
Vol . 101 (2002) ACT A PHY SIC A POLON IC A A No . 6

T he For m and Pro p er t ies

of th e Ti ght -B in d in g De nsit y of State s

in T wo Dim ension s. P ossi b le Ap p li cation

to Superc on ducti v it y

M . G¤ad ysi ewi cz, R . Gon cza re k and M. M ul ak

I nst i t ut e of Physics, W roc¤aw Uni versi ty of Technology

W ybr zeâe W yspia¥ski ego 27, 50-370 W roc¤aw, Poland

(Received N ovember 5, 2001; revi sed version Marc h 18, 2002)

Th e form of the densit y of states for a ti ght -bindin g mo del w ith the Ùrst

and the next- nearest neighb our hopping s for a rectangular planar lattice and
a shif t of the chemical potential are calcula ted. This is newly and comprehen-
sively formulated integral form illu strated numerically , helpf ul in approach
to two- dimensional superconducti ng mo dels. In some particular cases the

complete analyti cal forms of the density of states are obtained. I t is show n
that for all cases the density of states has a single van H ove singulari ty of
the logarith mic typ e at the identicall y deÙned point. The prop er approxi-

mate analyti cal representations are found. The di ˜erence b etw een the exact
numerical and approximate analytical forms is evaluated and illustrated .

PAC S numb ers: 74.20.{ z, 74.20.Fg

1. I n t rod uct io n

The concept of com binati on of the van Ho ve scenari o wi th the BCS m odel
has already received considerable attenti on in the conte xt of high tem perature
superconduct ivi ty , e.g. [1{ 10]. Since thi s appro ach seems to be a successful one,
the appl ied f orm al ism is worth inv estigating more deeply.

Thi s paper is based on the resul ts of our previ ous wo rk [11] and coul d be
trea ted as a developm ent and interesti ng appl icati on of the f orm al ism presented
therei n.

(865)



866 M . G¤adysiewi cz, R. Gonczarek, M. M ulak

As i t was shown in [11] any ani sotro pi c superconduct ing system can be con-
sidered in the frame of the extended BCS m odel to whi ch the addi ti onal scalar Ùeld
of the density of states is a£ xed. Thi s new scalar Ùeld, deÙned for the isotro pic
m omentum space, reÛects the distri buti on of quantum -mechanical states after the
conform al space tra nsform ati on from ani sotro pi c into the isotro pi c one, includ-
ing involved m echani sms of interna l intera cti ons. The establ ished theo ry al lows us
to replace an arbi tra ry one-parti cle exci tati on spectrum wi th the suita bl y chosen
parabolic form , whi ch, in pri nci pl e, m akes possibl e to appl y the BCS model in
expl aini ng high-T c superconducto rs (HTSC) pro perti es. Al tho ugh the preci se deÙ-
ni ti on of thi s scalar Ùeld for an arbi tra ry ani sotro pi c system is a com plex pro blem,
i t has been pro ved [11] tha t for S -pai red superconducti ng system s the scalar Ùeld
reduces i tsel f (wi thi n the extended BCS m odel ) to i ts mean value, whi ch should
be identi Ùed as the density of sta tes dependent on the quasiparti cle energy onl y.
Theref ore, in order to investigate tho se HTSC in whi ch the Cooper pai rs are cou-
pl ed in the pure S state, one can consider the BCS m odel wi th the real density of
sta tes whi ch Ûuctuates in the vi cini ty of the Ferm i level and can possessthe van
Ho ve singulari ti es.

R ecently, in a numb er of papers, cf. e.g. [11{ 18], the autho rs considered a
quasi-two- di mensional system of Cu and O ato ms f orm ing a rectangular planar lat-
ti ce for whi ch the ti ght- bi nding Ha mi l to nian can be deÙned. Hence, in the present
paper we concentra te on the calcul ati on of the density of states f or thi s system ,
when the nearest and the second neighb our intera cti ons, wi th the proper hoppi ng
parameters, as well as the occupati on parameter, are incl uded into the di spersion
relati on.

