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A t heoret ical st udy of t w o-particle systems in quasi- one-dimen sional
quantum wires and quantum dots is presented . W e have derived the analyti-
cal formula for the e˜ective interaction p otential betw een the char ge carriers
conÙned laterall y by a strong parab olic p otential and appli ed this formula to

electron pairs in single and double quantum dots and to excitons in quantum
w ires. I n the single quantum dot of the su£ciently large size, w e have found
the Wigner- typ e lo cali zati on.
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1. I n t rod uct io n

Qua si-one-dim ensional nanostructures, i .e. quantum wi res [1, 2] and carbon
nanotub es [3] have gained a lot of attenti on duri ng the last decade. A Lutti nger
l iqui d behavi or [1, 3] and a quanti zati on of conducta nce [4] have been reported.
In one-dim ensional (1D ) nanostructures, the probl em of intera cti on between the
charge carri ers is of a special im porta nce because of the non-rem ovable singu-
lari ty of the Coulom b potenti al , whi ch leads to the di vergent ground state [5] in
the stri ctl y 1D exci to n eigenproblem. The pro blem of the 1D Coul omb poten-
ti al singul ari ty can be resolved ta ki ng into account the Ùnite- size extensi on of the
charge carri er wa ve functi ons in the pl ane perpendicul ar to the axi s of the real
three- dim ensional (3D ) structure. The ẽ ecti ve 1D intera cti on potenti al can be ob-
ta ined by integrati on over the latera l degrees of freedom [6, 7]. W e have succeeded
[8] in perf orm ing thi s integ rati on analyti cal ly and obta ined a com pact real -space
form of the e˜ecti ve intera cti on between the charge carri ers conÙned in quasi-1D
nanostructures. In thi s paper, we appl y thi s e˜ecti ve potenti al to the electron pai rs
and exci tons in a quasi-1D envi ronm ent.
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2 . T heor y

Cha rge carri ers movi ng in the quasi-1D nanostructures are subjected to a
stro ng latera l conÙnement potenti al . We assume the latera l conÙnement potenti al
to be parabol ic, i .e.

V e ( h ) =
1

2
m e ( h ) ! 2

e ( h ) ( x 2
e ( h ) + y 2

e ( h ) ) ;

where x e( h ) ; ye ( h ) are the latera l coordi nates of the electron (hole), m e ( h ) i s the
electron (hole) e˜ecti ve m ass, and ! e( h ) i s the latera l conÙnement frequency for
electrons (holes). If latera l conÙnement energies ñh! e ( h ) are large in compari son
to the interpa rti cle intera cti on energy, the latera l degrees of freedom are frozen.
Then, al l the physi cally interesti ng e˜ects depend on onl y z coordi nates of the
parti cl es m easured along the axi s of the nanostructure. The wa ve functi on of the
two -particl e compl ex can be appro xi m ated by

ˆ ( r 1 ; r 2 ) = ê (z 1 ; z 2 ) ¢ e( x e ; y e) ¢ e( h ) [x e ( h ) ; y e ( h ) ]: (1)

The latera l single-parti cle ground- state wave functi on f or the parabol ic con-
Ùnement has the form
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where le ( h ) = (ñh= m e( h ) ! e ( h ) ) 1= 2 are the oscil lato r lengths. The integrati on of the
Co ulomb intera cti on exp ectati on value over the latera l coordi nates yi elds the e˜ec-
ti ve potenti a l of intera cti on between the electron and hole separated by a di stance
z in the 1D m edium in the form
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²
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˚
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2 1 = 2 l
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where l = [( l 2
e + l 2

h ) =2] 1= 2, ç = e 2 =4 ¤ "" 0 ; " i s the dielectri c consta nt, and erfcx (x ) =

exp ( x 2 )erf c( x ) i s the exponenti al ly scaled compl ementa ry error functi on. Replac-
ing l h by l e and changing the sign of the pref actor, we obta in the electro n{ electro n
e˜ecti ve intera cti on potenti al (cf . inset of Fi g. 1). The deri vati on of e˜ecti ve po-
tenti al (2) is based on the separabi li ty [Eq. (1)] of the two -parti cle wa ve functi on,
whi ch is val id for the stro ng latera l conÙnement or the spati al separati on of the
charge carri ers. The last condi ti on is ful Ùlled in the W igner m olecules and weakl y
coupl ed quantum dots, i.e. arti Ùcia l m olecules. Theref ore, e˜ecti ve potenti al (2) is
appl icable not only to the quantum wi res but also to the elongated quantum dots
and to the weakl y coupl ed quantum dots. W e note tha t many autho rs, e.g. [7],
[9], and [10], were looki ng for the real space form of the e˜ecti ve electro n{ electro n
intera cti on potenti al in the 1D nanostructures. So far, the e˜ecti ve potenti al was
ei ther obta ined by a ti m e-consuming num erical integ rati on [7] or repl aced by ap-
pro xi mate analyti cal form ul ae [9, 10]. However, none of these appro xi mate form u-
lae repro duce the present form of potenti al (2) in the enti re range of interpa rti cle
di stance z .
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Fig. 1. T he lowest energy levels of the electron pair conÙned in a single quantum dot

w ith linear size D . The solid (dotted ) line show s the energy of the even-parity singlet

(triplet) state. T he dashed (dash- dotted) line show s the energy of odd parity triplet

(singlet) state. I nset: e˜ective electron{electron interaction potential (solid line) and

C oulomb p otential (dashed line) as functions of electron{electron distance z .

