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Retarded form s of the none quili bri um redu ced-densi ty operator are de-

ri ved from the generali zed Schr �odinger variational principl e of a system w ith
b oth mechanical and thermal perturbations , ta king into account the addi-
tional conditio n that the values of generalized thermo dynamic coordinates
are Ùxed at inÙnitel y remote past . This reduced density operator may b e

useful in describi ng nonequili bri um prop erties of nanoscopic and mesoscopic
systems, as w ell as ultrathin Ùlms. With the help of this reduced- densi ty
operator the generalized Green { K ubo formulae are obtained.

PACS numb ers: 05.30. {d, 05.70.Ln

1. I n t rod uct io n

Ul tra thi n Ùlm s, mesoscopic and nanoscopi c system s are frequentl y subjects
of interests in research as wel l as micro- and nanoelectronics and of ten the need
ari ses to ta ke into regard thei r intera cti ons wi th envi ronm ent. For such system s
the postul ates of quantum stati stical mechanics are not exactl y fulÙlled as thi s
theo ry assumes tha t the e˜ect of envi ronm ent can only be a m ixi ng of states in
the system studi ed and tha t i t has no inÛuence on the spectrum of eigenstates of
i ts Ha m il to nian. The above facts insti gate the need of form ula ti on of a quantum
theo ry of nanoscopic system s, m esosopic system s, and thi n Ùlm s m ore general tha n
the quantum stati sti cal m echanics.

Usual ly, whi le inv estigati ng theo reti cal ly macroscopic bul k system s we do
not have to ta ke into account thei r intera cti on wi th envi ronm ent regardi ng the
short- range character of interm olecular intera cti ons. Any e˜ecti ve intera cti on

Ê e-m ail : zb ig on ys@m ai n. am u. edu .pl

(717)



718 Z. Jacyna-Ony szkiewicz

am ong the m olecules of the system and its envi ronm ent could only occur thro ugh
the ato ms on the system surf ace or near i t. The num ber of the intera cti ng ato ms
usual ly is an insi gniÙcant part of al l ato ms of the system. Ho wever, consideri ng
thi n Ùlms and al ike system s, the numb er of ato ms intera cti ng wi th envi ronm ent is
frequentl y of the sam e order of m agni tude as the to ta l numb er of ato ms in the sys-
tem . Mo reover, thi n Ùlm s are deposited on bul k substra tes who se structure a˜ects
tha t of the Ùlm s, so the intera cti on between the substra te and the Ùlm has to be
ta ken into regard. A com mon procedure to real ize i t is to intro duce phenom eno-
logical surface param eters. The values of these param eters signi Ùcantl y inÛuence
physi cal pro perti es of nanoscopi c and m esoscopi c system s or thi n Ùlms whi ch is
for exam ple evidenced in thei r spectra of col lective exci ta ti ons.

In thi s paper we pro pose a general metho d whi ch ta kes into account the
intera cti on between the nanoscopic system or thi n Ùlm and the substra te on a
m icroscopi c level. In thi s m etho d the intera cti ons are incl uded al ready in the con-
structi on of the nonequi l ibri um reduced- density operato r whi ch makes i t possible
to appl y the mean Ùeld typ e appro xi matio n. The m etho d proposed is a general-
izati on of the ideas presented earl ier [1{ 3].

2 . Fu ndam ent a l assum p t ions an d n onequ i li bri um r ed uced -d en sit y
op er at or

It is kno wn tha t the only m any-body system whi ch can be trea ted as a ful ly
isolated system is the Uni verse itsel f. Al l other m any- body systems must be consid-
ered as non- isolated and thus intera cti ng wi th envi ronm ent, whi ch m eans tha t they
cannot be exactl y described wi thi n the quantum theo ry. The need to describe the
Uni verse as a closed system wi thi n the quantum theory gave rise to a new Ùeld of
theo reti cal physi cs cal led quantum cosmology. In quantum cosmology the Uni verse
is understo od as the greatest physi cal system describable in term s of the quantum
theo ry . Ho wever, quantum cosmology has generated som e di£ cul t interpreta ti on
pro blems in the quantum theo ry. New interpreta ti ons have app eared, sati sfacto ry
from the point of vi ew of the quantum cosmology. Quantum cosmology assumes
tha t the who le Uni verse can be described in term s of a state vecto r. W e have ta ken
thi s assumpti on whi ch m eans we assume tha t the noti on of the state vecto r of the
Uni verse is m eani ngf ul as i t is impl ied by the recentl y proposed interpreta ti on of
the quantum theory [4{ 6].

