -param eter space | in Fi g. 1b. For thi s parti cul ar decorati on the structure fac-

Fig. 1. Probabili ty distribu tio n of distances for the Fib onacci chain w ith the atoms

placed at the centres of each bound ( e x a m p le 1 ) . (a) I n a double parameter space the

distribu tion is non- zero only along the certain lines mar ked in the Ùgure together w ith

the shap e of the a verage unit cell (dashed rectangle). (b) Proj ection of the distribu tio n

onto u -parameter space. C alculatio ns w ere p erformed for the scattering vectors k 0 ¤

and and numb er of atoms of about 35 thousand.

Fig. 2. Di˜racti on pattern of decorated Fib onacci chain w hen the atom is placed at the

centre of each bounds. A ll the di˜raction peaks are p erfectly describ ed by the envelop e

functions calculated from the derived Eq. (32).
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to r (26) can be wri tten as

F ( k ) =
1

§

£
sin w

w
exp

ç

i

˚

k ( § À 2 ) À mk 0

p

5
3 § À 4

2

ÇÑ

+
1

§

sin( w =§ )

w =§
exp

ç

i

˚

k § À 2 ) À mk 0

p

5
2 § À 3

2

ÇÑ¥

: (33)

Equati on (33) was used for the calculati on of the envel ope functi ons for the m ain
reÛections ( m = 0 ) and the m - th order satel l i tes respectivel y, as it is shown in
Fi g. 2. The di ˜ra cti on pattern is essential ly di ˜erent from the one calcula ted for
the Fi bonacci chain, however, Eq. (33) ful ly describes all the di ˜ra cti on peaks for
the discussed structure , i rresp ectivel y of thei r intensi ty .

7. Exam pl e 2

The second exam ple is for the well kno wn \ Fi bonacci- typ e" decorati on
[10, 20, 21] given by: L ! l l sl and S ! sl s . The smal l letters in the substi tu-
ti on means tha t the lengths of the new bounds are (2 + § ) ti mes smal ler tha n the
ori gina l ones. Thi s substi tuti on does not change the rati o of numb ers of large to
smal l bounds, whi ch is given by § . The decorati ons of the large and smal l bounds
(ato m ic positi ons) of the Fi bonacci chain are the fol lowi ng:

| f or the large bound
˚

0 ;
§

2 + §
;

2 §

2 + §
;

2 § + 1

2 + §

Ç

¤ (0 ; 0 : 4 4 7 ; 0: 8 94 ; 1: 1 71 ) ; (34)

| f or the smal l bound
˚

0 ;
1

2 + §
;

1 + §

2 + §

Ç

¤ (0 ; 0 : 2 7 6 ; 0 : 7 2 3 ) : (35)

For thi s decorati on one can easily expl ain the way in whi ch the avera ge uni t cell is
constructed. Let us start from the wav e vecto rs equal to k 0 ¤ 4 : 5 5 and q 0 ¤ 2 : 8 1 ,
as i t is given by (29) and (31). The avera ge uni t cell in the parameter space
( u ; v ) i s m arked as dashed rectangle in Fi g. 3a. Three ato ms decorate the small
S bounds and for the Ùrst bound thei r positi ons were mark ed as closed circl es in
the Ùgures. They are lyi ng along the l ine given by the expression: v = u and are
pl aced at the positi ons given by the decorati on (35). The other ato ms decorati ng
the S bounds give the distri buti ons whi ch are non-zero only along the l ines given
by the expressions

v = À § 2 u + c (36)

wi th the length of correspondi ng bounds equal to

a S =
1

§ 3

p
§ 4 + 1 ¤ 0 : 6 6 (37)
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Fig. 3. Probabili ty distributi on obtained for the decorated structure w ith the follow ing

decoration: L ! l l sl and S ! sl s . Four atoms (black squares) decorate the Ùrst L bound

and three atoms (Ùlled circles) decorate the Ùrst S b ound. T he distributi on is non- zero

only along particul ar directions marked in the Ùgure. For the chosen wave vectors:

k 0 ¤ 4 and , boundaries of the corresp ondin g average unit cell w ere

also marked in the Ùgure by dashed lines. The extended average unit cell (show n in

part (a)), w hen reduced to the single unit cell is presented in part (b). T he proj ected

onto -space probabili ty distribu tion is similar to the one show n in part (c). H ow ever,

this part (c) was calculated as a statistical distributi on of about 120 thousand atoms.

