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The Be nj am in{ Ono equa tion model s the dynami cs of inte rnal w aves
in strati Ùed Ûuids of great depth . I t includ es an integral ( H il bert trans -

form ) term , and so stabili ty calculatio ns might seem di£cult. W e expand
in both the amplitude of the nonlinear w ave and the w ave vector of the
p erturbation, assumed to be small quantities of the same order. A n ex-
pression for the nonlinear disp ersi on relation is obtained. N onlinear peri-

odic Benj amin{O no w aves are stable, j ust as the lo cali zed, algebrai c soli-
ton solutions ( Lorentzians), already know n to be stable. (T his also follow s
as a limit of our calculati ons. ) W e extend the know n analogy betw een the

Benj amin{O no and mo diÙed K ortew eg{de V ries equations.

PAC S numb ers: 47.20.K y , 52.35.Py

1. I n t rod uct io n

Some ti me ago, Benjam in, D avi s and Acri vos, and, som ewhat later, Ono,
form ulated an equati on for the pro pagati on of deep water wa ves in a stra ti Ùed,
incom pressible Ûuid (f or some reason kno wn as the Benjamin{ Ono rather tha n
BD AO equati on) [1 , 2]:
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H ( f ) =
1

¤
P

Z
1

À1

f (x 0 )

x À x 0
dx 0; (2)

where P stands for the pri nci pa l part of the integra l . The Ùrst tw of orm ulati ons were
for steady propagati on, the thi rd for arbi tra ry ti me dependence as above. Here
˜ and Ù are constants determ ined by the ini ti al density pro Ùle of the Ûuid. The
functi on f generates the hori zonta l space and ti me dependence of both components
of the Ûuid veloci ty as fol lows:

V x = f ( x ; t )
@̀ (y )

@y
; (3)

V y = À

@f
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` : (4)

The Ûuid is indeed incom pressible, as r V = 0 . Here ` ( y ) sati sÙesa l inear di ˜er-
enti al equati on
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where c0 i s a constant and £ 0 ( y ) i s the ini ti al density pro Ùle as a functi on of the
depth, assumed kno wn. Attenti on usually concentra tes on the more interesti ng
Eq. (1). Over the years, consi derabl e progress has been m ade here. The equati on
has been dem onstra ted to be integ rable [3, 4]. It adm i ts N sol i to n soluti ons [5{ 7],
and these soluti ons are stabl e [8, 9]. The evoluti on of a general , com pact ini ti al
condi ti on has been studi ed [7]. Here, we wi l l show tha t exact, periodic nonl inear
tra vell ing wa ve soluti ons as found by Ono [2], are also marg ina l ly stabl e. (In the
l im it of inÙni te wa velength, they yi eld the algebra ic Lorentzi an sol i ton. )

2 . For m of t he w ave

Ono found an exact, pro pagati ng wa ve soluti on to Eq. (1) [2 ]. It wa s, in
slightl y al tered nota ti on here,

f 0 (¿) =
A

1 À a cos( k ¿)
; ¿ = x À Ñt; (6)

A =
2 Ù 2 k 2

˜ Ñ
; (7)

a =
p

1 À ( Ùk =Ñ) 2 : (8)

Here k i s a nonl inear analogue of a wa ve num ber. These exact soluti ons are excep-
ti onal in tha t most equati ons of the Ko rteweg { de Vri es (KdV) class are solved by
tra vell ing wa ves given by el l ipti c functi ons, kno wn as cnoidal wa ves, m ore com -
pl icated tha n these (elementary f uncti ons). These last soluti ons (6){ (8) are easily
conÙrmed when we use the identi t y (k > 0 ):
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=
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p

1 À a 2 [ 1 À a cos( k ¿) ]
: (9)

In wha t fol lows we wi l l need:

H ( ei k ¿ ) = À i sgn( k ) ei k ¿ ; (10a)

H ( cos( k ¿)) = sgn (k ) sin ( k ¿) : (10b)

Thi s second part is the lowest order term of (9). In f act, (9) can conv ersely be
deri ved by repeated use of (10b). In the k ! 0 l imi t, the soluti ons (6){ (8) tend to
a Lorentzi an

l im
k ! 0

f 0 (¿) =
4 Ù 2 =Ñ

¿2 + Ù 2 =Ñ2
: (11)

D irectl y deri vable f rom Eq. (1) when we use

H

˚
1

¿2 + £ 2

Ç
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¿

j £j ( ¿2 + £2 )
:

Thi s soluti on is known to be stable. These sol i to ns are l ikewi se unusua l for the
KdV fam i ly, as sing le hum ped sol i to ns usually inv olve hyp erbolic secans functi ons.

