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Th e ite rati ve sol utio ns of the previousl y derived operator equation whi ch
deÙnes an open- ended formalism for the reduction of the 4-comp onent Dirac
H amiltoni an to 2-comp onent \electronic " operators of arbitrarily high ac-

curacy , are discussed . I t is show n that by departing from the approach
based solely on the operator algebra one can deÙne the initial iterative
solution w hich leads to the 2-comp onent Douglas { K rol l H amiltonia n. T he

present deriv ation reveals the origin of the success of metho ds based on
the Douglas{ K roll H amiltonian . I t also show s that among relatively simple
2-comp onent H amiltonians , w hich are exact through the fourth p ower of the

Ùne structure constant, the Douglas{K rol l operator is the most complete one.
A lso a computational l y convenient and highly compact formula for matrix
elements of the Douglas{K rol l H amiltonian is obtained as a by- pro duct of
this investigation.

PAC S numb ers: 31.15.{p, 31.30.Jv

1. I n t rod uct io n

The attem pts to reduce the 4-com ponent D i rac Ham i lto nian [1] to t wo mu-
tua l ly independent 2-com ponent operato rs go back to the earl y days of quan-
tum m echanics. The form al soluti on of thi s problem has been given by Foldy and
W outh uysen (FW ) [2] and found to lead to essential ly singular operato rs, m aki ng
the resulti ng two -comp onent Ha mi lto nians useless in appl icati ons going beyond
the order of ˜ 2 ( ˜ = 1 =c, where c i s the veloci ty of l ight, c ¤ 1 3 7 : 0 3 6 a.u. of
vel ocity). Thi s pro blem app ears to have been resolved in the m etho d proposed
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by D ouglas and Kro l l (D K) [3]. Owi ng to its implem enta tio n by Hess et al . [4{ 6]
the 2-com ponent D K Ham i lto nia n has been m ade into one of the m ost successful
to ols of the rela ti vi sti c quantum chemistry . A competi ti ve 2-component techni que,
whi ch expl icitl y avo ids the presence of singul ar operato rs, has been pro posed some
years ago by Sni jders et al . [7{ 9].

R ecently, Barysz, Sadl ej, and Sni jders (BSS) [10] have investigated an al -
terna ti ve appro ach to the bl ock-diagonali zati on probl em. Thi s appro ach has been
form ulated in term s of the operato r equati on, whose soluti ons determ ine the uni -
ta ry tra nsform ati on to be perf orm ed on the D irac Ha mi lto nian. Soluti ons of thi s
equati on can be generated i tera ti vel y and lead to a fam ily of 2-component Ha mi l -
to ni ans whi ch can be m ade e x ac t thro ugh any desired order in ˜ 2 . The resulti ng
2-com ponent BSS Ham i l tonia ns whi ch are ex act thro ugh the given k -th order in
˜ 2 di ˜er by som e conta m inants of al l hi gher orders in ˜ 2 . The perform ance of the
given ˜ 2 k -order BSS Ham i l tonia n h 2 k signiÙcantl y depends on the incl uded por-
ti on of these higher order term s [11]. Some general aspects of the relati on between
the D K and BSS Ha mi l to nians have been analysed earl ier [10]. It has been shown
tha t thro ugh term s of the order of ˜ 4 the h 4 BSS Ha m il to nian is ful ly equivalent
to tha t of the DK m etho d. Thi s Ùndi ng has been used to pro ve tha t in both cases
the one-electron energy eigenvalues are ex act thro ugh the order of ˜ 4 [10].

