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Exact p eri odic w ave solutio ns to two typ es of modi Ùed Boussinesq equa-

tions are obtained by t he use of the Jacobi ellip tic function metho d in a
uniÙed form . Some new , general solitary w ave solutions are presented.

PACS numb ers: 02.30.J r

1. I n t rod uct io n

The tra vell ing wav e soluti on, m eani ng a soluti on of constant form m ovi ng
wi th a Ùxed vel ocity , is one of the funda m ental obj ects in the study of equati ons
m odel l ing wa ve phenom ena. Of parti cul ar interest are three typ es of tra vel l ing
wa ves: the sol i ta ry wa ves,whi ch are local ized tra vel l ing wa ves,asym pto ti cal ly zero
at large di stances, the periodi c wa ves, and the ki nk waves, whi ch ri se or descend
from one asym pto ti c state to another. Recently, the periodic wa ve soluti ons to
nonl inear evoluti on equati ons has attra cted considerabl e interest [1{ 6]. Porub ov
et al. [1{ 3] have obta ined som e exact periodic wa ve soluti ons to some nonl inear
wa ve equati ons in term s of the Weierstrassel lipti c functi on. However, thei r metho d
inv olvescom pl icated deduci ng. Li u et al . [4, 5] pro posed the Jacobi el lipti c functi on
m etho d for Ùnding periodic wave soluti ons to nonl inear evoluti on equati ons, but
thi s m etho d invol ves tedi ous calculati on. In thi s paper, we use the Jacobi ell ipti c
functi on m etho d in a uni Ùed form to Ùnd exact periodic wave soluti ons to two
typ es of m odiÙed Boussinesq equati ons. Som e new sol i ta ry wave soluti ons are
presented.
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2. P er io d ic w a ve sol ut ion s t o t he Ùr st t y p e
of m od iÙed Bo ussi nesq equ at ions

The Ùrst typ e of m odiÙed Boussinesq equati ons [7] is

H t + ( H u ) x + u x x x = 0 ; u t + H x + u u x = 0 ; (1)

where the subscripts denote parti al deri vati ves. We seek for i ts tra vel l ing wa ve
soluti on of the form

H ( x ; t ) = H ( ¿) ; u ( x ; t ) = u ( ¿) ; ¿ = k x À ! t : (2)

W i tho ut loss of general ity , we deÙne k > 0 . Substi tuti ng Eq. (2) into Eq. (1) and
integ rati ng once, we obta in

À ! H + k ( H u ) 0 + k 3 u 00 = C 1 ; À ! u + k H + 1

2
k u 2 = C 2 ; (3)

where the pri m e denotes the deri vati ve wi th respect to ¿ (thro ughout the paper),
C 1 and C 2 | integ ral consta nts. W e assume tha t Eq. (3) has soluti on in the f orm

H = A 0 + A 1 f + A 2 f 2 ; u = B 0 + B 1 f ; (4)

wi th f sati sfyi ng the fol lowi ng equati on:

f 00 = pf + q f 3 ; f 02 = pf 2 + 1

2
q f 4 + r ; (5)

where p; q , and r are constants to be determ ined.
R em ar k . General ly, H ; u should be expanded into

P l

i =0
A i f i and

P n

i =0
B i f i , respecti vely, where l and n are determ ined by balanci ng the hi gh-

est order of deri vati ve term and nonl inear term in Eq. (1), tha t is l = 2 , and
n = 1 . Thus we obta in Eq. (4). The use of Eq. (5) is the key of our metho d. If we
use the Jacobi ell ipti c f uncti on metho d [4, 5], in Eq. (4) f shoul d be replaced by
sn¿, cn¿, dn¿; and cs¿, respectivel y.