3. R esul t s an d d iscu ssio n

Let us Ùrst consider the electro n pai r conÙned in the sing le quantum dot.
The tw o-electron Schr �odi nger equati on f or wa ve functi on ê ( z 1 ; z 2 ) is solved by the
im aginary ti m eÙnite-di ˜erence techni que. Thro ughout the present paper, we appl y
the m ateri al param eters of GaAs. Mo reover, we ta ke on ñh! e ( h ) = ñh! = 6 meV and
assume the verti cal conÙnement to be the rectangular quantum well wi th depth
240 m eV and varyi ng wi dth D . Fi gure 1 shows tha t the lowest-energy levels of the
conÙned electron pai r becom e two fold degenerate in the l im it of large D .

The ori gin of thi s degeneracy can be understo od when looki ng at Fi g. 2,
whi ch shows the two -electron probabi l i ty density . Al l the states considered possess
the deÙnite spin and deÙnite sym m etry against a spati al inversion. Theref ore,
the two- electron pro babi l i ty density is invari ant wi th respect to the intercha nge
z 1 ê ! z 2 , because of the deÙnite perm uta ti on sym metry , and wi th respect to
the reÛection ( z1 ; z2 ) ê ! ( À z1 ; À z 2 ) , because of the deÙnite pari ty sym m etry (cf .
Fi g. 2). W e note tha t the two -electron probabi l i ty density vani shesalong the l ine
z 1 = z 2 for tri plet states, whi ch resul ts from the perm uta ti onal sym metry , and
also along the l ine z1 = À z 2 for the even-tri plet and odd-sing let states, whi ch is
caused by the sim ul ta neous e˜ect of the perm uta ti onal and pari ty sym m etry . W hen
the quantum -well wi dth increases, the electron{ electro n intera cti on contri buti on
becomes largein compari son wi th the single-electron exci ta ti on energy, whi ch leads
to a creati on of the Coul omb hole in the probabi l i ty density for the singlet states
near the l ine z1 = z 2 . In consequence, for large D the probabi l i ty density becomes
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Fig. 2. T wo-electron probabil ity density j ê ( z 1 ; z 2 ) j
2 for the states w ith energy depicted

in Fig. 1. The dar ker the shade of gray the larger the probabil ity density . T he length of

the box sides in the Ùrst, second, and third row is 110, 188, and 250 nm, respectively .

the sam e for the degenerate energy levels, whi ch expl ains the degeneracy shown
in Fi g. 1. Mo reover, Fi g . 2 shows tha t f or the quantum dots wi th large D the
electrons are spati al ly separated by the Coulomb repul sion, i.e. form a W igner
m olecule [11].

W e have appl ied e˜ecti ve intera cti on potenti al (2) to the pro blem of the
two -electron arti Ùcial m olecule [12], i .e. the electron pai r conÙned in the tw o ver-
ti cal ly coupl ed quantum dots. Fi gure 3 shows the lowest singlet and tri plet energy
levels of the arti Ùcial m olecul es as functi ons of thi ckness b of the barri er separati ng
the quantum dots. If b increases, the electrons becom e separated and local ized in
the two di ˜erent dots (see inset of Fi g. 3). Simil arly as in the case of the sing le
quantum dot, after the charge separati on ta kes place, the energy of the system
is independent of the spin, whi ch results in the degeneracy of the lowest sing let
and tri pl et energy levels. W hen the electro ns are separate, the to ta l energy of the
system exhi bi ts the Coul ombic, i .e. ¿ =b, asym pto ti c behavi or.

The e˜ecti ve intera cti on potenti al (2) has also been appl ied to the pro blem
of the ground state of the exci to n in a quantum wi re. In thi s case, the charge
carri ers are not conÙned in the di recti on of the axi s of the wi re. Mo reover, we
assume tha t the latera l potenti al is the same for the electro n and the hole. Fi g-
ure 4 shows the exci to n bindi ng energy deÙned as E E À h! , where E i s the
ground- state energy of the excito n. In Fi g. 4, the dashed curve shows the \ exact "
resul ts, obta ined by the vari ati onal appro ach wi th the ori ginal 3D Ham i lto nian of
the exci to n, and the solid curve shows the results obta ined wi th the 1D e˜ecti ve
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Fig. 3. T he lowest single t (solid line) and triplet (dashed line) energy levels of the

electron pair in the double coupled quantum dot as functions of barrier thickness b.

T he potential- w ell width is 12 nm and depth 240 meV . Inset: tw o-electron probabil i ty

density j ê ( z 1 ; z 2 ) j
2 for the low est-energy singlet and triplet states. T he darker the shade

of gray the larger the probabil ity density . The length of the box sides is 35, 37, and 41

nm for , 1.5, and 6 nm, resp ectively .

Fig. 4. Bindin g energy of the exciton conÙned in the quantum wire as a function

of lateral conÙnement energy . The dashed curve show s the results of the \exact "

3D approach and the solid curve shows the results obtained w ith the use of e˜ective

interaction p otential (2). Inset: w ave function of the exciton as a function of the relative

electron{hol e distance , obtained with potential (2).

intera cti on potenti al (2). W e see tha t the latter results becom e exact for the suf-
Ùcientl y stro ng latera l conÙnement. The growth of the exci to n bi ndi ng energy is
related wi th the increasing local izati on of the relati ve-moti on electro n{ hole wa ve



572 S. Bednarek et al .

functi on (cf . inset of Fi g. 4), whi ch in turn is due to the fact tha t the m inimum of
intera cti on potenti al (2) becom es deeper when the latera l conÙnement potenti al
increases. The bindi ng energy of the exci ton in the quantum wi re can be several
ti m es larger tha n tha t in bul k crysta ls.
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