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In t he paper a special for m of the generali zed nonline ar Schr �odinger
equation in satura ble medium w ith nonlinear disp ersion and the self- frequenc y
shif t terms is considered . The solutions describin g both the intensity and

phase pro Ùles of grey soliton s propagating in this medium are obtained . Four
cases of medium w ith or w ithout saturation and w ith or without higher order
terms are considered. For a square- tw o- level model of saturation analytical
explici t solutions are derived. The relations b etw een the medium and prop-

agation parameters of solitons are discussed .

PACS numb ers: 42.65.T g, 42.82.Et

1. I n t rod uct io n

Li ght pul se propagati ng thro ugh a nonl inear Kerr- like di electri c intera cts
wi th i t in m any ways. The ẽ ects caused by thi s intera cti on change the shape
of the pul se. Am ong them two are most importa nt | the l inear e˜ect of group
vel ocity di spersion (GVD ) and self-phase modul ati on (SPM) caused by nonl inear
polari zati on of the m edium [1{ 3]. If these tw o e˜ects m utua lly compensate, the
pul se of a special shape | sol i to n | can tra vel thro ugh the m edium wi tho ut any
changes.But for the stro ng electri c Ùeld of the pul se also another e˜ects should be
ta ken into account. One of them | the thi rd order dispersion | is l inear [4{ 6]; the
others are nonl inear. In the paper two of such e˜ects are consi dered | nonl inear
di spersion (ND ) [6{ 9] and self-frequency shift (SFS) [10, 11]. The propagati on of
the pul se envelope ta ki ng into account these higher-order e˜ects is described by a
general ized nonl inear Schr�odi nger equati on (GNLS E). Thi s equati on also possesses
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soluti ons in the form of soli to ns, but special requi rem ents between param eters of
the medium and sol i to n are needed in order to preserve the ori ginal proÙle f rom
the pure Kerr dielectri c [6, 12{ 16].

In the presence of stro ng soli to n Ùeld the nonl inear perm i tti vi ty of the
m edium can devi ate from the sim ple Kerr dependence reveal ing satura ti on. The
sim plest descripti on of thi s phenom enon consists in addi ng a smal l negati ve term
to Kerr f orm ula, whi ch gives a cubi c-qui nti c model of satura ti on [20{ 22]. Thi s
m odel enables analyti cal soluti ons of many pro blems inv olvi ng non-Kerr m edia,
but in fact does not predi ct any satura ti on for large intensi ty . The other models of
satura ti on | two- level [17] and exp onenti al [18] | guarantee the proper behavi or
of permi tti vi t y for large intensi ty , but practi cal ly none of the pro blems in such
m edia cannot be solved analyti cal ly. The m ost pro mising is the square-two - level
m odel [19] wi th a pro per large intensi ty l im it and many analyti cal soluti ons. There-
fore thi s m odel of satura ti on wi l l be appl ied in the paper. In fact, al l discussed
m odels give very sim i lar resul ts far below satura ti on, so the appl icati on of any of
them is the m atter of conveni ence.

The form of nonl inear polari zati on shoul d a˜ect al l nonl inear term s in GNLSE.
Theref ore, intro duci ng satura ti on into GNLSE, we should incl ude i t also into the
hi gher-order term s [8, 23, 24]. The resul ti ng GNLSE equati on is possibl e to solve
for bri ght and dark sol i to n cases [23, 24]. The obta ined soluti ons express the in-
tensi ty and phase proÙles in a form of certa in quadra tures. In the presented paper
we expand the previ ous soluti ons to include grey sol i to ns, who se pro pagati on in
the general ized Kerr- l ike medium has not been analyzed yet.