In thi s paper we wi l l address the pro blem of stabi l i ty of the periodic, nonl in-
ear waves given by (6){ (8), as well as algebra ic proÙle structures (11). These have
in fact been generated exp erim ental ly by D avi s and Acri vos [1]. They were seen to
pro pagate at a steady rate wi tho ut distorti on. Thi s experim enta l fact m ight lead
us to exp ect stabi l i ty .

Inci denta l ly, al l the above soluti ons are vi rtua l ly identi cal to a class of solu-
ti ons to the m odiÙed KdV equati on
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= 0 ; (12)

whi ch is integ rable. As both the soluti ons and the integ rabi li t y pro perti es are
sim i lar, we might l ike to compare the stabi l i ty properti es of (1) and (12). Small
am pl i tude, cnoida l , periodic tra vell ing wa ve soluti ons to (12) are unstabl e [10, 11].
Neverthel ess, the very special exact soluti ons trea ted here are stable. (For a calcu-
lati on speciÙc to thi s pro blem, see App endix. ) Sol i to ns of (12) are also stabl e. W e
wi l l see tha t the sam e scenari o governs Eq. (1), thus strengtheni ng the sim i lari t y
of the tw o equati ons. Al l thi s m ight point at a deeper corresp ondence between
these two equati ons. Thi s would be interesti ng in vi ew of the di ˜erent nonl inear
term s.

3. St ab i l it y cal cu lat ion

Sta bi l i ty calcul ati ons for di ˜erenti al -integra l equati ons are rarel y attem pted
for obvi ous reasons. However, by a two param eter expansi on, we wi l l be abl e to
sidestep the inherent di £ cul ti es.
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In thi s calcul ati on we expand in both the am pl i tude a and the wa velength
of the perturba ti on K , taken to be of the same order. Thus, from (6):

f 0 = A

ç

1 + a cos( k ¿) +
1

2
a 2 +

1

2
a 2 cos(2 k ¿)+ O ( a 3 )

Ñ

; (13)

and

f = f 0 + £ f ; (14a)

£ f = eiK ¿ + À t [ ˆ 0 ( ¿) + ˆ 1 (¿) + . . .] + c:c: ; (14b)

À = À 1 + À 2 + . . . (14c)

and À i s a growth rate. It f ollows from Fl oquet ' s theo rem [12], tha t al l ˆ n are
periodi c wi th the same period as f 0 ( ¿) . Thi s intro duces a degeneracy in (14), as
K ! nk Ï K are also adm issibl e. Equati on (1) becom es, up on lineari zati on,
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H ( £ f ) = 0 : (15)

The dispersion relati on in the l inear lim i t, £f / ei ( k x À ! t ) is given by the frequency
! = ( À Ñ + ˜ A À Ù j k j ) k . For smal l a we have, f rom (7) and (8),
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= 1 À a 2 ; (16a)

Ñ = Ùk (1 + a 2 =2 + . . . ) ; (16b)

A =
2 Ùk

˜
(1 À a 2 =2 + . . .) : (16c)

Intro duci ng the l inear operato r L :
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H ; (17)

we see tha t, at zero order in a :

Lˆ 0 = 0 ; ˆ 0 = ei ( k ¿ + Û ) : (18)

However, we Ùnd from (16) tha t there is a second-order correcti on

Lˆ 0 = À

3
2

ik 2 Ùa 2 ei ( k ¿ + Û) : (19)

In Ùrst order in a and k we Ùnd

Lˆ 1 = À ( À 1 + i ! k k ) ˆ 0 À ˜ Aa [ˆ 0 cos( k ¿)] ¿ ; (20)

! k = À Ñ: (21)

Thus, to avoid secular term s, À 1 = iÑK . For possible instabi l iti eswe m ust theref ore
pro ceed to second order.
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From (20) we Ùnd

ˆ 1 = aei ( k ¿ + Û ) + const : (22)

W hen we perform the second-order calcul ati on, usi ng (19) and (22) in (15), we
Ùnd tha t the constant is À

1
2

aei Û and also tha t secular term s in ˆ 2 can only be
avoided i f ei ( k ¿ + Û) and eÀ i ( k ¿ À Û ) term s on the right hand side are also zero. W e
obta in Ùnal ly

À 2 = Ï iÙK 2 : (23)

The stabl e perturba ti on spli ts. Thi s result ta kes the form of an extended Li ghthi ll
theo rem [12]. (In the ori ginal Li ghthi ll form , the second term under the square
root was m issing [13]):

À 2 = Ï

q
! a 2 ! k k a 2 K 2 À ! 2

k k
K 4 =4 (24)

(subscri pts denote di ˜erenti ati on). Indeed, we see from (15) tha t ! k k = Ï 2 Ù .
Ca lcul ati on of ! a 2 , as above, is of course not so stra ightf orw ard (tho ugh al l
term s cancel). D ue to the degeneracy intro duced by the periodi city of the ˆ n ;

À 2 ( nk Ï K ) are also roots. Co llecti ng our results, we can wri te our soluti on as a
Fouri er expansion, slightl y extended because of the degeneracy

¨ = iÀ = ! k K Ï

1

2
! k k K 2 :

The am pl itude of the nonl inear wave onl y intro duces the degeneracy as mentio ned
above. Excepti onal ly for thi s ki nd of pro blem, the ampl i tude does not appear in
the nonl inear dispersion relati on as calcul ated up to second order. Thi s is a rare
exam ple of Li ghthi l l' s ! a 2 vanishi ng.