Let us emphasize tha t a precise calculati on of the exact form of the density
of states for the discussed di spersion relati on is cum bersome. The soluti ons found
so far (see e.g. [8, 12, 13, 17]) seem to be incom plete or even incorrect [12]. No w,
based on the intro duced form al ism [11], the com plete form of the density of states
for three parti cul ar m odels and thei r approxi mate expressions near the van Ho ve
singulari ti es can be derived analyti cal ly. Addi ti onal ly, thei r general form can be
obta ined usi ng num erical m etho ds.

2. T h e app r oxi m at e D OS f orm s obt ai ned an alyt ical ly

Let us consider a tw o-dimensional system whi ch can be described in term s of
the ti ght- bindi ng one-band Hubba rd m odel , when the one-parti cle energy spectrum
(di spersion relati on) is given in the form (cf . [11{ 13]) :

¿( p 1 ; p 2 ) = À 2 t 0 [cos( p 1 a 1 ) + cos( p 2 a 2 ) ] + 4 t 1 cos( p 1 a 1 ) cos( p 2 a 2 ) À t 2 ; (1)

where t 0 and t 1 represent the nearest and next- nearest hoppi ng, respectivel y. The
occupati on param eter t 2 Ùxes a shif t of the Ferm i level in the caseof the doping and
non-hal f-Ùlled band, and i t can be identi Ùed wi th the chemical potenti al [5, 19].
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In order to deÙne the exact density of states form for such system we ap-
pl y the form al ism of the scalar Ùeld of the density of sta tes devel oped recentl y
[11]. Accordi ng to thi s form al ism the com plementa ry vari able ' i s deÙned by the
relati on

' = arcta n ( f ) ; (2)

where

f =
ta n a 2 p 2

2

ta n a 1 p 1

2

ç
sin ( a 2 p 2 )

sin ( a 1 p 1 )

Ñ
À (2 t 1 =t 0 )

; (3)

and the coordi nate system is deÙned in the new (¿; ' )-space. Then, the density of
sta tes can be expressed by the form ula

¡ ( ¿; ² ) =
2

¤ 2

Z ¤

2

0

J ( ¿; ' ) d'; (4)

where ² = 2 t 1 = t 0 and

J ( ¿; ' ) =

Ù
Ù
Ù
Ù
Ù

@p 1

@¿
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@'

@p 2

@¿
@p 2

@'

Ù
Ù
Ù
Ù
Ù

(5)

is the Jacobian corresp ondi ng to the tra nsform ati on into the new coordi nate sys-
tem . In order to Ùnd J ( ¿; ' ) and hence ¡ ( ¿; ² ) ; p 1 and p 2 as f uncti ons of ¿ and
' have to be deri ved Ùrstl y. From Eqs. (1) and (2), owi ng to thei r sym m etry
relati ons, p 1 and p 2 have the fol lowing properti es:

p 1

±
z ;

¤

2
À '

²
= p 2 ( z ; ' ) or p 1

˚

z ;
1

f

Ç

= p 2 (z ; f ) : (6)

Below in the paper the param eter z i s equal to (¿ + t 2 ) =2 t 0 . Accordi ng to
Eq. (6) the integ rati on range in Eq. (4) may be l imi ted to the interv al [0 ; ¤

4
] ,

pro vi di ng we doubl e the result.
The functi ons p 1 and p 2 , however, cannot be derived analyti cal ly f or an

arbi tra ry ² . In fact, there exi st onl y a few speciÙc cases, e.g. ² = Ï 1 and ² = 0 ,
when the exact analyti cal form s of the density of sta tes are available. As i t was
shown in [11], form ula (4) can be wri tten as

¡ ( ¿; Ï 1 ) =
2

¤ 2 t 0 a 1 a 2

1
p

1 Ï z
F

ê
¤

2
;

r
3 ´ z

4

!