2 . Qu ad r at ur es of int ens it y an d p hase

The nonl inear m edium reacts to the tra veling wa ve changing i ts own dielec-
tri c perm i tti vi ty " by " N L . Such response of the medium for Kerr- like materi als
depends on l ight intensi ty I = j E j

2 and in a pure Kerr case is proporti onal to
intensi ty

" N L ( I ) = ˜ I : (1)

If the l ight intensi ty is su£ cientl y strong, the nonl inear permi tti vi t y devi ates f rom
the above rul e because of satura ti on. The square- two -level model [19] describing
thi s process gives the m odiÙed functi on (1) in the fol lowing form :

" N L ( I ) =
˜ I ( I + 2 I s) I s

2 ( I + I s) 2
; (2)

where I s i s the param eter of satura ti on (l im I ! 1 " N L ( I ) = ˜ I s =2).
Accordi ng to the intro ducti on, the non-Kerr perm i tti vi ty functi on " N L ( I )

(2) inÛuences two other nonl inear term s in GNLSE [8, 17, 18, 20{ 24]. Neglecting
the l inear thi rd order dispersion e˜ect and al l pro cessesin whi ch energy is lost, we
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can wri te the GNLSE for the slowl y varyi ng envel ope U ( z ; t ) of the electri c Ùeld
E ( z ; t ) in the fram e movi ng wi th the group velocity v g = d ! =dk of the packet [23]
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In thi s equati on k 2 determ ines the group vel ocity dispersion, ! i s the carri er wa ve
frequency and § (rea l ) is the reta rdati on ti me.

Sol i ton soluti ons of the above equati on characteri ze by the intensi ty proÙles
not changing duri ng propagati on. Theref ore such a pro Ùle depends on one coordi -
nate onl y in the fram e propagati ng wi th the Ùeld envelope I (z ; t ) = j U ( z ; t ) j

2 =

I ( s ) . D eÙning T and 1 =¨ as tem pora l and spati al wi dths of the pul se we have

s =
t À k 2 ¨ z

T
: (4)

Let us decompose GNLSE (3) into parts using intensi ty of the pul se and i ts phase
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The addi ti onal term s in phase have been intro duced in order to sim pl i fy the result-
ing equati ons. The equati on for the phase can be integ rati ng twi ce givi ng [23, 24]
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In thi s expression C i s the consta nt of integrati on constants (L appearing in (5) is
another such constant), ç i s a com binedhi gher-order correcti ons param eter

ç = 1 + ! § ; (7)

and F ( I ) i s an auxi l iary functi on deÙned by means of nonl inear permi tti vi t y " N L ( I )

F ( I ) =

I

0

" N L ( I ) d I : (8)

The intensi ty functi on I ( s ) sati sÙesthe equati on tha t fol lows from GNLSE
i f we elim inate the phase functi on. Thi s equati on is qui te com pl icated and can be
integ rated onl y once. Neverthel essthe soluti on of the resul ti ng ordi nary Ùrst- order
di ˜erenti al equati on can be wri tten as quadrature

s ( I ) = Ï
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In the above integra l G ( I ) i s another functi on depending on nonl inear perm itti vi ty
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whi le q and I K are the tem pora l wi dth and Kerr intensi ty param eters

q = (2 ¨ + ! ) 2 T 2 ; I K =
!

(2 ¨ + ! )T 2

Ù
Ù
Ù
Ù

k 2

˜

Ù
Ù
Ù
Ù; (11)

p i s the sign of the rati o of group vel ocity dispersion coe£ cient to the constant of
Kerr nonl ineari ty: p = sign ( k 2 =˜ ) = Ï 1 and J i s another constant of integrati on.
The quadratures (6) and (9) general ize simi lar soluti ons for bri ght and dark sol i tons
[23, 24], because the consta nt C vani shed in previ ous cases.

T aki ng into account typ es of m edia covered by soluti ons (6) and (9) we can
di stinguish four special cases. The sim plest is the case of the pure Kerr medium
wi th " N L ( I ) given by (1) and vanishing hi gher order term s in (3). T o wri te the
soluti on for thi s case we should ta ke the appro pri ate f uncti on F ( I ) and put q ! 1

(the ND term vani shes for ! ! 1 , whi ch gives inÙnite q ). Leavi ng the term s
conta ining q we arri ve to the case of the generalized Kerr m edium . For both these
cases we have

F ( I ) =
˜ I 2

2
; G ( I ) =

˜ 2 ( ç 2
À 4 ) I 4

1 2 ç 2
: (12)

Ano ther functi ons F ( I ) and G ( I ) result for the square- two -level medium . Appl yi ng
" N L ( I ) given by (2) to calcul ate (8) and (10) we have

F ( I ) =
˜ I 2 I s

2 (I + I s )
; G ( I ) =

˜ 2 I 4
È

(ç 2
À 4 ) I s À 3 I

Ê
I 2

s

1 2 ç 2 ( I + I s )3
: (13)

Intro duci ng (13) into (6) and (9) we can obta in the case of satura bl e medium
(f or q ! 1 ) and the m ost com pl icated general ized satura ble case.