W e assume tha t at the ti m e t = À 1 (i n a far past for a given system) the
state vecto r of the Uni verse sati sÙesthe stati onary Schr�odi nger equati on:

H j ˆ ( t = À1 ) i = E j ˆ ( t = À1 ) i ; (1)

where H i s the Ha m il to nian of the Uni verse. It can be easily shown tha t thi s
equati on is equivalent to the fol lowi ng vari ati onal pri ncipl e:

£T r[ ( H À E ) d ( t = À1 ) ] = 0 ; (2)
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where

d (t = À1 ) = j ˆ ( t = À1 ) i h ˆ ( t = À1 ) j (3)

is the density operato r of the Uni verse.
Next we di vi de the Uni verse into three subsystem s: the nanoscopi c system

studi ed 1, i ts cl osest m acroscopic envi ronm ent 2, and the rem aining part of the
Uni verse 3, so the Ham i lto ni an H can be wri tten as

H =

3X

j = 1

H j +
X

j 6= j 0

H j j 0 ; (4)

where H j i s the Ham i lto nian of the system s j = 1 , 2, 3, and the term s H j j 0 describe
the intera cti ons among the system s.

The exp ectati on value h a j i of a given observable a j of the system s j = 1 , 2, 3
is given by the fol lowing form ula [7]:

h a j i = h ˆ j a j j ˆ i = T r[ a j d ] = T r[ a j d j ] ; (5)

where

d j = T r j 0 + j 00 [ d ] ; j 0 ; j 00
6= j (6)

is the reduced-density operator of the system j , whi le T r j 0 + j 00 [ ] i s the parti al tra ce
over the states of the system j 0 + j 00 (o f the rem aini ng part of the Uni verse).

The di mensionless vo n Neum ann entro py of the system j , describi ng the
degree of mixing of i ts states, is deÙned by the f ollowing equati on [7]:

s j = À T r
j

[ d j ln d j ] : (7)

W e assume tha t for t = À1 , the degree of state m ixing is Ùxed for al l three
system s, so

s j ( t = À1 ) = À Tr
j

[ d j ( t = À1 ) ln d j ( t = À1 )] = constant [ d j ] > 0 (8)

for j = 1 , 2, 3.
In a nanoscopic system 1 nonequi l ibri um pro cesses can occur as a result of

the system' s response to the swi tchi ng-on of an externa l ti me-dependent classical
Ùeld (m echanical perturba ti ons) or as a result of the interna l inhom ogeneiti es in
the nanoscopi c system (therm al perturba ti on). Ti l l now, in m ost cases these two
typ es of sources of nonequi l ibri um pro cesses have been investi gated separatel y.
Ho wever, the divi sion of perturba ti ons into m echanical and therm al is, in general ,
justi Ùed only in the Ùrst appro xi m ati on. In hi gher appro xi mati ons, mechanical
perturba ti ons create inhom ogeneiti es in the distri buti ons of m ass, energy, and
m omentum and, consequentl y, lead to the appearance of therm al perturba ti ons
[1, 8, 9].

The paper presented is aim ed at a constructi on of a general form ali sm whi ch
can describe both typ es of mechanical and therm al perturba ti on processes in
nanoscopic system 1.
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W e shal l consider the response of the nanoscopi c system 1 wi th the Ha mi l to -
ni an H 1 independent of ti me t , to the adi abati c swi tchi ng-on of a ti me-dependent
externa l smal l perturba ti on V 1 £ ( t ) . The tota l Ham i l to nian of the system 1, includ-
ing the externa l perturba ti on, is

H 1 ( t ) = H 1 + V1 £ ( t ) ; (9)

where V 1 £ ( t ) i s the operato r of intera cti on of a given nanoscopi c system 1 wi th
the externa l classical Ùeld. W e assume tha t at t = À1 an externa l perturba ti on
occurred