The i tera ti ve soluti on of the operato r equati on underl yi ng the generati on of
the 2-component Ham i lto ni ans of arbi tra ri ly hi gh accuracy wi th respect to ˜ 2 i s
a very attra cti ve analyti c to ol whi ch can be used to gain a deeper insi ght into the
structure and contents of di ˜erent metho ds. The purp ose of thi s paper is to further
expl oi t thi s to ol in the inv estigati on of relati ons between h 4 and D K Ha mi lto nians.
It wi l l be shown tha t wi th a certa in parti cul ar choice of the soluti on of the i tera ti ve
scheme leadi ng to BSS Ham i l to nians one obta ins the two -comp onent D K Ha mi l to -
ni an. Thi s analysis reveals the secret of the excepti onal ly good perform ance of the
D K m etho d and shows how several higher order term s are summ ed up to inÙnity .
In term s of the present analysis the D K metho d reappears as possibl y the most
powerf ul scheme of the leading order of ˜ 4 [10].

A bri ef summ ary of the BSS appro ach wi l l be presented in Sec. 2. The
i tera ti ve soluti ons of the operato r equati on for the determ inati on of the bl ock-
-diagonal izing uni ta ry tra nsform ati on wi l l be discussed in Sec. 3. It wi l l be shown
tha t one of these soluti ons leads to a com pact tw o-com ponent Ha m ilto nian whi ch
is ful ly equivalent to the usual D K operator [3, 5]. The pro of of thi s equivalence
is given in App endi x. The extensi on of the ˜ 4 -order theo ry to higher orders in ˜ 2

and related issues wi l l be di scussed in Sec. 4.

2. A sur v ey of t h e der i vat io n of t h e B SS Ha m i l t on ian s

The purp ose of thi s survey is m ainly to establ ish the nota ti on used in the
present paper. A more deta iled derivati on of di ˜erent equati ons and thei r di s-
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cussion can be f ound in R ef. [10]. Let H 0 be the D irac-typ e Ha mi l to nian f or an
electron m ovi ng in the externa l potenti al V . In the usual nota ti on [1, 10, 12]

H 0 = c ˜ p + Ùc 2 + ( V À c2 ) I =

˚
V c¥ p

c¥ p V À 2 c 2

Ç

: (1)

The ato m ic uni ts are used thro ughout thi s paper and c denotes the velocity of
l ight. Its inverse ˜ i s the usual orderi ng param eter in the perturba ti on trea tm ent
of relati vi stic e˜ects [1, 2, 13, 14]. Al terna ti vely, one can use the expansi on in term s
of the coupl ing between the electron and externa l Ùelds [3].

The ini ti al step in the developm ent of possibl y non-singular two- component
theo ri es is the tra nsform ati on of H 0 by the exact free-parti cle Foldy À W outh uysen
(f pFW ) uni ta ry tra nsform ati on U 0 [2, 3, 10]. The resul ti ng tra nsform ed Ha mi l to -
ni an H 1 = U y

0
H 0 U 0

H 1 =

˚
T p + A ( V + ˜ 2 B V B ) A ˜ A [ V ; B ] A

˜ A [ B ; V ] A À 2 ˜ À 2
À Tp + A ( V + ˜ 2 B V B ) A

Ç

; (2)

where

A =

s
e p + 1

2 e p

; B =
1

ep + 1
¥ p; ep =

p
1 + ˜ 2 p 2 ; (3)

and

T p = ˜ À 2 ( ep À 1 ) (4)

is ful ly equivalent to H 0 . The prel im inary fpFW tra nsform ati on of H 0 i s believed to
be responsibl e for the absence of operato rs whi ch wo uld lead to severe diverg encies
in num erical appl icati ons [15]. Thi s, however, is concl uded m ostl y on the basis of
num erical calcul ati ons (see also R ef. [16]).