3. G r ey sol i t ons in Ker r an d sat u r ab le m ed ia

The resul t o f quadrature (9) depends on three integ rati on constants L; C ,
and J and the centra l intensi ty I 0 = I (0 ) . Thei r values should be establ ished
by behavi or of the soluti on at s = 0 and for s ! Ï1 , whi ch depends on the
typ e of pro pagati ng sol ito n. Bri ght sol i to n [23] is obta ined when L = À 1 ; C = 0 ;

J = 0 wi th I 0 rem aining free, dark sol i to n [24] resul ts when C = 0 and I 0 = 0 ,
whi le integ ra l (9) wi th al l non-v anishi ng term s describes grey sol i to n. In thi s case
two of these constants are Ùxed and tw o other remain free. But the constants of
integ rati ons have no sim ple interpreta ti on, so instead of them let us intro duce two
m ore natura l quanti ti es characteri zing sol i to n | the background level I b and the
darkness 0 ç w ç 1

I b = lim
s ! Ï1

I ( s ); w = 1 À

I 0

I b
: (14)

In the pure Kerr case grey sol i to n soluti ons exist only for positi ve medium
sign coe£ cient p = sign (k 2 =˜ ) = +1 . Both integrati ons (9) and (6) can be easily
perform ed givi ng
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I ( s ) = I b
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For the above soluti on we have ¨ = 0 ; w = I K = I b and L = 3 =w À 1 . Such intensi ty
pro Ùle I ( s ) for w = 1 =4 i s i l lustra ted by the dotted l ine in Fi g. 1. The qui te simpl e
form of the phase ' ( s) enabl es us to wri te the ful l envel ope U ( z ; t )
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The soluti on in the general ized Kerr medium is a bi t m ore com pl icated. In
thi s case grey sol i to ns can app ear not only for positi ve sign of k 2 =˜ , but also for
the negati ve sign case: p = +1 or p = À 1 . Mo reover we can obta in tw o typ es of
grey sol i to ns | norm al dark- l ike wi th 0 ç I 0 ç I b and upturned bri ght- l ike ones
wi th I 0 Ñ I b . For both these typ es the background level I b and darkness w are the
sam e, but thei r intensi ty and phase proÙles are described by di ˜erent functi ons
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for the dark- l ike grey sol ito ns, whi le for the bri ght- l ik e case we have and
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In the above f orm ulae ¥ i s the addi ti onal broadening param eter. Both darkness w

and broadeni ng ¥ depend on m ateri al param eters: w =
p

(2 À p Ñ) 2 + 2 ÑI K = I b +

2 À pÑ; ¥ = w 2 I b = (2 ÑI K ) , where Ñ = 3 q I K = [ 2 (4 À ç 2 ) I b ] . Thi ck sol id l ines in Fi g. 1
i l lustra te intensi ty pro Ùles of these two sol i to ns. As we can see, the general shape
of these pro Ùles are sim i lar to the pro Ùle in the pure Kerr m edium , however for
the assumed choice of the medium param eters thei r centra l intensi ti es di ˜er qui te
signiÙcantl y.

The functi ons (2) and (13) describing the satura bl e square- two -level medium
also enable us to perf orm integ rati on (9) and (6) analyti cal ly. But even i f higher
order term s in GNLSE (3) are rejected, the resulti ng f uncti on s ( I ) , however qui te
sim ple, wi l l be i rreversi ble. Consequentl y, the phase cannot be expressed as an
expl icit functi on of norm al ized ti me coordi nate s, but as a functi on of intensi ty

Ï s = arcta nh
( I À I 0 )( I s + I b )

( I + I s)( I b À I 0 )
À

I b À I 0

I b + I s
arcta nh

I À I 0

I + I s
;

' ( I ) =
I 0 ( I s + I b )

