
Vol . 101 (2002) ACT A PHY SIC A POLON IC A A No . 3

P ro ceed in gs of t h e I n t ern at iona l Co n f er ence \ Qu an tu m O p t i cs V " , Ko ƒci el isko, Po la nd , 200 1

O n M i xed St ate s Entan gle m ent

an d Q uantu m C om m un ication : As pects

of Qu antu m C han nels Th eor y

P . H oro d eck i

Facul t y of A ppl ied Phy sics and Ma the mati cs, T echnical Uni versity of Gda¥sk

Naruto wi cza 11/ 12, 80-952 Gda¥sk, Poland

Basi c aspects of quantu m communication based on quantum channe ls
theo ry are review ed to gether w ith suitable examples . The key notion of quan -

tum channel capacity is discussed. T he role of mixed states entanglement as
a practical to ol in quantum channels theory is explain ed in detail. A pplica-
tion of recent results on non- positi ve partial transp ose bound entanglement

con j ecture to binding entanglement channels show s that validity of the con-
j ecture for some states implies n o n add i t i v it y of tw o-w ay quantum channel
capacity . Some aspects of robustness of entanglement in context of positive
maps theory are also discussed .
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1. I n t rod uct io n

Qua ntum com muni cati on is an im porta nt part of quantum inform atio n the-
ory (see [1] and references therei n). There are two basis Ùelds of quantum com -
m unica ti on theo ry. The Ùrst develops appl icati ons of quantum m echanics to com -
m unica ti on of classical bi ts. Thi s inv olv es in parti cular very im porta nt quantum
crypto graphy area. The im porta nce of these issues is undi sputa ble for pra cti cal
reasons. The second Ùeld inv olvesinv estigati ons of how to use quantum mechani cs
to im pro ve and opti m ise quantum states tra nsfer. Thi s is \ ful ly" quantum part of
quantum com munica ti on and we woul d l ike to focus on tha t. It is natura l to ask
why thi s part is interesti ng or importa nt. There are m any reasons of m ore or less
pra cti cal reasons f or tha t :

| For exam ple i t allows to study fascinati ng quantum e˜ect cal led quantum
tel eporta ti on even i f we have real physi cal scenario wi th presence of noise. Thi s is
because of so-cal led disti l lati on [2] of quantum enta nglement. Recentl y it has been
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shown tha t quantum tel eporta ti on not only can be vi ewed as quantum com puti ng
pri mi ti ve [3] but also al lows to overcom e well -known l inear opti cs probl em in
quantum com puter theory [4].

| Som e versions of quantum crypto graphy (so-cal led BB8 4 scheme [5]) in-
vo lve expl icitl y physi cal tra nsfer of classical inform atio n encoded in quantum sys-
tem s tha t have to be physi cal ly tra nsmi tted.

| Other crypto graphi c m etho ds (Ekert scheme) [6] use quantum states
tra nsfer impl ici tl y (so-cal led shared enta nglement tha t has to be di stri buted Ùrst).

| Quantum com puti ng | intensi vel y inv estigated since well -known Shor ' s
di scovery [7] | turns out to requi re so-cal led quantum error correcti on [8, 9] tha t
can be tra nslated into pro blem of rel iable tra nsmission vi a quantum channel and
in som e cases both the descripti on and the soluti on achi eved by entanglement
di sti l lati on idea are simpl iÙed (see [10]).

| One of main to ols to trea t many issues of quantum communi cati on is di s-
ti l lati on of quantum enta nglement tha t al lows for nontri vi al crypto graphi c scheme
cal led quantum pri vacy ampl iÙcati on (QP A) [11].

| If one would l ike to di stri bute pro cessing of quantum algori thm am ong
several quantum computers in nontri vi al way then i t must be done wi th help of
\ ful ly" quantum com muni catio n. Otherwi se we coul d not uti l i se quantum coher-
ence tha t is absolutel y crucia l for the algori thm .

Al l the above is enough to j usti fy an interest in \ ful ly" quantum com muni -
cati on and related to pics.

Bef ore discussing quantum com munica ti on let us recal l funda menta l concepts
of quantum inf orm ati on theo ry . There are two basic concepts used in the theo ry.
The Ùrst is a uni t of quantum inf orm ati on. Thi s is q u b i t or quantum bi t | an
extensi on of noti on of bi t from classical inform ati on theo ry. Thi s is a physi cal
system described by two-dimensional Hi lbert space or the state of such system. It
can be state of elementary spin, two -level ato m or photo n polari sati on state. It has
two basic states j 0 i ; j 1 i corresp ondi ng to eigenstates of observable corresp ondi ng
to natura l setti ng of our m easuri ng apparatus. The state j 0 i ; j 1 i can play the
sam e ro le as \ states" of classical bi t 0, 1. The f undam enta l di ˜erence is tha t
unl ike in classical theo ry quantum inform ati on can be pro cessed qubi ts tha t are
superpositi ons

j ¢ i = a j 0 i + b j 1 i ; j a j
2 + j bj

2 = 1 : (1)

