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W e consider t he extended H ubbard model for the single cubic lattice
and rew rite it in the form of interacting dimers , using the exact solutio n

of the dimer problem . W e analytical l y deri ve the second quanti zation form
of the dimer H amiltoni an elimina tin g from the consideratio ns uno ccupie d
dimer energy levels in the large U limit (it is the only assumption ). T he
resulting dimer H amiltonian w ritten with the use of the Hubbard operators

and spin operators contains three terms, visuali zin g explicitl y comp eting
magnetic interactions (f erromagnetic, antif erromagnetic) as a generaliz atio n
of the t { J mo del. T he presented, nonp erturbati ve metho d, can in principl e

b e applied to the cluster of any size (e.g. one central atom and z its nearest
neighb ours). The use of the pro j ection technique can further b e appli ed in
the case of a crystal to obtain the second quantization form of the extended

H ubbard model for the sc lattice in the large U limit.

PAC S numb ers: 71.10.{w , 71.10.Ca, 71.10.Fd

1. I n t rod uct io n

The theo reti cal descripti on of the electro nic properti es of sol ids always starts
wi th an appro pri ate trea t ment of the electrom agneti c intera cti ons between charged
parti cl es (electrons + ions). Ha vi ng in m ind electronic subsystem we consta ntl y
deal wi th the Hubba rd model i tsel f, R ef. [1], or i ts extensi ons (m any- band m od-
els, etc.), presented in a large numb er of m onographs and revi ew arti cles (see e.g.
R efs. [2{ 13] and very large num ber of ori ginal papers cited therei n). The im por-
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ta nce of thi s appro ach and i ts place in the sol id state theory l ies in the fact tha t i t
is conceptua lly sim plest and thus is a standard doorwa y to the correlated electron
system s. It is comm only believed tha t the Hubba rd model and i ts extensi ons can
wi dely be used to expl ain m any of the physi cal phenom ena in qui te di ˜erent areas
of the sol id state physi cs: m agneti c and tra nsport properti es of tra nsiti on m et-
als, thei r com pounds and alloys, incl udi ng insul ato r- to -m etal tra nsiti ons (cf . e.g.
R efs. [1{ 13] and papers cited therei n), hi gh- temperature superconducto rs (nega-
ti ve U m odels, cf. e.g. Ref. [14]), Ûuctua ti ng valence systems and heavy ferm ions
(Anderso n- like m odels, Ref. [15], cf. also e.g. Refs. [11, 16]), l iqui d helium 3 He
(cf . e.g. R efs. [17{ 19]), ful lerenes (cf . e.g. R efs. [20{ 22]). It does not m ean at al l
tha t the Hubba rd m odel and i ts extensi ons are easy to handl e and thei r relati ve
m athem atica l simpl ici ty is only an i llusi on. Thi s f act is very well kno wn in the
l i tera ture. The situa ti on is excepti onal ly di£ cult in the case of large U (Coulom b
repul sion). To dem onstra te a high degree of compl exity of the extended Hubba rd
m odel (a vari ety of di ˜erent competi ng intera cti ons wi thi n the m odel ) we consider
one-band electronic system described by the Ham i lto ni an
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The indi ces ( i ; j ) enum erate the latti ce points, t i j i s the hoppi ng integ ra l , U

denotes the intra site Coul omb repul sion, J (1 ) and J (2 ) (general ly, not necessary
equal ) describe the e˜ecti ve intersi te Coul omb intera cti ons, resul ti ng from the
ori gina l intersi te Coulomb repul sion m odiÙed by polaronic e˜ects (see e.g. Ref. [14]
for deta i ls). The operato rs c i ; ¥ ( c+

i ; ¥
) are the electroni c anni hi lati on (creati on)

operato rs in the latti ce site i wi th spin ¥ (= " ; # ) and n i ; ¥ = c+
i ;¥ c i ; ¥ . W e restri ct

oursel ves to the sc latti ce and we appl y ti ght bindi ng appro xi m ati on: t [ i ; j ] = À t;

J
(1 ;2 )

[ i ; j ]
= J (1 ;2 ) ( U max J (1 ) ; J (2 ) ) where i and j are nearest neighbours.