The next step is to determ ine a uni ta ry tra nsform ati on U whi ch bri ngs H 0

into bl ock-di agonal form

H = U y H 1 U =

˚
h + 0

0 h
À

Ç

: (5)

Thi s tra nsform ati on can be chosen in the fol lowing form [10, 17]:

U =

˚
¨ + R À ¨ À

R + ¨ + ¨ À

Ç

; (6)

where

¨ + = (1 + R
y

+ R + ) À 1 = 2 ; ¨ À = À (1 + R
y

À
R À ) À 1 = 2 ; R À = À R

y

+ ; (7)

and R + is the root of the fol lowing operator equati on [17]:

R = [ ( H 1 )2 2 ] À 1 [ À ( H 1 )2 1 + R ( H 1 ) 1 1 + R (H 1 ) 1 2 R ] ; (8)

whi ch corresponds to the assumpti on tha t R + i s a \ smal l " operato r as com pared
to the other operato rs in the r. h. s. of Eq. (8). The sym bols ( H 1 ) i j refer to the
( i; j )- th 2 È 2 bl ock of the Ham i l toni an H 1 of Eq. (2).
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Once Eq. (8) is solved, the \ electronic" 2-com ponent Ha m ilto nian h + as-
sumes the fol lowing form :

h + = ¨
y

+ ( H 1 ) 1 1 ¨ + + ¨
y

+ R
y

+ ( H 1 ) 2 1 ¨ + + ¨
y

+ ( H 1 )1 2 R + ¨ +

+ ¨
y

+ R
y

+ ( H 1 ) 2 2 R + ¨ + : (9)

Up on combini ng thi s equati on wi th i tera ti ve soluti ons of Eq. (8) one can derive
a series of appro xi mati ons h 2 k to h + , whi ch are ex act thro ugh the k - th order
in ˜ 2 [10]. In thi s paper parti cular attenti on wi ll be given to h 4 Ham i lto nia ns, i .e.,
to tho se whi ch are exact thro ugh the order of ˜ 4 .

For the purp ose of the present analysis let us consi der the expl icit form of
the operato r equati on (8). Af ter substi tuti ng the appro pri ate 2 È 2 blocks of H 1

thi s equati on can be wri tten as:

2 R = ˜ 3 A [ B ; V ] A À ˜ 2
f R ; T p g + + ˜ 2 [ AV A; R ] + ˜ 4 [ AB V B A; R ]

À ˜ 3 R A [ V ; B ] AR ; (10)

where f . . . ; . . . g + denotes the anti com muta to r. The analysis of the leading or-
der [10] in ˜ for the operato rs enteri ng Eq. (10) shows tha t R has the leading
order of ˜ 3 . Thro ugh thi s leading order in ˜ the approxi mate soluti on for R reads

R ¤

1

2
˜ 3 A [ B ; V ] A (11)

and gives the sim plest h 4 BSS Ha m il toni an investigated in Ref. [10]

h 4 = h
(0 )

4
= Tp + A (V + ˜ 2 B V B )A +

1

2
˜ 4 A [ V ; B ] AA [ B ; V ] A: (12)

Thi s Ham i l to nian has been shown to be equivalent to the D K Ham i lto ni an thro ugh
term s of the order of ˜ 4 .

3 . It er at i ve sol ut io ns for R an d t he D K Ham i l t on ian
The use of the expl icit operato r equati on (8) wi tho ut ref erence to i ts rep-

resentati on in a certa in selected basis set o˜ers qui te obvi ous form al adv anta ges.
Thi s techni que can be used to deri ve a v ariety of 2-com ponent m etho ds whi ch are
ex act thro ugh arbi tra ri ly high order in ˜ 2 [10, 11]. Ho wever, the use of i tera ti ve
m etho ds bri ngs about the questi on of thei r converg ence and the related questi on
of the choice of the ini ti al appro xi m ati on to R . Given some ini ti al appro xi mati on
R (0 ) to R , the i tera ti ve scheme R ( n +1 ) = f ( R ( n ) ) m ay not necessari ly col lect the
hi gher-order contri buti ons e£ ci entl y enough.