I s ( I b À I 0 )
arcta nh

( I À I 0 )( I s + I b )

( I + I s)( I b À I 0 )

+ arcta nh
I s ( I À I 0 )

I 0 ( I + I s )
; (19)

where the centra l value of intensi ty is I 0 = I s
4 ( I s + I b ) = [I 4

s + I K ( I s + I b ) 3 ] À I s .
Neverthel ess we cannot reverse the intensi ty pro Ùle functi on s ( I ), i t can be

pl otted wi tho ut any problems. Thi s pro Ùle is given by the thi n sol id l ine in Fi g. 1.
It is very simi lar to the proÙle in the pure Kerr medium , however satura ti on causes
intensi ty of smal ler values. The sim ilari ty in shape m eans tha t the functi ons (19)
and (17) wi th pro perly tuned w and ¥ can be close. Indeed, for I s ! 1 the last
term in the functi on s( I ) given by (19) vanishes and we can trea t i t as a small
perturba ti on. Thi s interpreta ti on enables us to incl ude i t insi de the Ùrst arcta nh
functi on. In thi s way we can reverse s ( I ) obta ining I ( s ) exactl y in the form (17)
wi th w = 1 À I 0 = I b and ¥ = ( I b À I 0 ) = I s . As in the pure Kerr m edium , grey sol i to n
exi sts only for positi ve sign of k 2 =˜ .
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The m ost com pl icated is the case of generalized satura bl e medium , but for
the square- two -level satura ti on the integ rati ons (9) and (6) are also possible to
perform . The resulti ng intensi ty proÙles s ( I ) in the dark- l ike and bri ght- l ik esol i to n
cases wi l l be expressed by a combina ti on of the ell ipti c integ ra l of the Ùrst and
thi rd ki nd [25]

Ï s = A d [ r 0 F ( ˚ d ( I ) ; m ) À Î ( ˚ d ( I ) ; Ñ d1 ; m ) + r d Î (˚ d ( I ) ; Ñ d2 ; m )] ;

Ï s = A b [ Î ( ˚ b ( I ) ; À Ñ b1 ; m ) + r b Î ( ˚ b ( I ) ; Ñb2 ; m )] : (20)

In the above form ul ae ˚ b ( I ) for bri ght- l ike and ˚ d ( I ) f or dark- l ike sol i to n
case are two functi ons of intensi ty , whi le 0 ç m ç 1 i s the param eter of the ell ipti c
functi ons. They are deÙned by m eans of I s , I b and I 0 ; I 1 , and I 2 being roots of a
certa in thi rd- order algebraic equati on

˚ d ( I ) = arcsin

s
( I À I 0 )( I 1 + I 2 )

( I + I 2 )( I 1 À I 0 )
; ˚ b ( I ) = arcsin

s
( I 1 À I )( I 0 + I s )

( I + I s )( I 1 À I 0 )
;

m =

s
( I 1 À I 0 )( I s À I 2 )

( I 0 + I s )( I 1 + I 2 )
: (21)

The other coe£ cients A d , A b , r 0 ; r d , r b ; Ñ d1 ; Ñ d2 ; Ñb1 , and Ñb2 in (20) are given
by square roots simi lar to tho se in (21). The quanti t y I 0 and I 1 appearing in
al l these form ul ae are centra l intensi ty I (0 ) of the dark- l ike and bri ght- like grey
sol i to ns.

No te tha t the constant of integrati on C app ears in quadra ture (9) in two
term s | one conta ini ng C 2 and the other wi th C . Theref ore tryi ng to determ ine C

we obta in tw o di ˜erent values. Consequentl y, al l quanti ti es calculated later I 0 ; I 1 ,
m and so on, wi ll be double! These doubl e soluti ons correspondi ng to both dark- l ike
and bri ght- l ike sol i to ns can be seen in Fi g. 1 (dashed l ines). Al l these l ines are
sim i lar to thi ck sol id l ines corresp ondi ng to soluti ons in general ized Kerr m edium ,
however we can observe tha t sol i to ns in satura bl e m edium are a bi t wi der. Al so a
possibi l i ty to appear in m edia wi th p = À 1 i s exactl y the sam eas in the unsatura ble
case. But unl ikely to tha t case, the proÙles (20) cannot be reversed in the l im it
I s ! 1 .

