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Based on the ser ies expansion forma lism , an anal yti cal approach is pro -
p osed to evaluate the total cross-sections induced by electron impact excita-

tion . A s an illustrati on, an analytical expression of the total cross- section of
the double excitation of helium atom by electron impact is obtained for the
2 p2 3 P and 2p 3p 1 P transitions w ithin the framew ork of the distorted wave

Born approximation. The available exp erimental data are well repro duced
by the obtained expression of the total cross-section w hich is function of the
only parameter of the incident electron energy. Comparisons are also made
w ith numerical calculatio ns.
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1. I n t rod uct io n

In m any appl icati ons the cross-sections are used as input data in the form of
ta bl esof sparsely di stri buted values or given in a l im i ted range[1]. In electron{ atom
col lisions phenom ena, these quanti ti espl ay a centra l ro le for the understa ndi ng of
the physi cal structure of atom s. Several m etho ds have been proposed to trea t thi s
pro cess num erical ly over the past three decades [2{ 5]. W hen the compared resul ts
are in agreem ent wi th the data then the used m etho ds are considered as powerf ul
and rel iable. Ho wever, when the data are not sati sfactori ly described, one usual ly
tri es to incl ude correcti ons or to im pro ve the employed num erical m etho ds before

(25)
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intro duci ng di ˜erent correcti ons to impro ve the descripti on of the cross-sections.
There are m any sources of uncerta inti es in the evaluati on of scatteri ng am pl itude.
Am ong them , the appro xi m ate m etho d adopted f or calcul ati on, the inaccurate
input wa ve functi ons describi ng the ta rget, the trea tm ent of the radial wave equa-
ti ons, and the singul ari ty pro blems.

In thi s paper we propose an analyti cal appro ach for evaluati ng the di ˜erenti al
cro ss-secti on wi tho ut resorti ng to extensi ve num erical approxi mate calcul ati ons.
Our purp ose is to obta in an analyti cal representa ti on of the T -matri x element
describing the exci ta ti on of ato m s from the ground state. The aim is, on the one
hand, to avoid the uncerta inti es related to the use of the num erical m etho ds and
di vergence pro blems and, on the other hand, to obta in an analyti cal representati on
of the cro ss-secti ons whi ch m ay be requi red in analyti cal form in m ore com pl icated
calculati ons [1]. To i l lustra te the proposed appro ach, we consi der the 2 p 2 3 P and
2 p 3 p 1 P tra nsiti ons correspondi ng to the electro n-im pact doubl e exci tati on of the
hel ium ato m f rom i ts ground state.

Thi s paper is organized as fol lows. In Sec. 2 an analyti cal soluti on of the
Schr �odinger equati on is constructed usi ng the Frobenius series expansi on. The
analyti cal representati on of the cross-secti on is obta ined in Sec. 3. The results are
presented and di scussed in Sec. 4.

2. T heor et ic al fr am ewo r k

The T -m atri x element for the electron im pact exci ta ti on of an N -electron
ta rget ato m is given (i n ato mic uni ts) by [6]:

T i f = À

1
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where â +
i ( 0) and â À

f ( 0) are the di storted wa ve functi ons of the electron in the
inci dent and exit channel s, respecti vel y, and 0 ; 1 ; 2 ; . . . ; N refer to positi on vecto rs
r 0 ; r 1 ; . . . ; r N :
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ˆ i and ˆ f are the anti sym metri zed ini ti al and Ùnal ato mic wa ve functi ons, respec-
ti vel y, and V i s intera cti on potenti al between the pro jecti le electro n and the ta rget
ato m wi th a charge Z :
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Z

r 0

+

N

i =1

1

r i 0

; (3)

where r i 0 i s the distance between the bound electron i and the inci dent electron
located at 0 . The anti sym metri zati on operato r A :
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where P i 0 i s the exchanges electron operator. Neglecti ng the exchange and polar-
izati on e˜ects, the distorti ng potenti al U i ( f ) in the incident (exi t) channel can be
wri tten as U i ( f) = V st at