; (7)

and

¡ ( ¿; 0 ) =
2

¤ 2 t 0 a 1 a 2

1
p

8 À z 2 + 4
p

4 À z 2
F

0

@¤

2
;

s
8

p

4 À z 2

8 À z 2 + 4
p

4 À z 2

1

A ; (8)

where F (¢ ; ç ) i s the Ùrst typ e ell ipti c integ ra l , whi ch is of the f orm [20]

F

±
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2
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²
=

Z ¤

2

0

d ˜
p

1 À ç 2 sin2 ˜
: (9)
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The above f uncti ons have no poles except singulari ti es of the logari thm ic typ e
for z ! Ï 1 ( j z j < 1 ) or z ! 0 , respectivel y. T o deri ve the compl ete form of the
density of states for arbi tra ry values of ² num erical metho ds have to be appl ied.
Neverthel ess, some appro xi m ate results can be achi eved analyti cal ly when ² § 1

by means of the m etho d used to obta in Eq. (8). It should be emphasized, however,
tha t these calculati ons requi re a careful analysis, as som e results obta ined so far
are simpl y incompl ete [8, 12].

Let us rewri te Eqs. (1) and (2) into the more conveni ent expressions for the
analyti cal calcul ati ons. Af ter intro duci ng the fol lowing substi tuti ons:

k 1 = a 1 p 1 ; k 2 = a 2 p 2 ; x 1 = ta n
k 1

2
; x 2 = ta n

k 2

2
; z =

¿ + t 2

2 t 0

; (10)

they ta ke the form s, respecti vel y
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2

1 + x 2
1

À

2

1 + x 2
2

+ ²

ç

1 À

2

1 + x 2
1

À

2

1 + x 2
2

+
4

(1 + x 2
1 ) (1 + x 2

2 )

Ñ

;

ta n ' =

x 2

±
x 2

1 + x 2
2

²
À ²

x 1

±
x 1

1 + x
2

1

²
À ²

: (11)

It has been al ready shown [11] tha t for ² = 0 and ² = Ï 1 both x 1 and x 2 , and
consistentl y k 1 and k 2 , can be derived analyti cal ly from Eqs. (11). Our present
aim is to consider j ² j § 1 usi ng the perturba ti on metho d wi th respect to the case
of ² = 0 .

For ² = 0 we have [11]

x 2
i

=
z (1 + f 2 ) +

p
(1 + f 2 ) z 2 + 4 f 2 (4 À z 2 )

2 (2 À z i ) f 2 À i
; (12)

where i = 1 ; 2 and f = ta n ' .
For ² 6= 0 and j ² j § 1 Eq. (11) can be tra nsform ed to the form

Z = 2 À

2

1 + x 2
1

À

2

1 + x 2
2

; ` =
x 2

x 1

; (13)

where the expressions

Z = z (1 À ² )

+ ²

"

1 À

4 f 2 (2 À z )2

z (1 + f 2 )2 + 4 f 2 (2 À z ) + (1 + f 2 )
p

(1 À f 2 ) 2 z 2 + 1 6 f 2

#

;

` = f + ² f ln

(
1

f

"
2 (2 À z )( f 2

À 1 )

z (1 + f 2 ) 2 + 2 (2 À z ) +
p

(1 À f 2 ) 2 z 2 + 1 6 f 2

#)

(14)

conta in the perturba ti on contri buti ons calculated wi th regard to Eq. (12). The
structure of reduced Eq. (13) is the sam e as tha t for ² = 0 , but now Z and ` are
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functi ons of z and ' dependent on the parameter ² . Neverthel ess, we are able to
form al ly solve Eq. (13), empl oying the results f or ² = 0 obta ined in [11].

Since, for i = 1 ; 2

@k i

@¿
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@k i

@̀

@̀

@z

Ç
1

2 t 0

;

@k i

@'
=

˚
@k i

@̀

@̀

@f
+

@k i

@Z

@Z

@f

Ç
@f

@'
; (15)

hence

@Z

@z
= 1 + ² f 1 ( z ; f ) ;

@Z

@f
= ² f 2 ( z ; f ) ;

@̀

@f
= 1 + ² f 3 ( z ; f ) ;

@̀

@z
= ² f 4 ( z ; f ) ; (16)

where f j ( z ; f ) denote some functi ons of z and f , who se expl ici t form s are not
essential in the appl ied perturba ti on m etho d.

