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W e investi gate a w eak-coupling approac h to supercon duc tivi ty in the

density of states that develops in the tw o-dimensional lattice w ith the van
H ove singulari ty lo cated at the Fermi level . E xact analytica l expression s for
the superconducti ng order parameter at zero temp erature (Â ( 0 ) ) and for dis-
continuity in the speciÙc heat at critical temp erature (Â C ) w ere derived. W e

show that the presence of the logarithmi c singul ari ty hardly a˜ects the ratio
2 Â (0) = k T c , whereas the temp erature dep endence of Â C can pronouncedl y
deviate from the standard BC S result.

PACS num b ers: 74.25.K c

1. I n t rod uct io n

Since 1986 [1] a lot of exp erim enta l and theo reti cal work has been carri ed
out in order to understa nd the mechanism of high- tem perature sup erconducti v-
i ty . D espite serious ẽ o rts the basic questi ons related to thi s phenomenon rem ain
open problems. The qual i ta ti ve and quanti ta ti ve di ˜erences between the system s
under considerati on and conventi onal superconducto rs show up both in norm al
and sup erconduc ti ng state. These di ˜erences are m ainly attri buted to the pres-
ence of stro ng Coul omb intera cti on, phonon- free contri buti on to pai ri ng correl a-
ti ons [2] and the two- dimensional character of hi gh- temperature sup erconducti v-
i ty , whi ch devel ops in copp er{ oxygen planes. Al tho ugh, i t is rather wi dely believed
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tha t the hi gh-T c superconduct ors cannot be properly described wi thi n the usual
BCS theo ry, i t seems interesti ng to inv estigate whi ch properti es of these materi als
requi re a com pletel y new appro ach and whi ch can be expl ained wi thi n a m odi Ùed
weak- coupl ing theory . In parti cul ar, i t has been shown tha t the van Ho ve singu-
lari ty can resul t in an im porta nt lowering of the isoto pe shift exponent [3] and can
lead to a positi ve curvature of the upp er cri ti cal Ùeld [4]. Theref ore, thi s parti cul ar
feature of the two- di mensional densi ty of sta tes can lead to qual i ta ti ve di ˜erences
wi th respect to resul ts obta ined wi thi n the standard BCS appro ach. In order to
obta in a superconducti ng phase tra nsiti on one needs a Ùnite coupl ing between the
2D planes. Ho wever, we assume tha t thi s coupl ing is smal l enough to neglect i ts
contri buti on to the gap equati on.

2. R esul t s an d d iscu ssio n

In the present paper we di scuss the im pact of the van Ho ve singulari ty on
the basic superconducti ng pro perti es. We obta in accurate analyti cal expressions
for the cri ti cal tem perature (T c ), the order param eter at zero tem perature (Â ( 0 ) ),
the rati o 2 Â (0 ) =k T c , tem perature dependence of the order param eter and the di s-
conti nui ty in the speciÙc heat tha t occurs at the superconducti ng phase tra nsiti on.
The pro blems considered in the present paper have also been di scussed by Goi-
cochea in R ef. [5]. The auto r obta ined self-consistent equati ons for T c , Â (0 ), and
used appro xi mate tem perature dependence of Â near T c . Here, we present expl icit
analyti cal expressions for these quanti ti esas wel l as for the rati o Â C =T c . There is
no essential di ˜erence between results deri ved in Ref. [5] and presented here. The
analysis shows tha t the van Ho ve singul ari ty in the conventio nal BCS theo ry can-
not expl ain the large values of the order param eter Â ( T ) near T c and the speciÙc
heat jum p [6].

Our starti ng point is the BCS gap equati on
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where V i s the pai ri ng potenti al and ! D represents the characteri stic phonon
frequency. We consider a two -dim ensional system where a logari thm ic singulari ty
in the density of sta tes is situa ted at the Ferm i level
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In parti cul ar, f or a two -dim ensional square latti ce and nearest-neighbor hoppi ng
integ ra l t the density of sta tes is accuratel y repro duced wi th b = 0 : 0 4 6 8 7 t

and b = 2 1 : 1 7 7 9 6 t [4].
Let us start wi th a discussion of the gap functi on at zero tem perature, Â (0 ) .

For T = 0 the integ ra l on the ri ght- hand side of Eq. (1) can be exactl y evaluated [7].
Then
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where Li n ( z ) i s the polyl ogari thm functi on Li n ( z ) =
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¤ 2 =6 . W hen carryi ng out the elementary algebra ic tra nsform ati ons in (3), we ob-
ta in a simpl e expression for the gap f uncti on
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On the other hand, one can adapt the form ul a for the superconducti ng tra nsi ti on
tem perature deri ved in Ref. [3]:
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and a = 2eÛ =¤ 1 : 1 3 ( Û is the Eul er constant). Then one, can easily obta in the
rati o
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Fi gure 1 shows the rati o of the gap parameter and the superconducti ng tra nsi-
ti on tem perature as a f uncti on of the pai ri ng potenti al . Here, we compare resul ts
calculated wi th the van Ho ve singulari ty wi th the value obta ined wi thi n the stan-
dard BCS appro ach wi th a constant density of sta tes (2 Â (0 ) =k T c 3 :52). One
can see tha t the logari thm ic singulari ty in the density of sta tes resul ts in a slight
enhancement of thi s quanti ty . The devi ati on from the standard BCS resul t is m ore
vi sibl e for higher superconducti ng tra nsiti on tem peratures. However, the v an Ho ve
singulari ty i tsel f cannot expl ain the experim ental values of thi s rati o, whi ch have
been obta ined for high- tem perature superconduc to rs [8].