Using these assumpti ons we can rewri te the Ham i l to nian (1) in an equivalent f orm
di vi ding the ori ginal sc latti ce into a set of intera cti ng dim ers (see Fi g. 1).
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where

H D
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The indi ces ( I ; J ) enum erate the dim ers and H D
I

i s the extended Hubba rd m odel
(1) of the I -th dim er. The second, fourth, and sixth term in (2) describe the hop-
pi ng and e˜ecti ve Coulom b intera cti ons between nearest dim ers in the z -di recti on
wherea s the thi rd, Ùfth, and seventh term represent the hoppi ng and e˜ecti ve
Co ulomb intera cti ons between nearest dim ers ( ( y ; z ) -plane) and between di ˜erent
di mer planes (cf . Fi g. 1). y Starti ng from the exact soluti on of the dim er Ha mi l to -
ni an (3) we can appl y exactl y the sam e procedure as for the Hubba rd m odel i tsel f,
R ef. [23], leading to the Ùnal form of the dim er extended Hubba rd Ham i lto nian in
the large U l im it (present paper). Thi s appro ach is stra ightf orward but very labo-
ri ous. It di ˜ers signiÙcantl y from the other appro aches used in the l i tera ture as e.g.
perturba ti on expa nsion or canonical tra nsform ati on (cf . e.g. Refs. [24 3 2 ] ) and ab
ini ti o deri vati ons, Refs. [33{ 36], fol lowing the ori ginal appro ach from R efs. [37, 38]
(see also R efs. [39, 11] and [12] for a revi ew). The appl icati on of the m etho d pre-
sented in thi s paper to the crysta l as a who le, described by the Ha mi l to nian (2) is
given in the next paper (see Ref. [40]).

P



540 B. Grabi ec, M. Mat lak

2. E x act sol u t io n of t he ext en ded Hu bb ar d m odel f or a d im er

The eigenvalue pro blem for the dim er Ha m ilto nian (3) can easily be found
(we drop the di mer index I ) using the standard procedure (cf . R efs. [41{ 4 3 ; 2 3 ] ).
Let us start wi th the vecto rs j n 1 ; " ; n 1 ; # ; n 2 ; " ; n 2 ; # i ( n i ; ¥ = 0 ; 1 ; i = 1 ; 2 ; ¥ = " ; # )

form ing the Fock basis of the di mer space of the states

j 0 = 0 ; 0 ; 0 ; 0 ; 2 1 = 1 ; 1 ; 0 ; 0 ; 3 1 = 0 ; 1 ; 1 ; 1 ;

2 2 = 1 ; 0 ; 1 ; 0 ; 3 2 = 1 ; 0 ; 1 ; 1 ;

1 1 = 1 ; 0 ; 0 ; 0 ; 2 3 = 1 ; 0 ; 0 ; 1 ; 3 3 = 1 ; 1 ; 0 ; 1 ;

1 2 = 0 ; 1 ; 0 ; 0 ; 2 4 = 0 ; 1 ; 1 ; 0 ; 3 4 = 1 ; 1 ; 1 ; 0 ;

1 3 = 0 ; 0 ; 1 ; 0 ; 2 5 = 0 ; 1 ; 0 ; 1 ;

1 4 = 0 ; 0 ; 0 ; 1 ; 2 6 = 0 ; 0 ; 1 ; 1 ; 4 = 1 ; 1 ; 1 ; 1 : (4)