V 1 £ ( t = À1 ) = 0 ; (10)

V 1 £ ( t ) = ¡ 1 ( t ) exp (£ t ) ; £ ! +0 : (11)

T o develop a m echanics of nonqui l ibri um pro cessessuch tha t the therm al
perturba ti ons are also incl uded, i t is necessary to construct a reduced-density
operato r d 1 ( t ) representi ng the condi ti ons in whi ch the nanoscopi c system s are
found. Thi s turns out to be possibl e, i f we are interested in the behavi or of the
system 1 in ti m e interv als whi ch are not to o short, when the deta ils of the ini ti al
sta te of the system 1 are uni m porta nt and the numb er of param eters necessary for
the descripti on of the nonequi l ibri um state of the nanoscopic system 1 is reduced.
Let the nonequi l ibri um state of a system 1 in the ti me t + t 0 be deÙned by a set of
the expectati on values [8]

h O 1 n i ( t + t 0 ) = T r
1

[ O 1 n d 1 ( t + t 0 )] = constant [ d 1 ] (12)

of certa in operators O 1 n , where n i s an index whi ch can take conti nuous or di screte
values. As a consequence, we come to the condi ti on

£ h O 1 n i ( t + t 0 ) = T r
1

[ O 1 n £d 1 ( t + t 0 )] = 0 ; (13)

where £ d 1 i s the Ùrst vari atio n of the reduced- densi ty operato r. The reasons for
intro duci ng the ti m e t + t 0 i s the sam e as in Refs. [1, 8].

T o describe the hydro stati c stage of nonequi libri um pro cessesin the nano-
scopic system 1 we must choose as O 1 n operato rs tho se of the energy density ,
m omentum, and parti cle numb er, or thei r Fouri er com ponents. To describe the
ki neti c stage of nonequi l ibri um pro cesseswe can choose as O 1 n the operator of
occupati on num bers of the one-parti cle states.

So, we are looki ng for the extrem um of the functi onal (2) in ti m e t = À1 un-
der the suppl ementary condi ti ons (8) and (12). In fact, the condi ti onal extrem um
in the functi onal (2) corresp onds to the uncondi ti onal extrem um of the functi onal

£

(

T r[ ( H À E ) d ( t = À1 )] +
X

n

A n ( t + t 0 ) h O 1 n i ( t + t 0 )

+

3X

j =1

B j s j ( t = À1 )

)

= 0 ; (14)
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where A n ( t + t 0 ) and B j are indeterm inate Lagrange mul tipl iers. No w we also
assume tha t t 0

! À1 . Thi s m eans tha t condi ti on (12) has intro duced m em-
ory e˜ects [8] and has a dyna mic character and includes inform ati on about the
evoluti on of the nanoscopic system 1. It is conveni ent to rewri te thi s form ula ap-
pl yi ng the Ab el theo rem [10, 11]. As fol lows from thi s theo rem (f or any functi on
f ( t + t 0) )

l im
t 0

! À 1

f ( t + t 0 ) = l im
" ! + 0

"

Z 0

À1

exp( "t 0 ) f ( t + t 0 )d t 0 (15)

(f or a given t and if thi s l imi t exists).
If we ta ke into account (15), the functi onal (14) can be rewri tten in the

fol lowi ng form :

£

(

T r[ ( H À E ) d ( t = À1 )] +
X

n

"

Z 0

À1

exp( "t 0 ) A n ( t + t 0 ) h O 1 n i ( t + t 0) d t 0

+

3X

j =1

B j s j ( t = À1 )

)

= 0 ; " ! +0 : (16)

In vi ew of the above, ta ki ng into regard the deÙniti on of the reduced-density
operato r (6) and assuming tha t system s 2 and 3 are macro scopic and all the
ti m e rem ain in good appro xi matio n in the state of a Ùxed state m ixing degree
(equi l ibri um state [3]) as system s practi cal ly unco rrela ted wi th envi ronm ent, we
arri ve at

T r 1 [ ( H 1 + H 0

1 + H 00

1 À E 1 ) £d 1 ( t = À1 )]

