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A possibl e way from quantum mechanics to classical mechanics can b e
achieved w ith an exp onential substitutio n used in the Schr �odin ger equation ,

and then considerin g the classical limit . T his gives a picture of classical Ûuid
and an ensemble of classical tra jectories. In di ˜erence from this approach
to the classical limit, w hile utilisi ng the same substitution , w e assume a

minimum uncertainty w ave packet. I t is show n that this approach to the
classical limit of quantum mechanics yields a single traj ectory traced by the
centroid of the minimum uncertainty w ave packet. T he momentum and the
centroid of such packet satisf y the classical H amilton { Jacobi equation.

PACS numb ers: 03.65.Bz

1. E hr en fest t h eor em s

The tra nsi ti on from quantum m echani cs to classical m echanics can be re-
al ised by means of the Eherenf est theo rem s

d
dt

Z

ˆ Ê r ˆ dV =
1

m

Z

ˆ Ê ( À iñh r )ˆ dV (1 .1)

and

d2

dt 2

Z
ˆ Ê r ˆ dV =

1

m

Z
ˆ Ê (Àr U ) ˆ dV : (1 .2)

For a single parti cl e described by a wa ve packet, the classical l im it occurs af ter
appl yi ng two condi ti ons [1]. These condi ti ons are

h ( Â r ) 2
i ! 0 (1 .3)

and

h (Â p ) 2
i ! 0 : (1 .4)

(709)
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For a smal l wave packet and for a smooth and slowl y varyi ng potenti al functi on U ,
the right side of Eq. (1.2) can be appro xi mated

À

1

m

Z

ˆ Ê [ r U ( r ) ] ˆ dV = À

1

m
r h rr i U ( h r i ) : (1 .5)

Ma them ati cal detai ls of appro xi m ati on (1.5) can be found e.g. in Refs. [1] and [2].
Uti l izing (1.5) in the ri ght side of (1.2) gives the Newto n law of force for the
centro id of a smal l wave packet

d2

dt 2 h r i = À

1

m
r

h rr i
U ( hr i ) : (1 .6)

In the cl assical l imi t the centro id of the wa ve packet h r i i s repl aced wi th the
coordi nate of the parti cle r and in the sam e way h pi i s replaced wi th p. Thi s leads
to equati ons

dr
dt

=
1

m
p (1.7)

and

d2

dt 2
r = À

1

m
r U: (1 .8)

Co nsidering the Hei senberg uncerta inty relati on

h (Â r ) 2
ih (Â p) 2

i Ñ ñh
2

=4 ; (1 .9)

condi ti ons (1.3) and (1.4) im ply a condi ti on

ñh ! 0 ; (1 .10)

whi ch is general ly understo od as the one expressing the tra nsiti on to classical
m echani cs.

The classical l imi t wi th condi ti ons (1.3) and (1.4) leading to Eqs. (1.7) and
(1.8) appl ies to the wa ve functi ons tha t are so-cal led m inimum uncerta inty wa ve
packets. Ho wever, as i t has been pointed out by Bal lenti ne and col laborato rs, see
R ef. [3], in most of the cases of the cl assical l imit of quantum m echani cs we wi l l
face pro blems where condi ti on (1.10) is sati sÙed, but condi ti ons (1.3) and (1.4)
are not. Such circum stances signi fy tha t the classical l im it of the quantum state
in questi on wi l l be an ensembl e of classical tra jectori es.

2. H y dr od yn am ica l p i ct u re of qu an t um m ech an ics

The classical l imi t of quantum m echanics wi th (1.10), where (1.3) and (1.4)
are not appl ied, can be dem onstra ted by means of substi tuti on

ˆ = R exp ( i ˚ =ñh ) ; (2 .1)

where R and ˚ are real functi ons [4]. Substi tuti on (2.1) appl ied in the ti m e-dependent
Schr �odinger equati on
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iñh
@

@t
ˆ =

1

2 m
( À iñh r ) 2 ˆ + U ˆ (2 .2)

gives equati ons

À 2 m
@R

@t
= 2 r R Â r ˚ + R r Â r ˚ (2 .3)

and

À

@̊

@t
R =

1

2 m
R ( r ˚ ) 2 + R U À

ñh 2

2 m
r Â r R : (2 .4)

Equati on (2.4) has the form of the classical Ham i l to n{ Jacobi equati on wi th an
addi ti onal quantum term . Equa ti on (2.3) is equivalent to the conti nuit y equati on

@£

@t
+ r Â j = 0 ; (2 .5)

where

j = À

iñh
2 m

( ˆ Ê
r ˆ À ˆ r ˆ Ê ) (2 .6)

is the probabi l i t y current density and the quanti ty

£ = ˆ Ê ˆ (2 .7)

is the probabi l i t y density . The probabi l i ty current density (2.6) and the probabi l i ty
density (2.7) in term s of functi ons R and ˚ give

j =
1

m
R 2

r ˚ (2 .8)

and

£ = R 2 : (2 .9)