The Ùrst index in ˜ corresp onds to n =
i ; ¥

n i ; ¥ (= 0 ; 1 ; 2 ; 3 ; 4) , the second
one (i f necessary) enum erates the vecto rs corresp ondi ng to given n . It is very
conveni ent to Ùnd Ùrst anni hi la ti on (crea ti on) operato rs in the representa ti on of
the Fock space (4) when operati ng on thi s space. W e Ùnd

c 1 ; = O 0 ;1 1 + O 1 2 ; 2 1 + O 1 3 ;2 2 + O 1 4 ; 2 3 + O 2 6 ;3 2 + O 2 5 ; 3 3

+ O 2 4 ;3 4 + O 3 1 ; 4 ; (5)

c 1 ; = O 0 ;1 2 O 1 1 ; 2 1 + O 1 3 ;2 4 + O 1 4 ; 2 5 + O 2 6 ;3 1 O 2 3 ; 3 3

O 2 2 ;3 4 O 3 2 ; 4 ; (6)

c 2 ; = O 0 ;1 3 O 1 1 ; 2 2 O 1 2 ;2 4 + O 1 4 ; 2 6 O 2 5 ;3 1 O 2 3 ; 3 2

+ O 2 1 ;3 4 + O 3 3 ; 4 ; (7)

c 2 ; = O 0 ;1 4 O 1 1 ; 2 3 O 1 2 ;2 5 O 1 3 ; 2 6 + O 2 4 ;3 1 + O 2 2 ; 3 2

+ O 2 1 ;3 3 O 3 4 ; 4 ; (8)

where

O ˜ ; Ù = ˜ Ù : (9)

Inserti ng (5){ (8) into (3) we obta in the dim er Ham i l toni an in the Fock space
representa ti on

H = t ( O 1 1 ; 1 3 O 2 1 ;2 4 + O 2 3 ;2 6 O 3 3 ;3 1 + O 1 3 ;1 1 O 2 4 ;2 1 + O 2 6 ;2 3 O 3 1 ; 3 3

+ O 1 2 ;1 4 + O 2 1 ; 2 3 O 2 4 ;2 6 O 3 4 ; 3 2 + O 1 4 ;1 2 O 2 3 ; 2 1 O 2 6 ;2 4 O 3 2 ; 3 4 )

+ U ( O 2 1 ; 2 1 + O 2 6 ; 2 6 ) + J (1 ) ( O 2 2 ; 2 2 + O 2 5 ; 2 5 ) + J (2 ) ( O 2 3 ; 2 3 + O 2 4 ; 2 4)

+( U + J (1 ) + J (2 ) )( O 3 1 ;3 1 + O 3 2 ;3 2 + O 3 3 ;3 3 + O 3 4 ;3 4 )

+2 ( U + J (1 ) + J (2 ) ) O 4 ;4 : (10)
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The operati on wi th H D given by (10) on the Fock basis (4) and using simpl e
algebra ic calculati ons we can easily Ùnd the eigenvalues E ˜ and eigenvectors j E ˜ i

of the dim er. Thi s, in turn, al lows to express the dim er Ham i l tonia n (3) (or (10))
in the form

H D =
X

˜

E ˜ j E ˜ i h E ˜ j ; (11)

where

E 0 = 0 ; j E 0 i = 0 ;
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2
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and
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The next im porta nt step in our calculati ons is the possibi li t y to express the
anni hi lati on operato rs (5){ (8) as l inear com binati ons of the tra nsiti on operato rs
between di mer states. Thi s pro cedure can easily be perform ed when using the
reci procal relati ons to (12) and inserti ng them into (5){ (8). W e obta in
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where

P ˜ ;Ù = E ˜ E Ù (20)

and

a = a 1 + a 2 ; b = a 1 a 2 : (21)

In thi s way we have expressed the anni hi lati ons operato rs c1 (2 ) ;¥ in the dim er
representa ti on. Thi s, in turn, al lows to deri ve later the extended Hubba rd m odel
for a dim er in the large U l im i t usi ng the pro jecti on techni que.
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3. L ar ge U l i m it f or a d im er

Lo oki ng at the eigenvalues of the extended Hubba rd m odel for a dim er (12)
we can see tha t in the large U l im it ( U ƒ t; U ƒ m ax f j J (1 )

j ; j J (2 )
j g the energies

E ˜ = E 2 2 ; E 2 3 ; E 3 1 ; E 3 2 ; E 3 3 ; E 3 4 and E 4 take on large, positi ve values, much
larger tha n the other, pro duci ng in the parti ti on functi on the term s whi ch can
pra cti cal ly be neglected. It m eans tha t the m entio ned energies cannot be occupi ed
by electro ns in a reasonabl e tem perature range (1 eV ¤ 1 1 6 0 4 : 5 K) and theref ore
can be excluded from our considerati ons. The di mer Ha mi l toni an (11) in the large
U lim it can thus be reduced to the fol lowing expression:

H D = À t ( P 1 1 ;1 1 P 1 2 ; 1 2 + P 1 3 ;1 3 P 1 4 ;1 4 ) + J (2 ) P 2 1 ; 2 1

+ C +
U + J (2 )

2
P 2 4 ;2 4 + J (1 ) ( P 2 5 ; 2 5 + P 2 6 ;2 6 ) : (22)

The Ha m ilto nian (22) can easily be wri tten in the compact second quanti zati on
form . Let us Ùrst intro duce the Hubba rd operato rs

a i ; ¥ = c i ; ¥ (1 n i ; ¥ ) ; b i ; ¥ = c i ; ¥ n i ; ¥ (23)

and spin operato rs

S z
i =

1

2
( n i ; n i ; ) =

1

2
( n a

i ; n a
i ; ) ;

S +
i

= c+
i ;

c i ; = a +
i ;

a i ; ; S
i

= c +
i ;

c i ; = a +
i ;

a i ; ; (24)

where n a
i ;¥ = a +

i ;¥
a i ; ¥ ( i = 1 ; 2 ; ¥ = ; ) . T o demonstra te how to rewri te (22) in the

second quanti zati on form let us consi der the Ùrst term in (22). Appl yi ng (20) and
(12) we can rewri te thi s term in the equivalent f orm

t (P 1 1 ;1 1 P 1 2 ; 1 2 + P 1 3 ;1 3 P 1 4 ; 1 4 )

= t ( O 1 1 ;1 3 + O 1 3 ; 1 1 + O 1 2 ;1 4 + O 1 4 ; 1 2 ) : (25)

Accordi ng to (9) and (4) we get

O 1 1 ; 1 3 = 1 ; 0 ; 0 ; 0 0 ; 0; 1 ; 0 c+
1 ;

(1 n 1 ; ) c2 ; (1 n 2 ; ) = a +
1 ;

a 2 ; ;

O 1 3 ; 1 1 = a +
2 ;

a 1 ; ;

O 1 2 ; 1 4 = 0 ; 1 ; 0 ; 0 0 ; 0; 0 ; 1 c+
1 ;

(1 n 1 ; ) c2 ; (1 n 2 ; ) = a +
1 ;

a 2 ; ;

O 1 4 ; 1 2 = a +
2 ;

a 1 ; : (26)

Thus, the Ùrst term in (22) can be wri tten in the second quanti zati on form to be

t (P 1 1 ;1 1 P 1 2 ; 1 2 + P 1 3 ;1 3 P 1 4 ; 1 4 ) = t

¥

( a +
1 ; ¥

a 2 ; ¥ + a +
2 ;¥

a 1 ; ¥ ) : (27)
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Exa ctl y the sam e pro cedure can be appl ied to other term s in (22). It gives the
resul t (we intro duce here (23) and (24)):
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X
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+
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R
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X

¥

( a +
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where
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t

U
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J (2 )

U
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s

1 +
1 6 x 2

(1 x (2 ) ) 2
; (30)

n
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1 (2 )
=

X

¥

n
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1 (2 ) ;¥

±
n b

1 (2 )
= b+

1 (2 ) ; ¥
b1 (2 ) ;¥ = n 1 (2 ) ;¥ n 1 (2 ) ; ¥

²
(30a)

and ˜ = 1 (2 ) if ˜ = 2 (1 ) . The Ha m il to nian (28) is exactl y equiva lent to (22).
W e see tha t the Ùrst three term s in (28) represent the exact form of the dim er
Ha mi l to nian (3) in the l im it U . Besides, the dim er Ha mi lto nian (28) conta ins
three com peti ng m agneti c (f errom agneti c and anti f erromagneti c) intera cti ons of
the Ising- and Hei senberg-typ e. The com pl icated f orm of the Ham i l tonia n (28) can
essential ly be reduced when applyi ng the l inear T aylor expansi on of the coe£ cients
wi th respect to x and x (2 ) ( x ; x (2 ) 1 ). W e obta in