Thus, the Jacobian ta kes the form

J ( ¿; ' ) =
1

2 t 0 a 1 a 2
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Ù
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@k 2
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Ù
Ù
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df
d'

+ O ( ² ) ; (17)

where O( ² ) denotes the rem aining term s pro porti onal to ² and ² 2 , whi ch, as
perturba ti ons, are assumed to be smal ler tha n the m ain term of the Jacobian and
can be neglected. Then, af ter som e tra nsform ati ons and incl udi ng Eq. (6), the
density of sta tes can be wri tten as

¡ ( ¿; ² ) =
1

¤ 2 t 0 a 1 a 2

Z
1

0

1 + ` 2

(1 + f 2 )
p

Z 2 (1 À ` ) 2 + 1 6 ` 2
df ; (18)

where Z and ` are given by Eq. (14). In order to evaluate the appro xi mate be-
havi our of ¡ ( ¿; ² ) functi on at i ts singular points, we restri ct our consi derati ons to
the case of j z j § 1 , whi ch is compl ementa ry to the case of j ² j § 1 . Af ter omi tti ng
smal l contri buti ons conta ining z , Eqs. (14) reduce them selves to the form

Z = z + ²

˚
1 À f

1 + f

Ç2

; ` = f : (19)

No w, substi tuti ng Eqs. (19) into Eq. (18) we state tha t the densi ty of states
singulari ti es appear onl y for z = À ² . The proper appro xi mate functi on can be ob-
ta ined from Eq. (18), in whi ch the singul ari ti es corresp ond to the lower integ rati on
l im it when f ! 0 .

Hence, we Ùnal ly obta in

¡ ( ¿; ² ) =
1

¤ 2 t 0 a 1 a 2

ln
8

j z + ² j

: (20)
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Thus, the logari thm ic singul ari ty appears for ¿ = À (4 t 1 + t 2 ) . Thi s conclusi on is
in agreement wi th more general results [8 ].

It is worth emphasizing tha t the correctne ss of the above result and hence
the perturba ti on m etho d used, has been conÙrm ed by the independent analyti cal
appro xi m ate appro ach, as well as by exact num erical calculati ons presented in the
next secti on. It shoul d be also clari Ùed tha t the l inear expansion of Eqs. (11) wi th
respect to ² leads to the incorrect results, since the logari thm ic singulari ty does
not incl ude the inÛuence of addi ti onal term s ari sing f or non-zero ² , and i ts f orm
is the sam e as for ² = 0 (cf . Eq. (20)). The perform ed appro ach, however, shows
tha t the density of sta tes possessesa logari thm ic singul ari ty at ¿ = À (4 t 1 + t 2 )

for ² § 1 , whi ch m eans tha t i t is very sensiti ve to even a smal l correcti on of the
next- nearest hoppi ng.

On the other hand, empl oying form ula (7) and som e form al relati ons [20], we
pro ve tha t the logari thm ic singulari ti es are also present for the cases of ² = Ï 1 ,
when j z j < 1 and z ! ´ 1 , respectivel y. Then, the density of states reduces i tsel f
to the form

¡ ( ¿; Ï ² ) =
1

¤ 2 t 0 a 1 a 2

1
p

1 Ï z
ln

6 4

1 Ï z
: (21)

Theref ore, the enhanced logari thm ic singul ari ti es occur again for ¿ = À (4 t 1 + t 2 ) ,
i f ² = Ï 1 , and we may Ùnally concl ude tha t the logari thm ic singulari ti es, the same
as tho se for j ² j § 1 , ari se i f ¿ = À (4 t 1 + t 2 ) . Thi s is a general statem ent f or an
arbi tra ry ² as i t is proved in the next section.

3. Th e gen er al cas e: an al yt i cal ap pr oxim at io ns an d nu m erical resu l t s

W hi le incl udi ng into the calcul ati ons the values of ² i t has been assumed
tha t they are ta ken from the interv al À 1 ç ² ç 1 only. Thi s assumpti on impl ies a
restri cti on on the parameter z , whi ch after ta ki ng into account the extrem e values
of energy ¿, Eq. (1), can be wri tten as

À 2 + ² ç z ç 2 + ² : (22)