The phase quadrature (6) are also possible to integrate analyti cal ly, but the
resul t can be expressed only as a functi on of intensi ty ' = ' ( I ) , analogously
to (19). Thi s resul t has a sim i lar form to expressions (20), however conta ins one
m ore ell ipti c functi on of the thi rd ki nd Î (˚ ( I ) ; Ñ; m ) in each form ula. No te tha t
for two cases wi tho ut satura ti on ' ( s) conta ins a term l inearl y changing wi th s

(see (15), (17), and (18)). The sim i lar term also wi l l appear in (19) i f we el im i -
nate the Ùrst term of ' ( I ) using s( I ) . Ana logously we can pro ve tha t such l inear
term appears also in the resul t of integrati on (6) for the general ized satura ble
case. Theref ore the phases of di ˜erent soluti ons l inearl y di verge for s ! Ï1 .
Co nsequentl y, phase proÙles can di ˜er signiÙcantl y, even i f soluti ons are close.
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4. P ar am et ers of gr ey sol i t ons

The sol i to ns obta ined in the previ ous section have parameters being func-
ti ons of a certa in numb er of another quanti ti es p , I K , q; ç; I s , and I b . D epending on
the typ e of m edium , certa in of these quanti ti es can or cannot inÛuence the sol i to n
parameters. Mo st of the relati ons between parameters in three sim pler caseshave
been reported thro ughout the paper, however thei r ful l discussion in al l possible
reg im es of values is very tedi ous. But in the general ized satura ble case, however
we are able to wri te the relati ons between param eters in the form of polyno m ial
equati ons, the degree of resul ti ng polyno mials is qui te high, so such form ulae wi l l
be very di£ cul t to analyze. Theref ore we shal l di scuss such relati ons onl y using
thei r graphi cal representati on.

In Fi g. 1 we observe the di ˜erences in centra l values of intensi ty in di ˜erent
typ es of m edia. These di ˜erences change wi th the level of satura ti on I s, whi ch was
i l lustra ted in Fi g. 2. Natura l ly, the soli to ns in satura ble m edia approach Kerr sol i -
to ns wi th increasing satura ti on intensi ty I s both in the case wi th or wi tho ut ND
and SFS (do tted and thi ck sol id horizonta l l ines). But doubl e dashed l ines corre-

Fig. 2. C entral intensity I 0 of the grey bright- li ke (upp er part ) and dark- lik e (low er

part) solitons in di ˜erent typ es of media versus intensity of saturation I s . T w o values of

I 0 for any I s in GSatur cases determine two di˜erent soliton proÙles (Fig. 1).



Grey Sol i tons in Saturabl e Media . . . 157

Fig. 3. C entral intensity I 0 of the grey bright- like (upp er part) and dark- lik e (low er

part) solitons in generalize d K err and generalized saturable media as functions of non-

linear corrections.

spondi ng to sol ito ns in general ized satura ble m edium appear onl y for a su£ cientl y
large satura ti on intensi ty I s Ñ I s m i n . The same property reveals sol i tons in ordi -
nary satura ble medium , but for them I s min i s much smal ler. No te tha t dark- l ike
sol i to ns decrease thei r height whi le bri ght- l ike ones increase i t wi th decreasing I s

(thi s pro perty does not appl y to the regim e I s ¤ I s min in the general ized satura ble
case). For larger satura ti on levels one of the bri ght- l ike sol i tons has its height
smal ler and the other one greater tha n the height of the general ized Kerr sol i to n,
whi le heights of both dark- like sol i to ns are smal ler tha n a height in general ized
m edium .