The choice of R (0 ) in the form given by Eq. (11) was based on the selection
of leadi ng contri buti ons wi th respect to ˜ . However, one should note tha t the
anti commuta to r expression in the r.h. s. of Eq. (10) can be wri tten in the fol lowi ng
form :

˜ 2
f R ; T p g + = f R ; ep À 1 g + : (13)
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Thus, the anti commuta tor becom es apparentl y of the same order as R , tho ugh one
should remember tha t the operato r ( e p À 1 ) i s itsel f of the leadi ng order of ˜ 2 . The
identi ty (13) im medi atel y suggests tha t a useful ini ti al appro xi matio n, say ~R , to
R wi l l be generated by the soluti on of the fol lowi ng equati on:

f ~R ; ep g + = ˜ 3 A [ B ; V ] A; (14)

whi ch can be cast into m ani festl y i tera ti ve form

(1 + e p ) ~R = ˜ 3 A [ B ; V ] A À
~R ( ep À 1 ) ; (15)

wi th the soluti on

~R =

1X

n =0

( À 1 ) n

(1 + e p ) n +1
A [ B ; V ] A ( ep À 1 ) n : (16)

One shoul d note tha t Eq. (14) is equivalent to the com muta tor equati on used in the
deri vati on of the DK Ham i lto nia n [3, 5]. In the BSS appro ach thi s equati on app ears
as a generato r of the ini ti al R whi ch is then to be used in the i tera ti ve soluti on of
Eq. (10). T o further analyse i ts soluti on and to avoid the use of inÙnite summ atio ns
i t is convenient to intro duce the m atri x representati on of the operato r ~R .

The basis set representa ti on of soluti ons of the com muta to r equati ons is the
comm on practi ce in the deri vati on of the D K Ha mi lto nian [3, 5]. The soluti on is
obta ined by usi ng a basis set whi ch diagonal izesthe p 2 operato r Ê

h k j p 2
j k 0

i = w k £ k ;k 0 : (17)

As a consequence the sam e basis set di agonal izes the e p ; T p ; A; and B operato rs.
In parti cul ar

h k j ep j k 0
i = E k £ k ;k 0 : (18)

Thus, the soluti on ~R of Eq. (14) in the basis set j k i becom es

~R k k 0 = h k j
~R j k 0

i = ˜ 3
D

y

k k 0

E k + E k 0

; (19)

where

D
y

k k 0 = h k j D y
j k 0

i = h k j A [B ; V ] A j k 0
i : (20)

One should note tha t ~R i s equivalent to the exact R thro ugh the order of ˜ 3

and conta ins som e contri buti ons of al l hi gher orders in ˜ . In consequence, the
correspondi ng two -comp onent Ha mi lto nian ~h 4 wi l l be ex act thro ugh the fourth
order in ˜ and can be form al ly wri tten as

~h 4 = T p + A ( V + ˜ 2 B V B ) A +
1

2
˜ ( A [V ; B ] A ~R + ~R y A [B ; V ] A ) : (21)

Ê I n t h e ori gin a l der ivat ion of t h e DK Ha m il t on ia n [ 3] t he set j k i i s m ea nt t o b e t h e m o m ent um

ei gen fu n ct ions
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Its m atri x elements in the j k i basis set becom e

h k j ~h 4 j k 0
i = h k j T p + A ( V + ˜ 2 B V B ) A j k 0

i

+
1

2
˜ 4

X

k 00

˚

D k k 00

1

E k 00 + E k 0

D y

k 00 k 0
+ D k k 00

1

E k 00 + E k

D y

k 00 k 0

Ç

: (22)

It can be shown (see App endix) tha t the ˜ 4 -order operato r given by Eq. (22)
is exactl y equiva lent to the D K Ha m ilto nian, i .e., ~h 4 = h D K and ~R = R DK . The
form of the DK Ham i lto ni an deri ved in thi s paper is m uch simpl er tha n tha t of the
ori gina l h DK [3, 5]. Mo reover, the present metho d of i ts derivati on reveals several
aspects of the i tera ti ve procedure [10, 11] of solvi ng Eq. (10).