H = t
X

¥

È
a +

1 ;¥
a 2 ;¥ + a +

2 ;¥
a 1 ;¥

Ê
+ 2 J (1 )

˚

S z
1

S z
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+
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S z
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2

4

Ç

+
4 t 2

U

ç

1 2

n a
1 n a

2

4

Ñ

: (31)

W ecan see tha t f or J (1 ) = J (2 ) = 0 the Ham i lto ni an (31) reduces to the wel l -known
t J m odel (cf . R ef. [37]) in the case of the Hubba rd di mer.
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4. P r o ject io n t ech niqu e

Exa ctl y the sam e result (28) can be received by appl yi ng a m ore general ap-
pro ach. Let us Ùrst note tha t after the el im inatio n of the unoccupied di mer energy
levels the subspace of the di mer eigenvectors (12) in the large U l im i t conta ins the
fol lowi ng eigenvecto rs: j E 0 i ; j E 1 1 i ; j E 1 2 i ; j E 1 3 i ; j E 1 4 i ; E 2 1 ; E 2 4 ; E 2 5 and
E 2 6 . Thus, the pro j ection operator onto thi s subspace has the form

P = P 0 0 + P 1 1 1 1 + P 1 2 1 2 + P 1 3 1 3 + P 1 4 1 4

+ P 2 1 2 1 + P 2 4 2 4 + P 2 5 2 5 + P 2 6 2 6 : (32)

The second quanti zati on form of thi s operato r can be obta ined in exactl y
the sam e way as the form ula (27). Each of the tra nsiti on operato rs P in (32)
can be wri tten as a l inear combi natio n of the operato rs O (see (9)) by using
(12) whi ch, in turn, can di rectl y be rewri tten in the second quanti zati on, sim i lar
to (27). In thi s way we get

P = 1
1

2
n

1
+ n

2
+

1

4
n

1
n

2
+

1

8
1

1

R
4 1 2

1

4
n

1
n

2

+2 b+
1

a +
1

a 2 b 2 + b+
2

a +
2

a 1 b1 + (1 n 1 ) n 2 + (1 n 2 ) n 1 n 1 n 2

+
x

(1 x (2 ) )R
=1 2

a + b + b + a ; (33)

where x ; x (2 ) , and R are given by (29) and (30), respectivel y. W i th the use of the

pro jection operato r P the dim er Ham i lto nian H can actua l ly be wri tten in the
form

H = P H P : (34)

Appl yi ng the expl icit form of the di mer Ham i lto ni an (3) and the form ula (34) we
can wri te

H = t ( c
+
2 c 1 + c

+
1 c2 ) + U (n

+

1
n 1 + n

+

2
n 2 )

+ J (1 ) n +
1

n 2 + J (2 ) n +
1

n 2 ; (35)

where ( i = 1 ; 2 ; ¥ = ; )

c = c P P c P ; c+ = P c+ = ( c P ) + P c + P ;

n = n P ; n + = P n : (36)

The m ost sim ple form of these operato rs wi th the use of (23), (24) and (33) reads

c 1 = a
1

+ Ù S 2 a 1 + S 2 a 1 £ S 1 a 2 + S 1 a 2 ; (37)



546 B. Grabi ec, M. Mat lak

c 1 ; #
= a

1 ; #

À Ù
È

S z
2 a 1 ; #

À S +
2

a 1 ; "

Ê
+ £

È
S z

1 a 2 ; #
À S +

1
a 2 ; "

Ê
; (38)

and

n 1 ; =

˚

1 Ù
n a

2

2

n b
2

2

Ç

S z
1

+ Ù
n a

1

2
S z

2
+ Ù
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S z

1
S z

2
+ S +

1
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2
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1