as i t is m ark ed in Fi g. 3a. The bounds are decorated by four ato m s indi cated for
the Ùrst bound as squares in Fi g. 3a. They are also lyi ng along the sing le l ine given
by the expression const. The appro pri a te stati stical distri buti on smears out
the ato m into a bound of the length , wi th the rati o , as i t is marked in
the Ùgures. Using the above procedure one obta ins al l the distri buti ons in a very
cl ear and sim ply way, however m any of them are out of bounds of the average
uni t cell . Af ter reducti on to a sing le uni t cell the di stri buti on has been shown in
Fi g. 3b. Its pro jection onto -parameter space has been also plotted in Fi g. 3c.
Fouri er tra nsform of the distri buti on functi ons from Fi g. 3 bri ngs to the envelope
functi ons whi ch connect intensi ti es of each group of reÛecti ons, i .e. the main peaks
Ùrst- order satel li tes and so on. Some of them were pl otted in Fi g. 4. In thi s Ùgure,
however, the very weak peaks, wi th the relati ve intensi ti es between 0.0035 and
0.06, were shown. One can easily see tha t al l the di ˜ra cti on peaks are perfectly
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Fig. 4. Di˜racti on pattern of the decorated structure w ith the follow ing decoration:

L ! l l sl and S ! sl s . In the Ùgure the di˜raction p eaks have been connected by the

envelop e function calculated according to (26) for the k 0 ¤ 4 :55 and di˜erent . Only

very weak peaks, w ich relative intensities b etw een 0.0035 and 0. 06 w ere show n.

Fig. 5. Di˜erent average unit cells calculated for the decoration and

and the w ave vector : (a) extended unit cell, (b) single unit cell,

(c) proj ected unit cell (f or about 120 thousand of atoms).

described in the average uni t cell appro ach, whi ch is the reason tha t there are no
appro xi m atio ns in the used appro ach. Ho wever, such rather compl icated envelope
curves can be essential ly reduced for the scatteri ng vector ti m es longer, i .e.
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Fig. 6. The di˜raction pattern for the decorated Fib onacci chain: L ! l l sl and S ! sl s .

T he most intensive p eaks w ere connected by the envelop e function calculated from the

distribu tion show n in Fig. 5c.

k 0

0
= k 0 ( § + 2 ) ¤ 1 6 : 4 5 . Thi s also leads to (2 + § ) ti m es shorter distances and, for

exam ple, the new a 0

S
= a S =(2 + § ) ¤ 0 : 1 8 . The average uni t cell for the new wa ve

vecto r can be constructed in the very simi lar wa y as before (Fi gs. 5a, b and c).
For thi s parti cul ar decorati on the obta ined probabi l i ty di stri buti on in the uni t cell
is non-zero onl y along the single l ine as i t is shown in Fi g. 5b. In the discussed
case one obta ins a very simpl e envel ope functi on whi ch perfectly describes onl y
parti cul ar subset of di ˜ra cti on peaks (Fi g. 6).

In thi s paper the structure factor was derived in physi cal space for arbi tra ry
decorated Fi bonacci chain. Using stati stical appro ach (average uni t cell appro ach)
one gets the form ula (26) whi ch describes the structure factor for each group of
peaks indexed by m , i .e. the main reÛections ( m = 0 ), the Ùrst- order satel l i tes
( m = 1 ) , the second-order satel l i tes ( m = 2 ) and so on. The presented appro ach
is para llel to the hi gher-dim ensional analysis whi ch is com m only used. T o see thi s
para l lelism the real -space ( k

k
) and the perp-space ( k

?
) components were also used

for the descripti on of the scatteri ng vecto r, exchangeable to the average uni t cell
descripti on given by the main scatteri ng vecto r ( k 0 ) and the m odul ati on vecto r
( q 0 ) . Using Eq. (26) the pro blem of the structure determ inati on is reduced to the
reÙnement, from the di ˜ra cti on pattern, of the ato mic positi ons in the two bounds
of the Fi bonacci chain. The who le pro cedure is l im ited to the physi cal space onl y
and the num ber of reÙning param eter is only one for each ato m , i.e. to the positi on
of each ato m in the parti cul ar L or S bounds. In tha t sensethe reÙning is no m ore
compl icated tha n for the 1D crysta ls and the standard m etho ds can be appl ied. The
onl y di ˜erence is the indexi ng pro blem and groupi ng the reÛections into di ˜erent
cl asses: the main reÛections and the satel l i tes of a given order. The presented
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appro ach can be easily appl ied to the 2D and 3D structure s. The calcul ati ons are
in progress and the resul ts wi l l be discussed separatel y.
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