i ( f) where

V sta t
i ( f ) ( r ) = À

Z

r
+

X

n ; l

N n ; l

Z
R n l ( r 0)

max( r ; r 0)
r 0 2d r (4)

is the standard Hartree potenti al . N n j i s the num ber of electro ns in the considered
orbi tal and R n l ( r ) | the radial ato m ic wave functi on. The radial di storted wa ves
â l ( k ; r ) are soluti on of the Schr�odi nger equati on

d 2

dr 2
À

l ( l + 1 )

r 2
À 2 U i ( f ) ( r ) + k 2

i ( f ) â l (k i ( f ) ; r ) = 0 (5)

wi th the bounda ry condi ti ons

â l (k ; 0 ) = 0 and â l ( k ; r ) r =
1

p

k
sin k r À

l ¤

2
+ £l ; (6)

£l being the phase shift of the l - th parti al wa ves. The di ˜erenti al cross-secti on for
the inelasti c pro cess can be wri tten as

d¥

d ¨
=

k f

k i

j T if j
2 : (7)

The T if matri x elements are deri ved from (1). The to tal cro ss-section ¥ can be
obta ined by averaging over ini ti al spin states, summ ing over Ùnal spin states and
integ rati ng over al l scatteri ng angles. Our main ta sk is to derive an analyti cal
form of the T if matri x elements given in Eqs. (1) and (7). At the Ùrst stage, an
analyti cal form of the radial distorted wa ves â l ( k ; r ) in (5) can be obta ined using
Frobenius series expansion. The latter have been successful ly appl ied to solve the
eigenvalue probl em for the Coul ombic model potenti al [7].

Let us consi der the fol lowi ng di ˜erenti al hom ogeneous equati on:

y (x ) +
P ( x )

x À x 0

y ( x ) +
Q ( x )

(x À x 0 ) 2
y ( x ) = 0 (8)

wi th a regul ar singular point at x = x 0 : P ( x ) and Q ( x ) can be expanded as the
T ayl or series about x 0 :

P ( x ) =

n =0

p n ( x À x 0 ) n ; Q ( x ) =

n =0

qn (x À x 0 )n : (9)

Hence, a soluti on of the di ˜erenti al equati on (8) can be wri tten as a Frobenius
series

y 1 (x ) =

n =0

a n (x À x 0 )n + ˜ ; (10)
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where ˜ i s an indi cial exponent to be determ ined from the fol lowi ng relati ons:

P 0 ( ˜ ) a n = 0 ; (11a)

P n ( ˜ ) a n +

n À 1X

k =0

[ ( ˜ + k ) p n À k + qn À k ] a k = 0 ; (11b)

P n ( ˜ ) = (˜ + n ) 2 + (p 0 À 1 ) ˜ + q 0 : (11c)

Since a 0 6= 0 , i t fol lows tha t:

P 0 ( ˜ ) = ˜ 2 + ( p 0 À 1 ) ˜ + q0 = 0 : (12)

If ˜ 1 and ˜ 2 are the roots of P 0 ( ˜ ) wi th ˜ 1 À ˜ 2 = N , where N i s an integer, then
Eq. (8) has a second l inearl y independent soluti on

y 2 (x ) =

1X
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À [ a 0

n + a n ln (x )] ( x À x 0 ) ˜ 1 + n (13)

wi th the fol lowing recurrenc e relati ons:
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[( ˜ 2 + k ) p N k + qN k ] ck = P 0 ( ˜ 1 ) a 0 ( ˜ 1 ) ; (14d)

c0 and cN are deÙned by the bounda ry condi ti ons and a 0 i s determ ined by rela ti on
(14d). Fi na l ly, the analyti cal soluti on of (8) is

y ( x ) =

n =0

cn ( x À x 0 ) ˜ + n
À [ a n + a n ln( x ) + a n ] ( x À x 0 ) ˜ + n : (15)