The substi tuti on of Eq. (4) into Eq. (3) and use of Eq. (5) yi elds (equate
coe£ cients of l ike powers of f to zero)

A 2 B 1 + qk 2 B 1 = 0 ; À ! A 2 + k ( A 1 B 1 + A 2 B 0 ) = 0 ;

À ! A 1 + k ( A 0 B 1 + A 1 B 0 ) + pk 3 B 1 = 0 ; À ! A 0 + k A 0 B 0 = C 1 ;

k A 2 + 1

2
k B 2

1
= 0 ; À ! B 1 + k A 1 + k B 0 B 1 = 0 ;

À ! B 0 + k A 0 + 1

2
k B 2

0
= C 2 ; (6)

from whi ch we have

A 0 = À pk 2 ; A 1 = 0 ; A 2 = À q k 2 ; B 0 =
!

k
; B 1 = Ï

p
2 q k ; (7)

whi ch dem ands q Ñ 0 .
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Theref ore the exact soluti on of Eq. (1) reads

H = À pk 2
À qk 2 f 2 ; u =

!

k
Ï

p
2 q k f ; (8)

wi th f sati sfyi ng Eq. (5).
As exampl es, we di scuss the fol lowing two cases.

Cas e 1. p = À (1 + m 2 ) ; q = 2 m 2 ; r = 1 .
In thi s case,Eq. (5) has soluti on f = sn¿, so we obta in periodic wa ve soluti on

to Eq. (1)

H = (1 + m 2 ) k 2
À 2 m 2 k 2 sn2 ( k x À ! t ) ; u =

!

k
Ï 2 mk sn( k x À ! t ) : (9)

As m ! 1 , sn¿ ! tanh ¿, and we get sol i ta ry wave soluti on of Eq. (1)

H = 2 k 2 sech2 ( k x À ! t ) ; u =
!

k
Ï 2 k ta nh ( k x À ! t ) : (10)

Cas e 2. p = 2 À m 2 ; q = 2 ; r = m 0 2
² 1 À m 2 .

No w the soluti on of Eq. (5) reads f = cs¿ ² cn¿=sn¿. Thus another periodic
wa ve soluti on to Eq. (1) is

H = À (2 À m 2 )k 2
À 2 k 2 cs2 ( k x À ! t ) ; u =

!

k
Ï 2 k cs( k x À ! t ) : (11)

For m ! 1 ; cs¿ ! csch¿, Eq. (11) degenerates as

H = À k 2
À 2 k 2 csch2

( k x À ! t ) ; u =
!

k
Ï 2 k csch( k x À ! t ) ; (12)

whi ch is a new sol i ta ry wa ve soluti on (si ngul ar) of Eq. (1). Because q Ñ 0 in
Eq. (8), Eq. (1) does not adm i t cn- and dn- functi on wa ve soluti ons of polyno m ial
form . Let us noti ce tha t sn¿, cn¿, and dn¿ are the Jacobi ell ipti c sine functi on,
cosine functi on, and the thi rd ki nd of the Jacobi ell ipti c functi on, respectivel y, and
m i s the m odul us of the Jacobi ell ipti c f uncti ons, about whi ch deta i led di scussion
can be found in [8{ 10].

3. P er io d ic wa ve solu t io ns t o t he seco nd t yp e
of m od iÙed Bo ussi nesq equ at ions

The second typ e of modiÙed Boussinesq equati on [11] is

h t + u x + ( hu ) x À ˜ u x x x = 0 ; u t + u u x + h x À 3 ˜ u x x t = 0 : (13)

W e supp ose tha t Eq. (13) has soluti on of the form

h ( x ; t ) ² h (¿) = A 0 + A 1 f + A 2 f 2 ;
(14)

u ( x ; t ) ² u (¿) = B 0 + B 1 f + B 2 f 2 ;

wi th f sati sfyi ng Eq. (5). Substi tuti ng Eq. (14) into Eq. (13) and using Eq. (5),
wi th the sam e pro cedure as in Sec. 2, we obta in
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A 0 = À 1 +
k 2

3 6 ! 2
+ 2 p˜ k 2 ; A 1 = 0 ; A 2 = 3 q˜ k 2 ;

(15)

B 0 =
!

k
+

k

6 !
À 1 2 p˜ ! k ; B 1 = 0 ; B 2 = À 1 8 q ˜ ! k :

Theref ore the exact soluti on of Eq. (13) is

h = À 1 +
k 2

3 6 ! 2
+ 2 p˜ k 2 + 3 q ˜ k 2 f 2 ;

(16)

u =
!

k
+

k

6 !
À 1 2 p˜ ! k À 1 8 q ˜ ! k f 2 ;

where f sati sÙesEq. (5).
In wha t fol lows several cases are discussed.