Equati ons (2.8) and (2.9) appl ied to the conti nui t y Eq. (2.5) turn the latter into

@( R 2 )

@t
+ r Â

˚

R 2 r ˚

m

Ç

= 0 ; (2 .10)

whi ch is indeed the same as Eq. (2.3). The classical l imit expressed wi th (1.10)
im pl ies tha t the quantum term in (2.4) is set to zero:

À

@̊

@t
=

1

2 m
( r ˚ ) 2 + U: (2 .11)

R eal ising tha t (2 .11) has the form of the classical Ham i l to n{ Jacobi equati on
and tha t (2 .10) is the conti nui t y equati on we see tha t ˆ describes a classical Ûuid
of non- intera cti ng parti cles of mass m subj ected to potenti al U . The density and
current density of thi s Ûuid at each point are respectivel y equal to the probabi l i ty
density and the pro babi li t y current densi ty j of the quantum parti cle at tha t point.
The velocit y Ùeld of the classical Ûuid can be deÙned wi th equati on

v =
j

£
=

r ˚

m
: (2 .12)



712 L. Ko cis

The vel ocit y (2.12) sati sÙesthe law of m oti on of the cl assical Ûuid. T o dem onstra te
i t, (2 .12) is used in (2.11) to get

À

@̊

@t
=

m

2
v2 + U: (2 .13)

The gradi ent of (2 .13) yi elds relati on

À m
@v
@t

= v Â r m v + r U; (2 .14)

whi ch im pl ies tha t the parti cles of the Ûuid wi l l obey equati on

m
@v
@t

= Àr U: (2 .15)

The result (2 .15) is exactl y the sam e as (1.8), but the classical l im i t wi th
the Ehrenf est theo rem and the cl assical lim it shown in thi s Section di ˜er qui te
signiÙcantl y. In Sec. 1 the Ehrenf est theorem wa s appl ied to a quantum ensembl e
assumed to be a mini mum uncerta inty wa ve packet. The classical l im it of such
quantum state is a single classical tra jectory described by Eq. (1.8). The classical
l im it in thi s Section did not assume a m inimum uncerta inty wa ve packet because
condi ti ons (1.3) and (1.4) were not appl ied, so i t yi elded a vel ocit y Ùeld and thus
also an ensemble of classical tra jectori es com monl y cal led \ the hydro dyna mical
pi cture of quantum mechanics" .

For a potenti al functi on sati sfyi ng condi ti on U < E for the who le space
the hydro dyna mical picture of quantum m echani cs gives a spati al ly unrestri cted
vel ocity Ùeld, where at a given point the vel ocit y (2.12) has exactl y one value.
Thi s represents a somewhat di storted vi ew of the real i ty . A real istic distri buti on,
regardl essof whether i t is quantum or cl assical , is spati al ly l im i ted and the vel ocity
of the parti cle at a given point has not a single value but a distri buti on of di ˜erent
values. Studi es on the ti m e devel opm ent of real isti c distri buti ons, both quantum
and classical , can be found e.g. in Refs. [3, 5, 6].

If the potenti al functi on sati sÙescondi ti on U < E onl y in a restri cted area
of the space, then the velocity Ùeld is also restri cted into the sam e area. At a
given point wi thi n the area U < E the vel ocit y of the parti cle, whi ch is now
oscil lati ng, wi ll have two possible values. (Pa rti cl e going forth and back.) Thi s
pi cture contra dicts the phi losophy of Eq. (2.12), where a sing le value of the vel ocity
is assumed. It is also at odds wi th any real isti c case, where at a given point the
vel ocity of the parti cle has to have a distri buti on of velociti es.

3. Ham i l t on{ J aco bi equ at ion for t he cen t ro id of a sm al l wa ve p acket

The purp ose of thi s Section is to show tha t the classical l im it wi th sub-
sti tuti on (2.1) does not necessari ly imply the hydro dyna m ical pi cture of quantum
m echani cs. The appro ach presented here is to assume a m inimum uncerta inty wa ve
packet and deri ve the classical Ham i lto n{ Jacobi equati on for the wave packet cen-
tro id.
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Let us compute the mean value of the i -th com ponent of m om entum using
the form ula

h p i i =

Z

ˆ Ê ( À iñh )
@̂

@x i

dV ; i = 1 ; 2 ; 3 : (3 .1)

Appl yi ng substi tuti on (2.1) in the ri ght side of (3.1) gives two term s

h p i i = À iñh
Z

R
@R

@x i

dV +

Z
R 2

@̊

@x i

dV : (3 .2)