A di ˜erent m etho d, such tha t we expand in K onl y, keeping the wa ve proÙle
exact [12], just yi elds agreement to lowest order

À 1 = iÑK ;

missing the spli tti ng. Iro ni cal ly, thi s calculati on, tho ugh ostensi bly yi elding less
inf orm ati on tha n the above, is m uch m ore com pl icated (see the Ùrst reference
of [12], Cha pter 8 for the metho d). However, i t does tel l us tha t there are no
contri buti ons l ike a 2 K to ¨ .

4 . Su m m ar y

W e have been abl e to resolve the questi on of the stabi l i ty of kno wn, exact
nonl inear wave soluti ons to the Benj amin{ Ono (BO) equati on. Hi stori cal ly, Ùrst
i ts integ rabi l i ty was establ ished, e.g. by the ubi qui to us PainlevÇe m etho d [4], then,
alm ost simul ta neously, N sol i to n soluti ons were constructed and inv estigated for
stabi l i ty [8]. Thus i t wa s ti me to determ ine the question of stabi l i ty of nonl inear
wa ves and derive Li ghthil l' s form ula for perturba ti ons to them . Thi s step has
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now been ta ken f or thi s generic equati on. The fact tha t Li ghthi ll 's form ula can
be deri ved for perturb ed nonlocal equati ons, as wel l as the procedure outl ined
here, may pro ve useful in other contexts. These coul d include extensi ons to other
m embers of the BO fam il y, ei ther wi th an extra intera cti on term [3], or else a coupl e
of BO equati ons describing tw o intera cti ng wa ve tra ins at di ˜erent depths [14].
These extensi ons should be stra ightf orw ard but coul d be laborious.

In al l these cases, both trea ted here and indi cated im mediatel y above, stabi l-
i ty m ust be establ ished before wave soluti ons can be considered to be of physi cal
signiÙcance, rather tha n just mathem atica l arti facts. It is a stra nge sign of the
ti m es tha t wa ve dyna mics often lags behind sol i to n work, even tho ugh nonl inear
wa ve tra ins are m ore comm on in everyda y l if e.
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A pp en dix

Equa ti on (12) has exact soluti ons tha t represent propagati ng wa ves [2, 14]:

f ( ¿) = f 0 À

B

1 À b cos( k ¿)
; ¿ = x À Ñt; (A. 1)

B = 3 Ùk 2 = f 0 ; (A. 2)

Ñ = f 2
0

À Ùk 2 ; (A. 3)

b =
p

1 À B =(2 f 0 ) ; (A. 4)

where now f 0 i s a constant.
W hen a smal l b, smal l K analysis, simi lar to tha t of thi s paper, is perf orm ed,

we obta in (wi th the same nota ti on)

@£ f

@§
+ Ùk 2

@

@¿
[(1 + 6 b cosk ¿ + 6 b2 cos 2 k ¿ + . . .) £ f ] + Ù

@3 £f

@¿3
= 0 : (A. 5)

W e Ùnd tha t

ˆ 0 = cos( k ¿ + Û) ; (A. 6)

and next, in Ùrst order,

ˆ 1 = b cos(2 k ¿ + Û) À 3 b cosÛ: (A. 7)

In second order, exclusion of secular term s, produced by cos( k ¿ + Û) and sin ( k ¿ + Û)

on the ri ght, leads to the condi ti on
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À 2 = Ï i
p

3 6 Ùk 2 b2 K 2 + 9 Ù 2 k 2 K 4 : (A. 8)

Equa ti on (A. 8) is l ikewise in the form of an extended Li ghthi l l theo rem , as
! k k = À 6 Ùk . Now ! a 2 ! k k i s negati ve and stabi l i ty is obta ined again (com pare
Eq. (A. 8) wi th (24)).

The Lorentzi an is obta ined in the k ! 0 lim it

f = f 0 À

4 £ 2 f 0

£ 2 + ¿2 f 0

; £ 2 =
3 Ù

2 f 0

; Ñ = f 2
0 ; (A. 9)

and is stabl e, as can be seen f rom (A. 8) when k = 0 . The stabi li ty of the algebra ic
sol i to n is importa nt in several branches of physi cs, incl udi ng not onl y situa ti ons
described here (f or an opti cal context see [15]).

Thi s stabi l i ty calcula ti on is not included in tha t of [11], for reasons expl ained
in the previ ous section.
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