+
X

n

"

Z
0

À1

exp( "t 0 ) A n ( t + t 0 ) Tr
1

[ O 1 n £ d 1 ( t + t 0 )] d t 0

À B 1 £Tr 1 [ d 1 ( t = À1 ) ln d 1 ( t = À1 )] + T r2 [ (H 2 À E 2 ) £ d 2 ( t = À1 )]

À B 2 £Tr 2 [ d 2 ( t = À1 ) ln d 2 ( t = À1 )] + T r
3

[ (H 3 À E 3 ) £ d 3 ( t = À1 )]

À B 3 £Tr 3 [ d 3 ( t = À1 ) ln d 3 ( t = À1 )] = 0 ; (17)

where

E = E 1 + E 2 + E 3 ; (18)

H 0

1 = T r
2

[ H 1 2 d 2 ( t = À1 )] ; (19)

H 0 0

1 = Tr 2 [H 1 2 K 1 2 d 2 ( t = À1 )] : (20)

The quanti t y K 1 2 i s a reduced correl ati on superoperato r

K 1 2 = Tr 3 [ K d 3 ] ; (21)
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where the correl ati on superoperato r K i s deÙned by the fol lowing expression:

d = K d 1 ¨ d 2 ¨ d 3 : (22)

As shown in [2, 3], an exact al tho ugh form al expression for K 1 2 can be found.
W e note tha t thi s functi onal depends on the reduced- density operato r d 1 in

di ˜erent m oments of ti me. Consequentl y, we m ust tra nsform the reduced-density
operato r d 1 ( t + t 0 ) to d 1 ( t = À1 ) , accordi ng to the fol lowi ng uni ta ry tra nsform a-
ti ons:

d 1 ( t = À1 ) = U +
1 ( t + t 0 ; t 0 0) d 1 ( t + t 0 ) U 1 ( t + t 0 ; t 0 0) ; t 00

! À1 (23)

for decreasing ti m e, where

U 1 ( t + t 0 ; t 00 ) ¿= exp[ À i( H 1 + H 0

1 )( t + t 0
À t 00 ) =ñh ] : (24)

In expression (24) the e˜ect of a correl ati on between system s 1 and 2 on the
evoluti on of the nanoscopic system 1 has been neglected, however, the intera cti ons
between the two system s 1 and 2 in the mean Ùeld typ e appro xi mati on has been
ta ken into account. It is described by H 0

1 , deÙned by (19). Under thi s assumpti on
the fol lowing relati on holds:

j h H 0

1 ij ƒ j h H 00

1 ij (25)

and in Eq. (17) the term H 00

1 can be om i tted.
Using (23{ 25) and calcul ati ng the Ùrst variati ons, we obta in

d 1 " ( t = À1 ) = exp

"

` À

X

n

0

"

Z 0

À1

exp( "t 0 ) P 1 n ( t + t 0 ) U +
1

( t + t 0 ; t 00)

È O 1 n U 1 ( t + t 0 ; t 00) d t 0

#

; t 00
! À1 ; " ! +0 (26)

d 2 ( t = À1 ) = exp[ Ù2 (F 2 À H 2 )] ; (27)

d 3 ( t = À1 ) = exp[ Ù3 (F 3 À H 3 )] ; (28)

where

` = 1 À E 1 B À 1
1 ; P 1 1 = B À 1

1 and O 1 1 = H 1 + H 0

1 ;

P 1 n = A n B À 1
1

; Ù 2 F 2 = 1 À E 2 B À 1
2

; Ù2 = B À 1
2

;

Ù 3 F 3 = 1 À E 3 B À 1
3 ; Ù3 = B À 1

3 (29)

and
P

0 stands for a summ atio n also over n = 1 .
Equa ti ons (27) and (28) fol low from the assumpti on tha t the m acroscopic

system s 2 and 3 in good appro xi mati on can be considered as being in the equi l ib-
ri um state. The form of the reduced- density operato rs (27) and (28) is the same
as tha t of the stati sti cal operato rs for a canonical Gibbs di stri buti on [3, 8].
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Addi ti onal ly we assume tha t the fol lowing relati ons hold at any ti m e t :

d 2 ( t ) = d 2 ( t = À1 ) (30)

and

d 3 ( t ) = d 3 ( t = À1 ) : (31)