The Ùrst integra l in (3.2) is zero

À iñh
Z

R
@R

@x i

dV = À iñh
Z

@

@x i

( R 2 ) dV = 0

because functi on ˆ Ê ˆ = R R is integ rable. Assum ing tha t the Ùrst deri vati ve of ˚

does not change appreci abl y wi thi n the smal l wa ve packet, the term @̊ =@x i in (3 .2)
can be replaced by @̊ =@h x i i . Further, the term @̊ =@x i in (3 .2), now appro xi mated
as @̊ =@h x i i , can be m oved in front of the integ ra l , so the second integ ra l in (3.2)
is rewri tten as

Z
R 2

@̊

@x i

dV =
@̊ ( h x i i )

@h x i i

Z
R 2dV : (3 .3)

Thi s is sim i lar to the appro xi mati on (1.5). Equati on (3.3) in (3.2) gives

h p i i =
@̊

@h x i i

:

The form ula just obta ined can be wri tten also in the vecto r form

h p i = r
h rr i

˚ : (3 .4)

The next step is to compute the dispersion of m omentum. The deÙniti on of
the dispersion of the i - th component of mom entum can be wri tten in the f orm

h (Â p i ) 2
i = Àh p i i

2 + h p 2
i i ; i = 1 ; 2 ; 3 : (3 .5)

Substi tuti on (2.1) appl ied in the second term in the ri ght side of (3.5) causes tha t
thi s term expands into three integra ls

h (Â p i ) 2
i = Àh p i i

2
À ñh 2

Z
R

@2 R

@x 2
i

dV À iñh
Z

@

@x i

˚

R 2
@̊

@x i

Ç

dV

+

Z
R 2

˚
@̊

@x i

Ç 2

dV : (3 .6)

The second integ ral in (3.6) is zero. The thi rd integ ra l in (3.6) can be appro xi mated
as (@̊ =@h x i i ) 2 because of the wa ve packet being smal l , and the Ùrst term , Àh p i i

2

wi th the help of (3 .3) is À ( @̊ =@h x i i ) 2 . Thus the Ùrst term and the last term in the
ri ght side of (3.6) add up to zero. Hence f or a smal l packet Eq. (3.6) is reduced to

h (Â p i ) 2
i = À ñh 2

Z

R
@2 R

@x 2
i

dV : (3 .7)
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The vecto r form of (3.7) is

h (Â p ) 2
i = À ñh 2

Z

R r Â r R dV : (3 .8)

No w we can turn to the deri vati on of the classical Ham i l to nÀ Jacobi equati on.
The Ùst step in thi s di recti on wa s already made by appl yi ng substi tuti on (2.1) in
the Schr�odinger equati on (2.2) thus getti ng Eqs. (2.3) and (2.4). Let us m ulti ply
Eq. (2.4) by R from the left and integ rate over the whole space

À

Z
@̊

@t
R 2 dV =

1

2 m

Z

( r ˚ ) 2 R 2 dV +

Z

U R 2 dV À

ñh 2

2 m

Z

R r Â r R dV : (3 .9)

The resul t we got is exact. It was derived wi tho ut neglecting anythi ng. No te tha t
Eq. (3.9) is l ike the Ehrenf est equati on (1.2). Further we recal l tha t the wa ve
packet is smal l and tha t f uncti ons U; ( r ˚ ) 2 ; and @̊ =@t are assumed smooth. Such
functi ons wi l l change onl y by smal l values wi thi n the wave packet in the same
wa y as any reasonable and conti nuous functi on y = f ( x ) wo uld change wi thi n the
interv al ( x ; x + d x ), where d x i s not a di ˜erenti al but onl y a small value. At these
condi ti ons i t is adv anta geous to assume appro xi m ati ons

Z
U ( r )R 2 dV = U ( h r i )

Z
R 2 dV ; (3 .10)

Z

[ r ˚ ( r )] 2 R 2 dV =
È

r h rr i ˚ ( h r i )
Ê2

Z

R 2 dV (3 .11)

and
Z

@̊ (r )

@t
R 2 dV =

@̊ ( h r i )

@t

Z

R 2 dV : (3 .12)

Appro xi mati ons (3.10){ (3 .12) are of the sam e typ e as appro xi mati ons (3.3) and
(1.5). Appro xi m atio ns (3.10), (3 .11), and (3.12) are now uti l ized in (3.9) whi ch
yi elds equati on

À @̊ ( hr i )

@t

Z

R 2 dV =
1

2 m
[ r h rr i ˚ ( hr i )] 2

Z

R 2 dV + U ( hr i )