Appl yi ng the above pro cedure to Eq. (5), we can wri te

â l (k ; r ) +
Q ( r )

r
â l ( k ; r ) = 0 : (16)

Com paring wi th Eq. (8) we have

P ( r ) = 0 ; Q ( r ) =

n =0

g n r n wi th q n =
1

n !

d Q

d r n
: (17)

The indi cial equati on (12) gives

P 0 ( ˜ ) = ˜ 2
À ˜ À l ( l + 1 ) = 0 ; (18)

yi eldi ng

˜ 1 = l + 1 ; ˜ 2 = À l : (19)
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In our case, ˜ 1 À ˜ 2 = 2 l + 1 i s an integ er. The appropri ate corresp onding distorted
wa ve functi on â l ( k ; r ) i s of the form (15). The coe£ ci ents a 0 ; c0 ; a n ; a 0

n ; cn and
c N are evaluated using the recurrence relati ons (14) and ta ki ng into account (6).

3. Th e an al yt i cal r epr esent ati on of t h e cr oss-s ect i on
f or t h e 2 p 2 3 P an d 2 p 3 p 1 P t r an si ti on s of hel ium at om

The metho d developed above is appl ied to evaluate the doubl e exci ta ti on
cro ss-secti on of hel ium . The pari ty unf avored longer l ived states [8, 9] states
2 p 2 3 P and 2 p 3 p 1 P are considered. An analyti cal form of the matri x element
given by Eq. (1) can be derived using sym m etri zed hydro genic wave functi ons
ˆ n lm ( r ) and ta ki ng into account relati ons (2), (3) and (4). The distorted wa ve
functi on â l ( k ; r ) , soluti on of Eq. (5), is ta ken in the form of the Frobenius series
given by (15) under the boundary condi ti ons (6). By compari ng wi th the corre-
spondi ng num erical soluti on of (15), i t turns out tha t the analyti cal soluti on is
su£ cientl y accurate for the Ùrst four term s in the series (15). In T able, several
values of the num erical soluti on of Eq. (5) and the analyti cal one wi th respec-
ti vel y two, three, and four term s, are displ ayed for purp ose of com pari son. W e can
see tha t analyti cal soluti ons wi th two and three term s are not conveni ent, whi le

T ABLE
Values of numerical and analytic al solution of di ˜erential equation

(5), resp ectively noted u ( r ) and pu ( r ) with 2, 3, and 4 terms for
incident electron energy E i = 60 eV , with resp ect to the p osition r .

r [¡A ] N umerical A nalytical A bs [u ( r ) À pu ( r ) ]

solutio n u ( r ) solution pu ( r )