As impl ied by the assumpti ons (9{ 11), we must tra nsform the reduced- density
operato r d 1 ( t = À1 ) to d 1 ( t ) , accordi ng to the fol lowi ng uni ta ry tra nsform ati on
for increasing ti m e:

d 1 t 00 " £ ( t ) = U 1 ( t 0 ; t 00 ) W 1 £ ( t; t 00 ) d 1 " ( t = À1 ) W +
1 £

( t; t 00 ) U +
1 ( t; t 00 ) ;

t 00
! À1 ; " ! +0 ; (32)

where

W 1 £ ( t; t 00 ) = P exp

ç
1

iñh

Z t

t 00

eV 1 £ ( § ; t 00 ) d§

Ñ

; £ ! +0 (33)

and

eV 1 £ ( § ; t 0 0) = U +
1

( § ; t 00 ) V 1 £ ( § ) U 1 (§ ; t 0 0) (34)

is the perturba ti on energy operato r (11) in the D irac pi cture as well as P i s
D yson ti m e-orderi ng operato r. The reduced-densi ty operato r (32) m ay be useful
in describing nonequi l ibri um pro perti es of nanoscopic system s, m esosopic system s,
and ul tra thi n Ùlm s.

For f (a ) | an arbi tra ry analyti cal functi on of the operato r a | the rela ti on

U f ( a ) U + = f ( U aU + ) (35)

holds, where U i s an arbi tra ry uni ta ry operato r. Using (35), from (32) we obta in

d 1 t 00 " £ ( t ) = exp

"

` ( t ) À

X

n

0

"

Z 0

À1

exp( "t 0 ) P 1 n ( t + t 0 ) X 1 £ ( t; t 0 ; t 00 )

È O 1 n X +
1 £

( t; t 0 ; t 0 0) dt 0

#

; t 00
! À1 ; " ! +0 ; £ ! +0 ; (36)

where

X 1 £ ( t; t 0 ; t 0 0) = U 1 ( t; t 0 0) W 1 £ ( t; t 0 0) U +
1

( t + t 0 ; t 00 ) : (37)

The reduced- densi ty operato r (36) can be wri tten in a m ore compact f orm
by using the nota ti on

O 1 n =0 = 1 (38)

and

` ( t ) = "

Z 0

À1

exp( "t 0 ) P 1 n =0 ( t + t 0 ) dt 0 : (39)
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Hence

d 1 t 00 " £ ( t ) = exp[ À S 1 t 00 " £ ( t )] ; t 00
! À1 ; " ! +0 ; £ ! +0 ; (40)

where

S 1 t 00 " £ ( t ) = "

Z
0

À1

exp( "t 0 ) S 1 t 00 £ ( t; t 0) d t 0 ; (41)

S 1 t 00 £ ( t; t 0 ) =
X

n

00

P 1 n ( t; t 0 )X 1 £ ( t; t 0 ; t 00) O 1 n X +
1 £

( t; t 0; t 00) (42)

and
P

00 stands for a summati on also over n = 0 .
The functi onal ` ( t ) calcul ated from the condi ti on of norm al izati on [7]

T r [d ] = Tr 1 [ d 1 ] = 1 (43)

can be expressed as

` ( t ) = ln Tr 1

"

exp
h

À

X

n

0

"

Z 0

À1

exp( "t 0 ) P 1 n ( t + t 0 ) U +
1

( t 0; t 0 0)

È O 1 n U 1 ( t 0 ; t 00 ) dt 0

i
#

; t 00
! À1 ; " ! +0 : (44)

The La grange m ulti pl iers P 1 n ( t + t 0 ) are determ ined from the equati ons

h O 1 n i ( t ) = l im
t 00

!À1

l im
£ ! +0

l im
" ! +0

T r 1 [ O 1 n d 1 t 00 £ " ( t )] ; (45)

where h O 1 n i ( t ) are the general ized therm odyna m ical coordi nates. In the calcul ati on
of the expectati on values h O 1 n i ( t ) , the param eters £ > 0 and " > 0 tend to zero
after the therm odyna m ic l imi t has been reached (i f thi s l im it exists for system 1).