In order to obta in the genera l form of the density of sta tes for any value of ²

we empl oy Eq. (4). Fi rstl y, let us note tha t the Jacobian can be f ound for an
arbi tra ry ² in the fol lowing wa y: di ˜erenti ati ng both sides of Eqs. (1) and (3) by ¿

and ' we get a set of four equati ons from whi ch the parti al derivati ves @p i =@¿ and
@p i = @' ( i = 1 or 2) can be derived. Now, inserti ng these expressions into Eq. (5),
we Ùnd the Jacobian in the f orm

J = (2 t 0 f ) À 1

ç
sin k 1

sin k 2

(1 À ² cosk 2 ) 2 +
sin k 2

sin k 1

(1 À ² cosk 1 ) 2

Ñ
À 1 df

d '
: (23)

T o el im inate k 1 and k 2 from the above form ul a we have to use Eqs. (1) and
(3) to gether wi th thei r tra nsform ed form s Eqs. (11). Intro duci ng the addi ti onal
sym bols (cf . Eq. (10))
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v =
x 2

x 1

; q =
1

1 + x 2
1

; (24)

we can rewri te the latter of Eqs. (11) as f ollows:

f = v 1 À ² Q ² ; (25)

where

Q = v 2 + q À v 2 q : (26)

No w, consideri ng the form er of Eqs. (11) af ter the inclusi on of the substi tuti ons,
Eq. (24), q , being a soluti on of the appro pri ate quadrati c equati on, can be ex-
pressed by v and the parameters z and ² :

q 1 ;2 = 1

À

4 (1 À ² ) + (1 À v 2 )( ² + z ) Ï

p
(1 À v 2 )2 ( ² + 2 ) 2 + 1 6 v 2 (1 + z ² )

4 [1 À ² À v 2 (1 + ² )]
: (27)

Taking into account the deÙniti on of q given in Eq. (24) each of the derived form s
of q can consti tute an allowed soluti on, pro vi di ng i t sati sÙesthe condi ti on

0 ç q ç 1 ; (28)

whi ch is fulÙlled, however, onl y for values of v ta ken from the interv al [0,1] at Ùxed
² and z . Mo reover, the inequali ti es, Eq. (22), im ply the fol lowing restri cti ons:

(1 À j ² j ) 2
ç 1 + z ² ç (1 + j ² j ) 2 ; 0 ç 2 Ï (z À ² ) ç 4 ;

À 2 (1 À ² ) ç z + ² ç 2 (1 + ² ); (29)

whi ch, in turn, allow us to estim ate q 1 ;2 for som e speciÙcal ly chosen values of v :

q 1 ;2 =
Ïj z + ² j À ( z + ² )

4 (1 À ² )
if v = 0

and

q 1 ;2 =
1 + ² Ï

p

1 + z ²

2 ²
i f v = 1 : (30)

Hence, we concl ude tha t the only soluti on whi ch sati sÙesthe inequal iti es, Eq. (28),
for the v alues of ² under consi derati ons, is q 1 . No w, employi ng Eqs. (24){ (27), af-
ter the inclusi on of Eqs. (10) and (11), we el im inate k 1 and k 2 from the Jacobian,
Eq. (23). Af ter a few tra nsform ati ons the density of sta tes functi on can be ex-
pressed as fol lows:

¡ ( ¿; ² ) =
2

¤ 2 t 0 a 1 a 2

È

Z
1

0

Q ( v f ) À 1 d f

[ (1 + ² )(1 À v 2 ) À 2 ² ( Q À v 2 )] 2 +

h
(1 + ² )(1 À v 2 ) Q

v
À 2 ² ( Q

v
À v )

i 2
; (31)
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whereas Q reduces i tsel f to the form

Q =
2 v 2

(1 À ² ) À v 2 (1 + ² )

È

"
2 (1 À v 2 )(1 + z ² )

p
(1 À v 2 ) 2 ( z À ² ) 2 + 1 6 v 2 (1 + z ² ) + ( z À ² )(1 À v 2 )

À ²

#

: (32)

In order to Ùnd out the num eri cal form of the density of sta tes functi on deÙned
by Eq. (31), we have to solve Eq. (25) incl udi ng Eq. (32), and then derive v as
a functi on of f independentl y of Ùxed values of z and ¿, when f vari es from 0
to 1. In turn, inserti ng f = f (v ; z ; ² ) into Eqs. (30) and (31), we can com pute the
integ ra ls and, in consequence, pl ot the functi on ¡ ( z ; ² ), Fi g. 1.

