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A sti m ulat ed li ght scatte ri ng in thin w aveguide Ùlm, Ùlled by point
K err -typ e dip oles, under inclined pumping beam incidence is examined . T he
iterative pro cedure of successive approximation s is applied to deÙne qualita-

tively the space spectrum of w aveguide mode scattered Ùeld at the conditio n
of its self-consistency w ith dip ol e oscillati ons. A comparison w ith experimen-
tal data is discussed brie Ûy.
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1. I n t rod uct io n

E˜e cts of sti mul ated, \ l ight by l ight " scatteri ng and four -wa vem ixing are the
subjects of constant attenti on in nonl inear opti cs from the beginni ng [1, 2]. From
pra cti cal vi ewpoint these pro cessesare of parti cul ar interest in wavegui des [3, 4].
Form ati on of so-cal led sponta neous grati ngs (SGs) on di ˜erent pl ane surf aces and
in waveguide Ùlm s is studi ed to some extent independentl y as a speciÙc pro cess
of the sti mulated pum pi ng beam scatteri ng on scattered polari to n or waveguide
m odes [5, 6]. Autho rs of [7] trea ted the SG form atio n as a resul t of pha se conj uga-
ti on pro cess thro ugh degenerate four-wa ve m ixing , but at norm al pum pi ng beam
inci dence only. W e develop thi s appro ach for any incidence angle.

2. T wo -d i m en sio n al Ewal d 's pr oblem

Let us consider a thi n wa veguide (of one-mode thi ckness t ) tra nsparent Ùlm
wi th perm i tti vi t y " 2 , inside of whi ch point identi cal Kerr- typ e di poles are di s-
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Fig. 1. The geometry of the problem. The w ave vector of the reÛected w ave from the

layer is not displayed for simpli ci ty .

tri buted wi th a density n ( R ) ; R = ( r ; z ) = (x ; y ; z ) . X Y -plane is inside the layer
at some depth a ( t = a + b). There is a pum ping T M- wa ve wi th the wave vecto r
k i = ( k x ; À k z ) in the X Z -plane of inci dence (Fi g. 1).

Perm i tti viti esof the upper and lower media are " 1 and " 3 accordi ngly. Under
the inÛuence of both inci dent and inevi ta ble reÛected wa ves dipoles tra nsform into
the sources of scattered radiati on incl udi ng wa veguide modes. These waveguide
m odes inÛuence in turn the dipole oscil la ti ons and so we receive a self-consistent
pro blem sim i lar to tha t whi ch wa s studi ed by Ewa ld for a three- di mensional arra y
of dipoles. Our probl em can be reduced to two di mensions [8] by intro duci ng the
so-cal led \ Som merf eld' s antenna oscil lator force" f ( r ) | a f uncti on integ rati ng
radi ati on of al l point dipoles wi th the sam e r , but di ˜erent z (about cyl indri cal or
Som merfeld wa vesconnected wi th SGs seealso [9, 10]). W e shal l trea t the scattered
wa veguide TM- m ode Ùeld only for the sake of simpl icity. The z -com ponent of the
electri c Hertzi an vecto r potenti al for the scattered Ùeld inside the Ùlm ˆ s( r ; z ) has
to sati sfy the inhomogeneous Hel mhol tz equati on

Â ˆ s( r ; z ) + Ù 2
0 ˆ s( r ; z ) = À 4iZ ( z )f ( r ) ; (1)

here Â = @
2

@x 2
+ @

2

@y
| two -dim ensional La place operato r ; Ù0 | wa veguide m ode

pro pagati on constant; Z ( z ) | kno wn am pl itude z -distri buti on for the waveguide
TM- m ode (see (4)). Accordi ng to [8] \ oscil lato r force" f ( r ) i s deÙned by the inte-
gra l

f ( r ) =
2 ¤ Ù 0

" 2
2

(d£ =dÙ) Ù = Ù

a

b

n ( r ; z ) p z ( r ; z ) Z (z ) dz ; (2)

here p z ( r ; z ) | the elementary dipole m oment z -component; and functi ons £ (Ù)

and Z ( z ) have the form s

£ ( Ù ; t; " 1 ; " 2 ; " 3 ) =
p

" 3

+
q

" 1

cos( ht ) + i
h

" 2

+
" 2 pq

" 3 " 1 h
sin (ht ) ; (3)