4 . D iscu ssio n
The deri vati on of the DK Ham i l to nian presented in thi s paper shows tha t

i t belongs to the class of the h 4 BSS operato rs and corresp onds to a certa in par-
ti cul ar form of the ini ti al izati on of the i tera ti ve soluti on of Eq. (10). It is obvi ous
tha t in the algebra ic appro ach [10, 17] to the bl ock-diagonal izati on of H 1 there are
inÙni tel y m any ways of deÙning the ini ti al i tera ti ve step. The simpl est one, given
by Eq. (11), was form ally analysed in R ef. [10]. Tho ugh convenient from the point
of vi ew of the form al analysis of the contents of the h 2 k Ham i lto ni ans, thi s ap-
pro xi mati on is by no m eans the m ost e£ cient one in com puta ti onal appl icati ons.
On the other hand, the soluti on for R DK is either given by the inÙni te operato r
series (16) or in term s of i ts m atri x elements (19).

For im plementa ti ons of the D K m etho d the use of the highly com pact Eq. (22)
is obvi ously advanta geous. Ho wever, the Ham i lto nia n deÙned in term s of i ts m a-
tri x elements becomes basis set dependent. Thus, for the di scussion of analyti c
features of di ˜erent 2-com ponent Ha m il to nians the i tera ti ve soluti ons for R are of
certa in preference. It is wo rthwhi le to note tha t by m anipul ating Eq. (10) several
other i tera ti ve schemes wi th expl ici t soluti ons for R can be devel oped [11]. Thi s
resembl es the stra teg ies used in m any-b ody theori es of the electro n correl ati on.
Thei r success depends on the e£ ciency of parti al inÙni te summatio ns of certa in
cl assesof diagram s or in other words, on the choice of the i tera ti ve scheme for the
soluti on of certa in nonl inear equati ons [22].

One of the ways of deÙning the so-cal led D K2 appro xi matio n [3, 5] is by
requesti ng tha t the corresp ondi ng Ham i lto nian conta ins al l term s thro ugh the
second order in the intera cti on potenti a l V . Som epref erence of thi s choice has been
extensi vel y di scussedby Kutzel ni gg [15]. Accordi ng to the deri vati on presented in
thi s paper the DK2 Ha mi lto nian can be al terna ti vel y classiÙed as a member of
the h 4 class of the BSS Ham i l tonia ns. The di ˜erence between various ways of
ini ti al izing the soluti on of Eq. (10) am ounts to di ˜erent stra teg ies of incl uding
in the l .h.s of thi s equati on as m any as possible term s of the higher order in ˜ 2 .
In consequence, the leading contri buti on to the ini ti al R rem ains of the order ˜ 3

wherea s the (incom plete) contri buti on of term s of the higher order in ˜ 2 i s hi dden
am ong other operato rs whi ch deÙnethe ini ti al soluti on. Thi s corresp onds to parti al
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summ atio n of inÙnite series in ˜ 2 whi ch is a well -establ ished metho d of avoidi ng
di vergencies in quantum electrodyna mics. One m ay expect tha t the m ost successful
m etho d derived from the i tera ti ve approach to the soluti on of Eq. (10) should
m ajori ze the contri buti on of these parti al sums [11]. Accordi ng to the present
analysis the ini ti al ~R given by the soluti on of Eq. (14) is l ikely to be superior
to soluti ons obta ined from other parti ti ons of Eq. (10). Thi s also shows a close
resembl ance between the m etho ds used to e£ ci entl y sum up the series in ˜ 2 and
tho se empl oyed in the context of m any- body theo ri es of the electro n correl ati on.

The deri vati on of R DK clearl y shows why the DK Hm i lto ni an should be
superior to other Ham i l toni ans of the BSS h 4 class. By combi ning in Eq. (10) the
2 R term wi th the ˜ 2

f R ; T p g + term from the r. h.s. of thi s equati on one enhances
the impl ici t summati on of the higher order contri buti ons. Thi s can be seen f rom
the resulti ng operato r equati on (14), where ep has the leading term of the zeroth
order in ˜ 2 [10]. Al tho ugh the e£ ciency of thi s rearrangement of Eq. (10) should
be higher tha n tha t of other itera ti ve appro aches, the conveni ence of using the
conveni ent form ali sm of the operato r algebra is lost.