Cas e 1. p = À (1 + m 2 ) ; q = 2 m 2 ; r = 1 .
As case 1 in Sec. 2, we have periodi c soluti on to Eq. (13)

h = À 1 +
k 2

3 6 ! 2
À 2 (1 + m 2 ) ˜ k 2 + 6 m 2 ˜ k 2sn2 ( k x À ! t ) ;

(17)

u =
!

k
+

k

6 !
+ 1 2 (1 + m 2 ) ˜ ! k À 3 6 m 2 ˜ ! k sn2 ( k x À ! t ) :

Its correspondi ng general sol i tary wave soluti on is

h = À 1 +
k 2

3 6 ! 2
À 4 ˜ k 2 + 6 ˜ k 2 ta nh 2 ( k x À ! t ) ;

(18)

u =
!

k
+

k

6 !
+ 2 4 ˜ ! k À 3 6 ˜ ! k ta nh 2 (k x À ! t ) :

Cas e 2. p = 2 m 2
À 1 ; q = À 2 m 2 ; r = m 0 2

² 1 À m 2 .
From Eq. (5) we have f = cn¿, and Eq. (13) has periodic wave soluti on

h = À 1 +
k 2

3 6 ! 2
+ 2 (2 m 2

À 1 ) ˜ k 2
À 6 m 2 ˜ k 2cn2( k x À ! t ) ;

(19)

u =
!

k
+

k

6 !
À 1 2 (2 m 2

À 1 ) ˜ ! k + 3 6 m 2 ˜ ! k cn2
( k x À ! t ) :

For m ! 1 , cn¿ ! sech¿, and Eq. (19) degenerates as Eq. (18).

Cas e 3. p = 2 À m 2 ; q = À 2 ; r = À m 02 .
The soluti on of Eq. (5) reads f = dn¿. Theref ore we get another periodic

wa ve soluti on of Eq. (13)

h = À 1 +
k 2

3 6 ! 2
+ 2 (2 À m 2 ) ˜ k 2

À 6 ˜ k 2dn2( k x À ! t ) ;

(20)

u =
!

k
+

k

6 !
À 1 2 (2 À m 2 ) ˜ ! k + 3 6 ˜ ! k dn 2

( k x À ! t ) :

As m ! 1 ; dn¿ ! sech¿, and we obta in the soluti on to Eq. (18) again.
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Cas e 4. p = 2 À m 2 ; q = 2 ; r = m 0 2 .
As case 2 in Sec. 2, we get periodic wa ve soluti on to Eq. (13)

h = À 1 +
k 2

3 6 ! 2
+ 2 (2 À m 2 ) ˜ k 2 + 6 ˜ k 2cs2 (k x À ! t ) ;

(21)

u =
!

k
+

k

6 !
À 1 2 (2 À m 2 ) ˜ ! k À 3 6 ˜ ! k cs2 (k x À ! t ) :

As m ! 1 , we obta in a new sol i ta ry wa ve soluti on of Eq. (13)

h = À 1 +
k 2

3 6 ! 2
+ 2 ˜ k 2 + 6 ˜ k 2 csch2 ( k x À ! t ) ;

(22)

u =
!

k
+

k

6 !
À 1 2 ˜ ! k À 3 6 ˜ ! k csch2 ( k x À ! t ) :

4. Co n cl u si on

W e have obta ined exact periodic wave soluti ons of two typ es of m odi Ùed
Boussinesq equati ons by m eans of the Jacobi el lipti c functi on metho d in a uni Ùed
form . In contra st to the Jacobi ell ipti c functi on metho d, some m eri ts are obvi ousl y
avai lable for our metho d, whi ch is appl icable to a large vari ety of nonl inear parti al
di ˜erenti al equati ons, as long as the odd- and even-order derivati ve term s do not
coexist in the equati on under considerati on. It is shown tha t thi s m ethod is m ore
general tha n the hyp erbolic ta ngent functi on m ethod. In fact we m ay obta in m ore
Jacobi ell ipti c wa ve soluti ons thro ugh Eq. (5). D ue to the l im i tati on of space, we
do not discuss i t.
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