Z ( z ) = cos[ h 0 ( z + b ) ] + i
p 0 " 2

h 0 " 3

sin [ h 0 ( z + b)]

= cos[ h 0 ( a À z )] + i
q0 " 2

h 0 " 1

sin [ h 0 (a À z )] ; (4)

here q = " 1 k 2
0 À Ù 2 ; h = " 2 k 2

0 À Ù 2 ; p = " 3 k 2
0 À Ù 2 in (3) and

p 0 = À i Ù 2
0 À " 3 k 2

0 ; q 0 = À i Ù 2
0 À " 1 k 2

0 in (4), k 0 = ! =c.
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In the Ùrst l inear appro ach p
(1 )
z = ˜ z m E ex t

m
; ˜ lm | the elementa ry di pole

l inear polari zabi l i t y tensor; E ext
m

= E in c
m

+ E re f
m

| the externa l electri c Ùeld com -
ponents, connected in the kno wn way wi th the vecto r potenti al z -com ponent
ˆ ext ( r ; z ) = eÀ ik x r ( I eik z + R e k z ) for inci dent and reÛected TM- polarized waves,
I and R | thei r corresp ondi ng compl ex ampl itudes, whi ch can be considered as
kno wn for our one-layered conÙgurati on. W e have in the Ùrst appro ach [8]:

ˆ ( r ; z ) = 4 iZ ( z )
( Ù ;Ù )

F (1 ) ( R )

[R Ù ]
e dR ; (5)

where F (1 ) ( R ) = 1
(2 ¤ ) ( x ;y )

f (1 ) (r ) e dr | l inear \ structure scatteri ng fac-

to r" ; Ù | scattered wa ve vecto r component in X Y -plane; f (1 ) ( r ) i s found using
p

(1 )
z ( r ; z ) and (2). Equati on (5) can be rewri tten in the form of curve- l ine inte-

gra l along a circl e of radius Ù 0 in the wave vecto r (Ù x ; Ù y ) -plane (i f F (1 ) ( Ù ) i s a
su£ cientl y smooth functi on and Ù0 g , g i s an imaginary part of Ù0 ):

ˆ ( r ; z ) = 2 ¤ Z ( z )
Ù

F (1 ) ( R 0 ) e dÙ; (6)

here Ù 0 | wa ve vecto r of the scattered wa veguide mode.
The second appro ach ˆ ( r ; z ) can be received ta ki ng into account nonl inear

polari zati on waves because of Kerr- typ e nonl ineari ty of every point dipole

p (2 )
z = ¥ z lm n ( ! )[ 2 E 1 E m E n + ( E 1 E m + E 1 E m ) E n ] ;

¥ z lmn = â z lmn ( ! ; ! ; ! ; ! ) + â z lmn ( ! ; ! ; ! ; ! ) + â z lmn ( ! ; ! ; ! ; ! ) ; (7)

here â z lmn | cubi c nonl inear di pole polarizabi l i t y tensor; E n | electri c Ùeld com -
ponents of scattered wavegui de m odes, calcul ated from the ˆ ( r ; z ) (5), (6). For
the dyna m ical grati ng, Eq. (7) corresp onds to self-di ˜ra cti on pro cess of k x -wa ve
by (

0
k x ) -grati ng both into positi ve order (Ùrst term ) form ing wa vegui de m ode

obl igingly and into negati ve order form ing radiati ve, nonra diati ve modes and, tha t
is m ost importa nt, pa i r of conj ugated waveguide m odes (seelower). Al l Eqs. (1){ (6)
are val id for the second appro ach ˆ ( r ; z ) also af ter replacing of the upp er index
\ 1" by \ 2" . Substi tuti ng p

(2 )
z into (2) we can calcul ate F (2 ) ( ) and get the phase

synchro nizati on condi ti ons

= and = 2k x 0 : (8)

These condi ti ons state tw o ci rcl es wi th centers at O and 2k x in the reci procal
( Ù x ; Ùy ) -wa vevecto r space (see the polar diagram sketched in Fi g. 2). Using (5), (6)
we receive the result for ˆ ( r ; z ) to gether wi th the addi ti onal condi ti on Ù = Ù . In
physi cs words the second appro ach predi cts an am pl iÙcatio n of both all scattered
wa veguide modes and especial ly two conj ugated wa veguide modes, corresp ondi ng
to points C and C (Fi g. 2). The latter corresponds to the four-wa ve m ixi ng
pro cess, shown by the tri angle O C 2kx :

C + C = kx + k x : (9)
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In media wi th alm ost local response i t is the conjugati on process tha t wi l l be
overwhel m ing [1, 2], and theref ore a considerable gain in am pl i tude of waveguide
m odes wi th wa ve vecto rs ÙC and ÙC 0 wi l l be obta ined for tha t case.