2

˚

1
n b

2

2

Ç

+ Ù

ç
1

2
n b

1

˚

1 n a
2

n b
2

2

Ç
n a

1 n a
2

4
+ b +

1 ;
a +

1 ;
a 2 ; b2 ;

Ñ

+ £

±
a +

1 ;
b2 ; + a +

2 ;
b1 ; + b +

1 ;
a 2 ; + b+

1 ;
a 2 ;

²
; (39)

n 1 ; =

˚

1 Ù
n a

2

2

n b
2

2

Ç

S z
1

Ù
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1

2
S z

2
+ Ù

À
S z

1
S z

2
+ S

1
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2
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1

2

˚

1
n b

2

2

Ç
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1

2
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1

˚
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2
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2

2

Ç
n a

1 n a
2

4
+ b +

1 ;
a +

1 ;
a 2 ; b2 ;

Ñ

+ £

±
a +

1 ;
b2 ; + a +

2 ;
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1 ;
a 2 ; + b+

1 ;
a 2 ;

²
; (40)

a
1 (2 ) ;¥

= a
1 (2 ) ;¥

+ Ù

±
b

1 (2 ) ;¥
+ a +

1 (2 ) ; ¥
a 2 (1 ) ; ¥ b2 (1 ) ;¥

²

+ £

ç

b
2 (1 ) ; ¥

+ a +

2 (1 ) ; ¥
a 1 (2 ) ; ¥ b1 (2 ) ; ¥ + a 2 (1 ) ;¥

n a
1 (2 )

2

Ñ

; (41a)

a
1 (2 ) ;¥

= a 1 (2 ) ;¥

˚

1
Ù

2
n a

2 (1 )

1

2
n b

2 (1 )

Ç

;

b
1 (2 ) ;¥

= b1 (2 ) ; ¥

˚

1 n a
2 (1 )

1

2
n b

2 (1 )

Ç

; (41b)

Ù =
1

4

˚

1
1

R

Ç

; £ =
x

(1 x (2 ) ) R
; (42)

where x ; x (2 ) , and R are deÙned by (29) and (30). The expressions for c2 ; ¥ and

n 2 ; ¥ ( ¥ = ; ) can easily be found by changing 1 2 in (37), (38) and (39), (40). It
is clear tha t inserti ng (37){ (40) into (35) we obta in exactl y the sam e expression for
the di mer Ha m il to nian in the large U l im i t (28) when perform ing stra ightf orward
but very labori ous algebraic calcul ati ons.

Sta rti ng from the exact spectrum of the extended Hubba rd m odel for a dim er
(the smal lest com plex of intera cti ng ato ms) and rejecti ng from the consi derati ons
uno ccupied energy levels we were able to derive the second quanti zati on form of
the di mer Ham i lto ni an in the large U l im it (Sec. 3). Thi s deri vati on was stra ight-
forwa rd wi tho ut appl yi ng perturba ti on expansion or canoni cal tra nsform ati on. In
pri ncipl e, the presented metho d can be appl icabl e to any size of a Ùnite com plex
of intera cti ng ato m s as e.g. to a cluster wi th one centra l ato m and z i ts nearest
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neighbours and to any other m odels wi th one model param eter (or more) substa n-
ti al ly greater tha n the other. The onl y compl icati on whi ch here ari ses is the f act
tha t the m athem ati cal compl exity of the probl em grows exponenti al ly up wi th the
size of the cluster (see e.g. Refs. [44{ 47]). In Sec. 4 we have shown tha t exactl y the
sam e result (28) can be obta ined wi th the use of the pro jecti on techni que. Thi s
m etho d appl ied to the dim er is nothi ng else as \ redeÙning" the pri m ary construc-
ti on operato rs in (3) and repl acing al l o f them by (37){ (40) in the large U lim i t.
In the next paper [40] we wi l l show tha t the m etho d is also appl icabl e to the case
of a crysta l when one divi des the Ham i lto ni an of the ori gina l latti ce into a set
of intera cti ng dim ers (2) and uses a m odiÙed pro jecti on pro cedure, intro duced in
Sec. 4.
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