2 terms 0.5008 0. 00866 À 0: 010 72 0. 01938

0.8339 0. 11800 0: 02 98 5 0. 14790

1.1670 0. 51330 0. 04526 0. 46800

1.5000 1. 11300 0. 47370 0. 63950

1.8330 1.294 1. 70400 0. 40980

3 terms 0.5008 0. 00866 0: 087 41 0. 09607

0.8339 0. 11800 0: 01725 0. 13530

1.1670 0. 51330 0. 49200 0. 02125

1.5000 1. 11300 1. 29600 0. 18280

1.8330 1. 29400 1. 06000 0. 23360

4 terms 0.5008 0. 00866 0. 01171 0. 00305

0.8339 0. 11800 0. 12090 0. 00286

1.1670 0. 51330 0. 48990 0. 02339

1.5000 1. 11300 1. 13700 0. 02411

1.8330 1. 29400 1. 28000 0. 01383
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wi th four term s the agreement is good. Frobenius expansions are cal led conver-
gent series, obvi ously, the resul ts are more accurate by using more term s in the
expansi on. In the studi ed tra nsiti ons resul ts were su£ cientl y converg ent wi th at
least four term s. Hence, the expansion has been trunca ted to the fourth term just
to i l lustra te the pro posed m etho d wi th a mini mum numb er of term s. Formula (14)
enabl es to deduce other term s to be used in the expansi on if more accuracy is
requi red. The pha se shi fts £ l app eari ng in condi ti ons (6), are calcul ated using the
wel l kno wn resul ts of scatteri ng quantum theo ry in the Ùrst-order appro xi mati on
and incl udi ng the asym pto ti c region soluti on. The intera cti on potenti al is of short
range in the consi dered pro blem. The asympto ti c region is then reached even for
short di stances. Frobenius soluti ons are used around zero, i .e., at short di stances
and the use of phase shifts can then be j usti Ùed in thi s case. Once the functi ons
â l ( k ; r ) are compl etely deÙned in the form of a Frobenius series, the analyti c ex-
pression of the matri x elements T if and then the di ˜erenti al cross-secti on deÙned
by rel ati on (7) are obta ined perform ing spati al integ rati on and ta ki ng the ini ti al
di recti on of the free electro n as ref erence f or the scatteri ng angle. The deri ved
analyti cal functi on depends on the uni que parameter whi ch is the electron impact
energy.

The 1 s2 1 S ! 2 p 2 3 P tra nsiti on is described by the fol lowi ng relati ons:

ˆ i (1 ; 2 ) = ˆ 1 0 0 ( r 1 )ˆ 1 0 0 ( r 2 ) ; (20)
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Integ rati ng over scatteri ng angle ˚ = ( i ; f ) gives
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k 3
i k f
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where I 1 and I 2 are deÙned by
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Here, ˜ n ; Ùn and ! n are given by

˜ n = À ( n + 1 ) ; Ù n = À ( n + 1 ) Û(0 ; n + 1 ) ; (24a)

" n =

2

i = 1

¡ i +1

2

5

n + i 1

À ( n + i À 1 ) ; n Ñ 2 ; (24b)

" 0 = 3 8 0 : 4 1 ; " 1 = 5 0 : 8 1 ;
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ç

À ln

˚
2
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Ç
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; (24c)

where Û( n; z ) i s the polygamma functi on deÙned by Û( n; z ) = d n
ˆ ( z ) =dz n wi th

ˆ (z ) = À 0 ( z )=À ( z ) ; À ( z ) being the usual gam ma functi on. In our case, the coef-
Ùcients ¡ i are given by

¡ 0 = 1 0 : 1 2 5 ; ¡ 1 = 2 7 ; ¡ 2 = 3 6 ; ¡ 3 = 2 4 ; ¡ 4 = 0 :

In the case of the 1 s2 1 S ! 2 p 3 p 1 P tra nsiti on, we have

ˆ ( 1; 2) = ˆ 1 0 0 ( 1 ) ˆ 1 0 0 ( 2 ) ; (25)

ˆ ( 1; 2) =
1

p

2
m ;m

h 1 m 1 1 m 2 j 1 M i

È [ˆ 2 1 m ( 1 ) ˆ 3 1 m ( 2 ) + ˆ 2 1 m ( 1 ) ˆ 3 1 m ( 2 )] : (26)

The to ta l cross-section obta ined is

¥ =
k

k
j T j d ¨ =

1

k k
( I 1 I 2 À J 1 J 2 ) 2 ; (27)
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I 1 =

4

n =0

˜ n +1 cn À

4

n =0

˜ n +4 a
n

À

4

n =0

Ù n +4 a n ;

I 2 =

4

n =0

(7 2 ˜ n 2 + Ñ n ) cn À

4

n =0

(7 2 ˜ n +1 + Ñ n +3 ) a n À

4

n =0

(7 2 Ù n +1 + â ) a n ;

J 1 =

4

n =0

£ n cn À

4

n =0

£ n +3 a
n

À

4

n =0

ñ n +4 a n ;

J 2 =

4

n =0

(2 4 ˜ n 2 À " n ) cn À

4

n =0

(2 4 ˜ n +3 À " n +3 ) a n À

4

n =0

(2 4 Ù n +1 À £n ) a n

wi th
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n

2
À ( n + 2 ) ; ñ n =

À ( n + 1 )