For the thi rd appro ach ˆ s 3( r ; z ) we m ust ta ke into account Ù C and Ù C 0

wa veguide modes also along wi th pum ping k x -wa ve (ho wever in wha t fol lows, we
assume the pum ping wa ve ampl itude far beyond tha t of scattered m odes). Ex-
pression for p

(3 )
z ( r ; z ) i s bound to conta in the term s representi ng products of the

externa l Ùeld by the Ùeld of waveguide m ode Ù C or Ù C 0 and by the scattered
wa veguide m ode Ùeld obta ined at the Ùrst appro xi mati on. The phase synchro niza-
ti on condi ti ons f or scattered waves connected wi th tho se term s

Ù = k x 6 C 7 0 and = kx 6 C 7 0 (10)

pro duce four further ci rcl es in the reci procal ( Ù x ; Ù y )-wave vecto r space (Fi g. 2).
The points of intersecti on of these circl es and tw o previ ous ones corresp ond to
four- wa ve m ixing pro cesseswi th the wa vegui de modes conj ugati on, for exam ple,

S 1 + S 1 = kx + C ; S 2 + S 2 = kx C (11)

and so on. A substanti al gain is possibl e for these waveguide modes and analogous
to them . As an exam ple, in Fi g. 2 there is shown the quadra ngle O S 1 AC rel evant
to the Ùrst of Eqs. (11).

Fi nal ly, accordi ng to general theo ry of four- wave m ixi ng [11], an am pl iÙca-
ti on of som e m ode at the process could be trea ted as a result of a pum ping wa ve
di ˜ra cti on on the dyna m ical grati ng form ed by another pum ping wa ve and con-
jugated m ode, whi ch is am pl i fyi ng also. Then, for our case, the four- wa ve m ixi ng
pro cess devel opm ent is equivalent to the appearance of SGs wi th grati ng vecto rs
counted f rom the point O in the recipro cal wa ve vecto r space (Fi g. 2), i .e. the
fol lowi ng equati on is val id:
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K = Ù s À kx ; (12)

where Ù s i s a wa ve vecto r com ponent in X Y -plane of the ampl iÙed scattered wa ve,
K | corresponding grati ng vecto r. Thus the polar diagram in Fi g. 2 presents not
onl y the spectrum of scattered wa ves, but the grati ngs ones also.

3. Co m par ison wi t h exp er im en t al d at a

At the experim ent under considerati on SGs were recorded in AgCl -waveguide
Ùlm ( t ¤ 1 2 0 nm ), doped by Ùne Ag-granul es, under irra di ati on by two -beam
pum ping (Ñ = 6 3 3 nm ) at 6 0 £ -angle of inci dence. Af ter Ùxing the SGs di ˜ra cti on
spectrum coul d be obta ined at norm al inci dence of the reconstructi ng laser beam
(f or m ore detai ls, see [12]). The photo graphy in Fi g. 3 shows such spectrum on the
pl ane screen.

Fig. 3. T he di˜ractio n picture from SGs at normal inciden ce of reconstructing laser

b eam. SGs were recorded previous ly on T M 0 -modes under obliqu e incidence of the

pumping laser beam on photosensiti ve w aveguide Ùlm. T he literal symb ols and axis

direction s are consistent with that of Fig. 2.

There is a general qual i ta ti ve agreement between exp erimenta l spectrum and
tha t has been obta ined from the theo reti cal m odel . Points sim i lar to S or S can
be observed, but only at incl ined inci dence of the reconstruc ti ng beam because of
smal l periods of corresp ondi ng grati ngs.