In the parti cul ar case when H 0

1
= 0 and V1 £ ( t ) = 0 , i.e. when there is

no intera cti on between a given m acroscopi c system and the cl assical Ùeld, the
reduced- densi ty operato r (32) ta kes the form

d 1 t " ( t ) = exp

"

À ` ( t ) À

X

n

0

"

Z 0

À1

exp( "t 0 ) P 1 n ( t + t 0) U +
1 ( t 0 ; t 0 0)

È O 1 n U 1 ( t 0 ; t 00 ) dt 0

#

; t 0 0
! À1 ; " ! +0 ; (46)

whi ch coinci des wi th the nonequi l ibri um stati stical operato r (NES O) obta ined ear-
l ier by Zuba rev [8, 10]. NESO (46) has been appl ied by many autho rs [8] to di ˜erent
pro blems in the theo ry of i rreversi bl e pro cessesin deri vati on of a set of equati ons
for energy tra nsport mom entum and a numb er of parti cles in a m any-component
system , and in deri vati on of the relaxati on or ki neti c equati ons and tho se of the
Kra m ers{ Fokker{ Pl anck typ e.

By means of the integ rati on by parts, the nonequi l ibri um reduced-density
operato r (40) can be conveni entl y wri tten in the f orm
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d 1 t 00 " £ ( t ) = exp
h

À S 1 t 00 £ ( t; t 0 = 0 ) + _S 1 t 00 " £ ( t )

i
;

t 00
! À1 ; " ! +0 ; £ ! +0 ; (47)

where S 1 t 00 " £ ( t; t 0 = 0 ) i s the entro py operato r and

_S 1 t 00 " £ ( t ) =

Z 0

À1

exp( "t 0 )
@

@t 0
S 1 t 00 £ ( t; t 0 ) d t 0 (48)

is the entro py producti on operato r [1, 8]. It is easy to show tha t _S 1 t 00 " £ ( t ) i s
positi ve and tha t thi s fact is connected wi th the choice of the reta rded form of the
integ ra l (15).

If in (47) we neglect the term wi th the entro py pro ducti on operator we
observe tha t the reduced- density operato r coinci des wi th the general ized stati sti cal
operato r of the quasi (l ocal )-equi l ibri um distri buti on (or local -nonl inear response
stati stical operato r)

d 1 t £ ( t ) = exp[ À S 1 t £ ( t; t 0 = 0 )] ; t 00
! À1 ; £ ! +0 : (49)

Thi s operator describes the nonequi l ibi rium processes but does not describe the
i rreversi bl e tra nsp ort processes. In the parti cul ar case when V£ ( t ) = 0 , we obta in
from thi s operato r the quasi-equi libri um reduced- density operato r

d ( t ) = exp

"

À ` ( t ) À

X

n

0

P 1 n ( t ) O 1 n

#

; (50)

whi ch was used in a simpl er form , e.g. by Mo ri [12] as the ini ti al condi ti on for the
soluti on of von Neum ann equati on.

If the operato rs O 1 n are integ ra ls of m oti on, then

8 n [ O 1 n ; H 1 + H 0

1 ] = 0 (51)

and reduced- densi ty operator (49) becom es the reduced- density operato r for non-
l inear response of the nanoscopi c system s 1:

ed 1 t £ ( t ) = U 1 ( t; t 0 0) W 1 £ ( t; t 0 0 )d W +
1 £

( t; t 00 ) U +
1 ( t; t 0 0) ;

t 00
! À1 ; £ ! +0 ; (52)

where

d = exp

ê

À ` À

X

n

0

P 1 n O 1 n

!