In order to calculate the tem perature dependence of the order parameter
Â ( T ) close to the tra nsiti on tem perature we f ollow the standard pro cedure di s-
cussed in R ef. [9]. W i th the help of the ferm ioni c Ma tsuba ra frequenci es, ! n , one
can rewri te Eq. (1) in the form
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Fig. 1. T he ratio 2Â (0) =k T c as a function of the pairing potential V . The horizontal

line indic ates the value obtained w ithin the standard BC S approach with a constant

density of states.

Fig. 2. K r 1 as a function of temp erature calculated for di˜erent values of the super-

conductin g transition temp erature. See the text for details (E q. (13)).

Fig. 3. K r 2 as a function of the transition temp erature. See the text for details

(Eq. (17)).
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The T aylor expansi on around T c yi elds the fol lowing equati ons:
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whi ch al lows one to calculate the superconduct ing order param eter Â ( T )
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In the BCS regim e k T c ! D . Theref ore, when calculati ng the right- hand side of
the above equati on one can assume tha t ! D . Thi s sim pl iÙcati on al lows one
to obta in an expl ici t expression f or the gap functi on
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and ± denotes the Riemann zeta functi on. The di ˜erence between results obta ined
wi th a consta nt density of sta tes [9] and the van Ho ve singul ari t y shows up in the
presence of K r ( T ) . Fi gure 2 shows thi s quanti t y as a functi on of tem perature.
One can see tha t K r 1 . Theref ore, the presence of logari thm ic singulari ty
also hardl y m odiÙes the temperature dependence of the order parameter when
compared to the standard BCS appro ach.

The speciÙc heat j um p tha t occurs at the tra nsiti on tem perature can be
determ ined from the di ˜erence of therm odyna m ic potenti al between the super-
conducti ng and norm al states [9]
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In the presence of the logari thm ic singulari ty the integ ra l , whi ch enters the above
equati on, reads
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Then, one can easily Ùnd an analyti c expression for the jum p of the speciÙc heat

Â C = K r 2 ( T c )
8

7 ±(3 )
( ¤ k ) 2 Tc : (18)

Here, K r 2 represents a devi ati on from the linear dependence between Â C and T c

whi ch can be obta ined wi th a constant density of states [9]. Fi gure 3 shows K r 2

as a functi on of the cri ti cal tem perature. In the presence of the van Ho ve singul ar-
i ty the rati o Â C =T c decreases wi th the enhancement of the cri ti cal tem perature,
wherea s in the standard BCS form ulati on thi s rati o does not depend on the m odel
parameters. Theref ore, the van Ho ve singul ari ty leads to a qual i ta ti ve modiÙcati on
of the speciÙc heat jum p tha t occurs at the phase tra nsiti on.

3. Co n cl usion s

In the present wo rk exact analyti cal form ula efor the zero tem perature energy
gap, the rati o 2 Â (0 ) =k T c , temperature dependence of the order parameter near
T c , and the speciÙc heat jum p at the pha se tra nsiti on are derived wi th the van
Ho ve singulari ty . Our resul ts show tha t wi thi n a weak-coupl ing appro ach the rati o
2 Â (0 )= k T c hardl y depends on the detai ls of the density of sta tes. In parti cular, the
van Ho ve singulari ty leads only to a negl igibl e enhancement of thi s quanti ty . The
tem perature dependence of the order param eter is also rather insensiti ve to the
presence of logari thm ic singulari ty in the density of sta tes. Ho wever, thi s parti cul ar
feature of the tw o-dimensional superconducto rs can show up in the j um p of the
speciÙc heat, whi ch ta kes pl ace at the superconduc ti ng tra nsiti on tem perature.
Here, one Ùnds a qual i tati ve di ˜erence wi th respect to the standard appro ach,
whi ch assumesa constant density of sta tes. Na mely, in the presence of the van Ho ve
singulari ty the rati o of (Â C )=T c decreases wi th an enhancement of the pai ring
correl ati ons. Thi s result suggests tha t two -di mensional features may be importa nt
when consideri ng behavi or of physi cal quanti ti es at the sup erconduc ti ng phase
tra nsiti on. Note tha t thi s occurs on the BCS level. W i thi n the strong-coupl ing
theo ry the exact resul ts are not yet accessibl e.
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