T o expl ain a signi Ùcant di ˜erence in the pro gress of S -grati ng wi th respect
to S -grati ng, the avai labi li ty of pum pi ng kx -wa ve duri ng two- beam pum pi ng con-
di ti ons has to beta ken into account. In addi ti on to the conj ugati on pro cessin term s
of the second of Eqs. (11), the f ollowing pro cess could occur:

S
+

S
=

C
À kx ; (13)

shown by the quadra ngle O S B ( À k x ) in Fi g. 2. Sim ilar pro cess for modes of typ e

S and S i s im possible. Besides, the m odes S and S are, in some sense,
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\ m ore col l inear" tha n the m odes Ù S 1 and Ù S 1 0 . But i t is kno wn tha t a conjugati on
e£ ciency is stro nger in the col l inear four- wav e-m ixi ng geom etry .

Su£ cientl y disti nct reÛexesnear upp er and lower edges of the photo graphy in
Fi g. 3 coul d be expl ained i f, for the thi rd appro ach, we woul d not supp ose tha t the
am pl i tudes of Ù C and Ù C 0 wa veguide m odes are less importa nt tha n the am pl i tude
of pum ping kx -wave. Then circl es at centres Ù C 6 Ù C 0 and Ù C 6 C would appear
in the polar diagram in Fi g. 2 and addi ti onal four-wa ve m ixing processeswi th the
wa veguide mode conj ugati on would be incl uded into theo reti cal trea tm ent.

The disti nct reÛex slightly above the arc 1 2 (see di ˜ra cti on pattern of
Fi g. 3) to gether wi th periphera l degraded reÛexes, as well as arcs and ,
yi eld descripti on wi thi n the fourth appro xi ma ti on. Ana logously to form er analysis
we m ust ta ke into account Ùelds of waveguide m odes sim i lar to S 2 on the level
wi th the Ùeld of pum pi ng k x -wa ve, as well as the Ùelds of

C
and

C
waveguide

m odes. But for the ti m e being we wi l l not discuss thi s question in m ore deta i l.
It is m atter to note tha t the ampl iÙcati on of arcs, i .e. of wa veguide m odes

outsi de the conj ugati on pro cess, is impossible in m edia wi th the local response
under the one-beam pum ping. Thi s l imi ta tio n is taken o˜ in a m edium wi th the
nonlocal response or duri ng the two- beam pum pi ng, when four- wave m ixi ng pro-
cess is possibl e for any wa vegui de modes opp osing one another. The observabi l it y
of the arcs in our experim ent is caused by rather both circum stances.

At the Ùrst vi ew, there are some essential di ˜erences between the layer wi th
Kerr- typ e dipoles, exam ined as the theo reti cal m odel , and the photo sensiti ve Ùlm,
appl ied in the experim ent. Fi rstl y, the dyna mical grati ngs of the m odel are com -
pl etely reversibl e, whi lesim i lar to another SGs [5, 9], grati ngs in Ag Cl { Ag Ùlms are
i rreversi bl e. But to our mind, thi s di stincti on is not pri nci pal . At our condi ti ons
the SGs i rreversi bi l it y coul d be elim inated under laser recordi ng wi th a sim ulta ne-
ous usi ng of an auxi liary wi peouti ng noncoherent i rradi ati on. Secondl y, the growth
of real grati ngs is m uch slower tha n instanta neous response of Kerr- typ e dipoles.
Thi s di stincti on is due to the mechanism of the nonl inear response of the AgCl { Ag
Ùlm. Qua nti ta ti v eresults can be dependent on tha t circum stance rather tha n qual -
i ta ti ve ones. The quanti ta tiv e exp erimenta l estimati on of the e˜ecti ve nonl inear
susceptibi l i ty of the Ag Cl { Ag Ùlm s is a subj ect of subsequent investigati ons.

The developed above theo reti cal trea tm ent dem onstra tes tha t the phenom -
ena of the orig in and of the growth of the SGs, form ed in wa vegui de Ùlm s or on sur-
faces of sol ids as a result of sti m ulated scatteri ng of induci ng laser beam into wave-
gui de or polari to n m odes, can be described wi thi n degenerate four- wa ve-mixi ng
intera cti on at any laser beam inci dence angle. Al l of the elements of the SGs
di ˜ra cti on pattern are expl ained qual i ta ti vely.
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