(53)

is the general form of the equi l ibri um reduced- densi ty operato r [3], and

P 1 n = "

Z
0

À1

exp( "t 0 )P 1 n ( t 0 )d t 0: (54)



726 Z. Jacyna- Onyszkiewicz

3. G ener al i zed G r een { Ku bo for m ulae

The Green{ Kub o theo ry of l inear response [8] m ay be appl ied when the ther-
m al perturba ti ons, ari sing as a result of the mechanical ones can be neglected, and
when the m edium is passive, i .e. there is no feedback and then the generati on of
therm al perturba ti ons is impossible. In f act, in almost al l real cases, the system
receivi ng energy f rom the externa l Ùeld can pass i t on to its surro undi ng. Thi s is
especial ly obvi ous i f we thi nk of the system as a di stinct part of a large system ,
e.g. in the m agneti c resonance phenom ena. Even i f we assume tha t at the ini -
ti al m oment the system was in equi l ibri um wi th a therm ostat, thi s equi l ibri um is
di sturb ed as a result of m echani cal perturba ti ons and consequentl y, therm al per-
turba ti ons, whi ch cannot be described by an externa l Ùeld, ari se. For thi s reason
we shal l now consi der the possibi l i ty of general izati on of the Green{ Kub o form ulae
to the case of the therm al perturba ti ons.

If the perturba ti on V1 £ ( t ) i s small, W 1 £ ( t; t 0 0) can be wri tten, in the Ùrst
appro xi m atio n, in the f orm

W 1 £ ( t; t 00 ) = 1 +
1

iñh

Z
t

t 00

eV 1 £ ( § ; t 00 ) d§ + O ( eV 2
1 £ ) : (55)

Substi tuti ng (32) and (55) into the form ula for the expectati on value of any phys-
ical quanti ty of system 1 represented by the operato r A 1 ,

h A 1 i ( t ) = lim
t 00

!À1

l im
" ! +0

l im
£! +0

T r
1

[ A 1 d 1 t 00 " £ ( t )] ; (56)

we obta in the generalized GreenÀ Kub o form ulae [1, 8] in the fol lowing form :

h A 1 i ( t ) = lim
t 00

!À1

l im
" ! +0

Tr
1

[A 1 d 1 t 00 " ( t )]

+ l im
t 00

!À1

l im
" ! +0

l im
£ ! +0

Z + 1

À1

hh A 1 j V 1 £ ( § ; t 0 0) ii " d§; (57)

where

hh A 1 j V 1 £ ( § ; t 00 ) ii " =
1

iñh
È ( t À § ) T r

1
f [A 1 ; V 1 £ ( §; t 0 0 )] À d 1 t " ( t ) g (58)

is the nonequi l ibri um two- ti m e reta rded Green functi on and d 1 t " ( t ) i s the non-
equi l ibri um operato r given by form ula (32) in the case of V 1 £ ( t ) = 0 .

Formul a (57) describes the l inear reta rded response of a nonequi l ibri um
nanoscopic, mesoscopic or m acroscopi c system to the adi abati c swi tchi ng-on of
the classical ti m e-dependent Ùeld. W i th the help of thi s expression we can describe
the nonequi l ibri um processeswhi ch occur as a result of both mechanical and ther-
m al perturba ti ons at the same ti me, e.g. to describe the nonequi l ibri um irreversi ble
tra nsport processesor relaxa ti on pro cessin nanoscopi c, mesoscopic or m acroscopic
system s duri ng the adiabati c swi tchi ng-on of an externa l ti me-dependent Ùeld.
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4. Co n cl u si on

The most importa nt po int of our paper is the determ inati on of the reta rded
form s of the nonequi l ibri um reduced-densi ty operato r (40). Thi s operato r has
been derived from the genera lized Schr�odi nger variati onal pri nci pl e and describes
a nanoscopi c system wi th both mechanical and therm al perturba ti ons. So, the
reduced- densi ty operator (40) may be useful in describing nonequi l ibri um proper-
ti es of nanoscopi c system s, mesosopic system s, and ul tra thi n Ùlms. W i th the help
of thi s reduced density operato r, the general ized Green{ Kub o form ul ae (52) are
obta ined. In the metho d proposed, the intera cti on between the nanoscopi c system
and the substra te is included al ready in the constructi on of the reduced-density
operato r (40) whi ch makes i t possible to appl y the mean Ùeld typ e appro xi matio n.

Thi s wo rk was parti al ly supp orted by the State Co mm ittee for Scienti Ùc
R esearch under grant No . 5 P03B 091 20.
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