The l ines in Fi g. 3 i l lustra te how the centra l intensi ti es depend on higher-order
correcti on param eter ç . Thi s ti m e we show onl y l ines obta ined in general ized me-
di a, because the asym pto ti c case of the m edium wi tho ut ND and SFS resul t for
ç ! 1 and q ! 1 . As in Fi g. 2 there is a m inimum value ç min below whi ch sol i -
to ns in general ized satura ble medium canno t exist. In the general ized Kerr medium
there is a simi lar m inimum f or the dark- l ike sol i to ns, but for the bri ght- l ik eones the
relati on I 0 ( ç ) i s compl etely di ˜erent | sol i to ns appear onl y for j ç j ç 2 . Theref ore
we can meet the situa ti on when only dark- l ike, only bri ght- l ike or both sol i tons
app ear in such medium .
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Fig. 4. C entral intensity I 0 of the grey bright- like (upp er part) and dark- lik e (low er

part) solitons in generalized K err and generalized saturable media as functions of tem-

p oral w idth.

Fig. 5. Propagation of p erturb ed grey soliton w ith tuned linear chirp. I 0 increased 5%,

w idth decreased 4%.
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The behavi or of centra l intensi ty as a functi on of tempora l wi dth q i s sim i lar
(Fi g. 4). In the general ized satura ble m edium we also obta in a minimum value qmin .
But in the general ized Kerr case one property changes | there is no m axi mum q

for the bri ght- l ike sol i tons. Theref ore such soli to ns wi th any tem pora l wi dth can
exi st.

For both general ized Kerr and satura ble media we can wri te the condi ti ons
determ ining the discussed m inimum values I s min ; ç min , and qmin in the form of
polyno mial equati ons. But the order of these equati ons (at least for satura ble case)
is very hi gh, so we can obta in such values only num erical ly.

Grey sol i tons are genera lly unsta ble. They are very sensiti ve wi th respect
to phase m odi Ùcati ons. Theref ore if we m odi fy i ts height or wi dth, the obta ined
pul se wi l l not propagate stably, because i ts phase proÙle is wro ng. But tuni ng
the pul se wi dth to i ts changed height and appl yi ng addi ti onal l inear chi rp we can
signiÙcantl y stabi l ize i t. In Fi g. 5 we show how such modiÙed pul sepro pagates over
a long distance. Its centra l intensi ty and wi dth pul sate, the background intensi ty
di mini shesand group veloci ty changes, but al l these m odi Ùcati ons are qui te smal l.
The presence of satura ti on in medium stabi l izes the propagati on onl y slightl y |
pul sati ons of height and wi dth are smal ler, but changes of the other quanti ti es
rem ain almost the same.

5. Su m m ar y an d co ncl u sions

The addi ti onal term s describing nonl inear di spersion and self -frequency shift
extend the classof m edia in whi ch grey sol i to ns appear. In general ized m edia ta ki ng
these e˜ects into account sol i to ns can exist for both possibl e signs of k 2 =˜ . The
cl ass of sol i to ns is also extended | we obta in ordi nary dark- l ike and upturned
bri ght- l ike sol i to ns. The addi ti onal satura ti on of the m edium causestha t the cen-
tra l intensi ty and al l other param eters of both dark- l ike and bri ght- l ik esol i to n can
assume two possible values. Al l these pro perti es can be seen in Fi gs. 1{ 4.

In general ized m edia even wi th satura ti on we can obta in quadratures describ-
ing both the intensi ty and phase pro Ùles of grey sol i to ns. These quadra tures give
analyti cal f orm ulae for the square-two - level m odel of satura ti on. The sim pler cases
of the m edia wi tho ut satura ti on or wi tho ut hi gher-order term s also give analyti cal
expressions for the intensi ty and phase pro Ùles. The resul ti ng intensi ty shapes are
qui te sim i lar, however param eters of sol ito ns depend on materi al param eters and
are di ˜erent in di ˜erent m edia. On the other hand, the phase proÙles, even when
the shapes of sol ito ns are sim i lar, can di ˜er qui te signiÙcantl y.

In general ized satura bl em edia the possible level of satura ti on I s, higher-order
correcti ons param eter ç , and tem pora l wi dth param eter q cannot be to o smal l.
The analogous restri cti on in generalized Kerr m edium appears only for dark- l ike
sol i to ns. General ly, the presence of satura ti on dim inishes a height of resulti ng
sol i to ns.
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The obta ined sol i to ns are unsta bl e, m ainly wi th respect to phase m odi Ùca-
ti ons. Neverthel ess, by appl yi ng pro perly chosen linear chirp we can signi Ùcantl y
stabi l ize them (Fi g. 5).
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