Z

R 2 dV

À

ñh 2

2 m

Z

R r Â r R dV ; (3 .13)

where ˚ and U are now functi ons of h r i .
Functi on ˚ in Eq. (3.9) depends only on r and t in the sam e way as the wa ve

functi on ˆ in the Schr�odinger equati on (2.2) depends only on r and t . Because of
thi s sim ple fact, functi on ˚ in Eq. (3.9) does not corresp ond to the acti on functi on
of classical m echanics. On the other hand, Eq. (3.13) has used appro xi matio ns
(3.10){ (3 .12), where ˚ and U becam e functi ons of h r i . Lo oki ng now at (3.4) we
Ùnd tha t for a smal l wa ve packet functi on ˚ has to be also a f uncti on of h p i , and
not p. To summ ari se, we state tha t the ˚ in (3 .13) and (3.4) is now a functi on
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of h p i , h r i , and t , whi le the physi cal m eaning of hp i is given by the Ehrenf est
equati on (1.1).

If we ta ke into account tha t the wave functi on is norm al ised to 1 and use
Eq. (3.8), Eq. (3.13) reduces to

À

@̊ ( hr i )

@t
=

1

2 m
[ r

h rr i
˚ ( hr i )] 2 + U ( hr i ) +

1

2 m
h (Â p ) 2

i : (3 .14)

Condi ti on (1.4) suggests tha t the last term in Eq. (3.14) can be dropped. Equa ti on
(3.14) then becomes the Ham i l to n{Ja cobi equati on wri tten for the centro id of a
smal l wa ve packet

À

@̊ ( hr i )

@t
=

1

2 m
[ r h rr i ˚ ( hr i )] 2 + U ( hr i ) : (3 .15)

In Eq. (3.15) functi on ˚ i s now the acti on functi on of classical mechanics for
h p i and h r i . Because of the extrem ely smal l uncerta inti es of p and r for macro -
scopical bodi es, we can rewri te, or rename h pi as p, and hr i as r . If we do so then
(3.15) becomes (2.11) and (3.4) becom es

p = r ˚ : (3 .16)

If potenti al U does not depend on ti m e, the to tal mean energy does not
depend on ti me as well , and i t can be calcul ated using form ula

h E i =

Z

ˆ Ê Ê ˆ dV ; (3 .17)

where

Ê = iñh
@

@t
: (3 .18)

Substi tuti on (2.1) and the energy operato r (3 .18) are used in (3.17) to get

h E i = À iñh

Z

R
@R

@t
dV À

Z

R 2
@̊

@t
dV : (3 .19)

The Ùrst integra l in (3.19) is zero

Z

R
@R

@t
dV =

1

2

@

@t

Z

R 2 dV =
1

2

@

@t

Z

ˆ Ê ˆ dV = 0 :

Appl yi ng (3.12) to the second integ ra l on the ri ght side of (3.19) gives

h E i = À

@̊ ( hr i )

@t
: (3 .20)

Equati on (3.20) al lows tha t the left side of (3 .15) can be repl aced by h E i
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h E i =
1

2 m
[ r

h rr i
˚ ( h r i )] 2 + U ( h r i ) : (3 .21)

Equati on (3.21) is the Ham i l ton{ Jacobi equati on for the centro id of a smal l wa ve
packet for a stati c Ùeld. Fol lowing the idea of the text after (3 .15), we repl ace
h r i ; h p i , and h E i by r , p , and E , respectivel y to get

E = À

@̊

@t
(3 .22)

and

E =
1

2 m
[ r ˚ ] 2 + U: (3 .23)

A general ly valid equati on tha t links the parti cl e Ûow and parti cle density
of a volum e element, or, of a single parti cle, j = £v al lows tha t for a smal l wa ve
packet we can wri te equati on

Z
jdV =

˚ Z
£dV

Ç
h v i ; (3 .24)

where h v i denotes the vel ocity of the wa ve packet. If we use expression (2.8) in
the left side of (3 .24) and the f orm ula for the probabi l i ty density (2.9) in the ri ght
side of (3.24), the latter turns into equati on

r
h rr i

˚ ( h r i ) = m h v i : (3 .25)

Consistency of (3.25) wi th both (3.4) and (1.1) is obvi ous.
The deri vati on of the Ham i l ton{ Jacobi equati on given in thi s Section demon-

stra tes tha t substi tuti on (2.1) can be successful ly appl ied for the tra nsiti on to
cl assical mechanics wi th condi ti ons (1.3) and (1.4). The appro ach to the classi-
cal l im it presented in thi s Section is so e£ cient tha t i t is appl icable also to the
Kl ein{ Gordon equati on [7], where other appro aches to the classical l im i t fai l . The
sim i larit y of the cl assical l im it given in thi s Section wi th the Ehrenf est theo rem in
Sec. 1 can be seen i f we com pare the Ehrenf est equati on (1.2) wi th Eq. (3.9), and
then Eq. (1.6) wi th Eq. (3.15).
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