The developm ent of 2-component Ham i l to nians h 2 k ; k Ñ 3 can be accom -
pl ished either in term s of purel y algebraic i tera ti ve soluti ons of the operato r equa-
ti on (10) or by i tera ti ng i ts m atri x counterpa rt. For su£ cientl y hi gh values of k

the two m etho ds, whi ch di ˜er in hi gher order contri buti ons, shoul d give h 2 k ; k Ñ 3

Ha mi l to nians of essentia lly the same accuracy. W i th the given ini ti al appro xi -
m ati on to the soluti on of Eq. (10), the i tera ti ve soluti ons can be ordered either
wi th respect to the powers of ˜ or wi th respect to the powers of the coupl ing
parameter V .

The Ùrst choice was advo cated in Ref. [10]. The form ul ati on of the bl ock-
-diagonal izati on probl em presented in thi s paper gives a possibi l i ty of selecting
the higher order h 2 k Ha mi lto nians [10, 11] by thei r orderi ng wi th respect to the
leading powers [10] of ˜ 2 . The use of the coupl ing param eter is m ore in the spiri t
of the ori gina l form ul atio n of the DK m etho d [3{ 5]. By the well -known rul es of
the perturba ti on calcul us, the contri buti on of the thi rd order in V must be to ta l ly
expressibl e [23] in term s of the tra nsform ati on whi ch gives the D K2 Ham i l to nian.
Thi s and hi gher order contri buti ons are impl ici t in earl ier derivati ons of the D K
Ha mi l to nian [4, 5, 10]. The V 3 -order term s have been recentl y discussed by Na ka-
j im a and Hi rao [24]. It can be shown [10] tha t the D K Ham i lto ni an augm ented by
these term s (D K3 Ha mi l to nian of Na kaj im a and Hi rao [24]) is a memb er of the h 6

cl ass of the BSS Ham i lto ni ans.
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A pp en dix

T o show tha t the DK Ha mi l to nian deri ved in thi s paper is equivalent to the
one presented by other autho rs [3, 5] one needs to di scussonl y the term of the ˜ 4

order, i .e., the sum contri buti ng to the r. h.s. of Eq. (22). In the usual [4, 5] f orm
of the D K Ham i lto ni an the relevant term is wri tten as

h 4 = À

1

2
˜ À 2 [ W 1 ; [ W 1 ; Ùep ] ] ; (23)

where the operato r W 1 i s deÙned in term s of i ts m atri x elements

h k j W 1 j k 0
i = ˜ 3 Ù

(O 1 ) k k 0

E k + E k 0

(24)

and

O 1 = ÙA [ R ; V ] A = À O y

1
(25)

wi th

R =
˜ p

1 + e p

: (26)

Note tha t the uni ts are adapted to our deÙniti ons of operato rs.
T aki ng into account tha t [1]

˜ Ù = À Ù˜ and Ù 2 = 1 ; (27)

the m atri x element h k j h 4 j k 0
i = ( h 4 ) k k 0 of (23) becomes

( h 4 ) k k 0 = À

1

2
˜ 4 Ù

X

k 00

( O 1 ) k k 00 (O 1 ) k 00 k 0

( E k + E k 00 )( E k 00 + E k 0 )
( E k 0 + E k + 2 E k 00 )

=
1

2
˜ 4 Ù

X

k 00

˚

( O 1 ) k k 00

1

E k + E k 00

( O
y

1
) k 00 k 0 + ( O 1 ) k k 00

1

E k 00 + E k 0

( O
y

1
) k 00 k 0

Ç

: (28)

The (1,1) block of thi s 4 È 4 m atri x is exactl y equivalent to the m atri x element
(22) of the 2-component D K Ham i l to nian.
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