2
[ (1 À n ) Û(0 ; n + 1 ) À 1 ] ; (28a)
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i = 2
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2
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7

2
+ Û(0 ; n + i + 1 ) ; n Ñ 2 ; (28b)
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Ñ 0 = 3 0 6 : 3 2 ; Ñ 1 = À 1 7 7 : 7 6 ;

â n =

5X

i =1

w i À 1

˚
2

5

Ç n +1 + i

À ( n + 1 + i )

ç

À ln

˚
5

2

Ç

+ Û(0 ; n + 1 + i )

Ñ

: (28c)

In thi s case the coe£ cients w i are given by

w 0 = 7 2 ; w 1 = À 9 6 ; w 2 = À 6 4 ; w 3 = 2 8 :4 4 ; w 4 = 9 : 4 8 :

4. R esul t s an d d iscu ssio ns

Ana lyti cal representa ti on of the to ta l cross-secti on have been obta ined for
2 p 2 3 P and 2 p 3 p 1 P excita ti ons of helium wi tho ut resorti ng to num erical appro x-
im ate calcul ati ons or intro duci ng adjusta ble param eters. In Fi g. 1, the calcul ated
to ta l cross-section for the 2 p 2 3 P exci ta ti on from the ground state is di splayed
from thresho ld up to 140 eV. The resul ts obta ined by using Eq. (23) are com pared
wi th experi menta l data [10] and wi th the results given by the di storted wa ve po-
lari zed orbi ta l (D W PO) model [11]. It is seen tha t the present results are in good
agreem ent wi th the data . The near- thresho ld behavi or and the m axi mum of the
to ta l cross-section as a f uncti on of impact electro n energy are wel l repro duced.
Near the thresho ld region the DW PO results are som ewhat shifted. However, the
positi on of the respect ive m axi ma are about the sam e in magni tude. As expected,
at higher energies al l the results appro ach the sam e asympto ti c l im it.
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Fig. 2. Total cross- section for 2p 3 p
1

P excitation of H e by electron impact. Solid curve

| present results, cross points | B O theory results [12] .

Fi gure 2 shows the to ta l cross-section obta ined in the proposed appro ach
for the 2 p 3 p 1 P exci ta ti on of He-ato m wi th an inci dent electro n energy ranging
from thresho ld up to 110 eV (asympto ti c region). Our resul ts are com pared wi th
tho se of the Born{ Opp enheim er (BO) theo ry [12] wi th hydro genic orbi ta l wa ve
functi ons. It is seen tha t resul ts obta ined from Eq. (26) and tho se of BO theory
are very cl ose to each other. The peak values are about the same in magni tude
and locati on and the behavi or is simi lar for both appro aches in almost the enti re
energy region. T o our kno wl edge there is no data for thi s tra nsiti on.

Co mparing al l results among them selves, i t appears tha t an analyti cal trea t-
m ent of such probl ems can be carri ed out before any deÙnite concl usion regard-
ing the di ˜erent correcti ons tha n can be made to im pro ve the descripti on of the
cro ss-secti ons. The proposed appro ach al lows to di mini sh the discrepanci es related
to the sources of uncerta inti es. As m enti oned above, the analyti cal soluti on of the
to ta l cross-secti on has been obta ined using f our term s in the series (15) represent-
ing the radia l distorted wave. Ob vi ously, hi gh accuracy results can be obta ined by
usi ng m ore term s of the considered expansion.

In concl usion, we have shown tha t the to ta l cross-section of the electron
im pact doubl e exci ta ti on can be obta ined analyti cal ly in the fram ework of the
di storted wa ve appro xi matio n. Two speciÙc tra nsiti ons of helium were considered.
The used procedure based on the Frobenius series expansion, can be extended to
other sim i lar exci ta ti ons of ato m s. The analyti cal resul ts obta ined for the to ta l
cro ss-secti ons depend on the uni que parameter, tha t is the electron impact energy.
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