On the other hand, based on the obta ined form s of Eqs. (31) and (32), one
can deri ve analyti cal ly an appro xi m ate functi on of the density of sta tes for al lowed
values of z and ² , when they sati sfy the relati on j z + ² j § 1 . Fi rstl y, let us note
tha t i f we put z + ² = 0 , the functi on Q reduces i tsel f to the expression

Q = v

p

1 + ² + v
p

1 À ²
p

1 À ² + v
p

1 + ²
: (33)

Since the singulari ti es of the density of sta tes in Eq. (31) have thei r ori gin in the
integ rati on wi thi n the smal l f ( f § 1 ) reg ion, we can restri ct our consi derati ons
by vi rtue of Eq. (25) to the case of smal l v , whi ch fulÙlls the addi ti onal condi ti on
v §

p
1 À j ² j .

Hence,

Q

v
=

r
1 + ²

1 À ²
i f z + ² = 0 (34)

and

Q

v 2
=

2

1 À ²

"
2 (1 À ² 2 )

p
( z + ² )2 + 1 6 v 2 (1 À ² 2 ) + ( z + ² )

À ²

#

i f z + ² 6= 0 : (35)

No w, holding consistentl y the assumpti on tha t z + ² = 0 in al l regul ar parts of the
integ rand in Eq. (31), and replacing

f = v

˚
1 À ²

1 + ²

Ç ²

2

; (36)

the density of states f uncti on, Eq. (31), for j z + ² j § 1 can be appro xi m ated as
fol lows (Fi g. 2):

¡ ( z ; ² ) =
1

¤ 2 t 0 a 1 a 2

1
p

1 À ² 2
ln

8 (1 À ² )
1 + ²

2 (1 + ² )
1 À ²

2

j z + ² j

: (37)

Fi nal ly, one may concl ude tha t the logari thm ic singul ari ti es in the density of
sta tes occur always at ¿ = À (4 t 1 + t 2 ) . Neverthel ess, to be in agreem ent wi th the
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Fig. 1. The complete form of the density of states in the reduced dimensio nl ess units:

N ( z ; ² ) = ¡ ( z ; ² ) =¤ 2 t . T he function achieves the inÙnity for .

Fig. 2. T he form of the density of states approximated w ithin the singulari ty region

in the reduced dimensio nless units: . N egative values of the

function are replaced by .

Fig. 3. T he di˜erence betw een the complete and approximated results of the density

of states in the reduced dimensionl ess units w ithin the region of p ositive values of the

approximated formula.

appro xi m atio n used, the derived form ula can be appl ied only in the cl ose vi cini ty
of singul ari ti es, because far from them i t becom es negati ve i f 1 (Fi g. 3).

The presented results show tha t the density of states has always one logari th-
m ic singulari t y for each Ùxed value of the hoppi ng rati o = 2 , whi ch in the
l im it 1 is intensi Ùed by (1 ) . Ho wever, in the case of larger di stances
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from singul ari ti es the appro xi m ate form ul a for an arbi tra ry ² di ˜ers from the exact
resul t substanti al ly, so it can be employed in the l imited range. Onl y the exact
form ula can be appl ied successful ly in the f ram e of the extended BCS theo ry to
inv estigate therm odyna mical properti es of high-T c S -pa i red superconducto rs for
al l ² and z under discussion (cf . [11]).

In order to consider system s for whi ch the sym metry of the Cooper pai rs wa ve
functi on is either p - or d -l ike, the scalar Ùeld of the density of sta tes (expressed
by the Ja cobian [11]) has to be included instead of the density of sta tes deri ved
above in the paper.

No te tha t the scalar Ùeld of the density of sta tes encloses a com plete in-
form ati on about the di stri buti on functi on and system sym m etry , wherea s in the
density of sta tes such inf orm ati on becomes avera ged over addi ti onal coordi nates,
except ¿, i.e., for exam ple, over angular coordi nates [11].
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