The second basic noti on of quantum inf orm ati on theory is quant um entan-
glement . Thi s is the property tha t can have quantum system A B com posed of two
elementa ry subsystem s (A and B ). Na mely, in same cases the whole system is in
the pure state whi le subsystems are not

j ` A B i 6= j ¢ A ij ¢ B i : (2)

An elementary exampl e of such state is the singlet sta te describi ng spin degrees of
freedom two spin- 1

2
parti cles



On Mi xed Stat es Ent anglement . . . 401

j ê
À

i =
1

p

2
( j 0 ij 1 i À j 1 ij 0 i ) : (3)

Here vecto r j 0 i ( j 1 i ) corresp onds to \ spin-up" (\ spin-down" ) state of the system .
The state (3) (or any of i ts tra nsform ati on by pro duct ¥ i ¨ ¥ j of the Paul i

m atri ces acti ng on elementary spi ns) serves as a uni t of quantum entanglement
cal led e-bi t or enta nglement bi t.

The essence of quantum inform ati on theo ry is tha t, speaki ng very roughl y,
ini ti al quantum (cl assical ) inf orm atio n wri tten in qubi ts (bi ts) can be encoded
into enta nglement, tha t is counted in e-bi ts, and pro cessed only in tha t f orm . Thi s
serves either to pa r a l el i se the pro cess of com puti ng or to d el o cal ise tra nsferred
inf orm ati on or both.

The main pro blem is tha t we usually ha ve unco ntro l led acti on of envi ronm ent
(l ike therm al bath) on our system and neither of two basic quantum inf orm ati onal
uni ts (1), (3) can survi ve in pure form . They are turned into mixture cal led den-
sity m atri x. The acti on of envi ronm ent is m odel led by wha t one cal ls quantum
channel . The question how to encode qubi t so tha t i ts inform ati on is reta ined in
the resul ti ng density m atri x is a subj ect of quantum error correct ion theory whi ch
surpri sing ly can be vi ewed either as a part of quantum com muni cati on or as a
part of quantum com puter theory ([ 10], see below). The questi on whether any
enta nglement is reta ined in a given m ixed state and, i f so, how much of tha t we
have there is a subj ect of quantum entanglement t heory. The two above theo ries
(devo ted to error correcti on and enta nglement) have been l inked wi thi n quant um
channel s theory in seminal wo rk [10] where m ixed states enta nglement wa s one of
centra l noti ons.

W erner [12] Ùrst pointed out tha t i t makes senseto speak about entanglement
in case of m ixed states. For system s wi th correspondi ng Hi lbert spaces of Ùnite
di mension the origina l deÙniti on [12] can be sim pl iÙed as fol lows (see [13, 14]):
Co nsider the so-cal led d A ¨ d B state %. Thi s is density matri x of biparti te system
deÙned on Hi lbert space H AB = H A ¨ H B wi th dim H A = d A , dim H B = d B . W e
say tha t % i s e ntan g l ed (resp ecti vel y separ ab l e ) i f can (cannot) be wri tten in the
form

%AB =

kX

i =1

p i j ê i
A ij ê i

B i h ê i
A j h ê i

B j (4)

for some set of pure states j ê i
A

i ; j ê i
B

i and probabi l i ti es p i .
The state % deÙned on Ùnite di mensional Hi lbert space is cal led maxi mal ly

ent angled i f i t is pure and has one of its reduced density matri cesmaxi mal ly mixed.
In the present paper we shal l discuss and appl y q u al itati v e aspects of mixed states
enta nglement deÙned above. Quanti ta ti ve aspects wi thi n so-cal led entanglement
m easures theo ry [14{ 16] are revi ewed in [17].
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The noti on of mixed states entanglement Ùrst considered in context of quan-
tum nonlocal i ty has turned out to be importa nt in context of quantum com muni -
cati on, especial ly quantum channels capaciti es.

In thi s paper we shall focus on some of tho se quantum channel s pro perti es
tha t are connected to density m atri ces and thei r enta nglement. W e shal l revi ew
som e basic noti ons of the quantum channels theory and show how they are related
to quantum mixed states. W e shal l also revi ew som e aspects of mixed states en-
ta nglement tha t are importa nt for quantum channels. W e expl ain sim ply the idea
of disti l lati on of quantum entanglement [2]. Then we shall present bound enta n-
glement (BE) phenom enon [18] and recal l non-positi ve parti al tra nspose (NPT)
bound enta nglement conj ecture [19, 20] havi ng far reachi ng consequences [21]. W e
shal l appl y concept of bindi ng entanglement channels [22, 23] to show tha t the
resul t of Ref. [21] im pl ies serious di rect consequence for quantum com muni cati on
| nonaddi ti vi ty of quantum capaciti es conjectured in [24, 22]. Fi na l ly, we shal l
di scuss bri eÛy questi on of robustness of entanglement in context of positi ve m aps
(cf . [25]).

2 . P re l im in ar ia | qu an tu m ch an nel s an d qu an t um oper at ions

Let us consi der densi ty matri x % deÙned on Hi lbert space H A , dim H A = d A ,
endowed wi th standard d A -element basis f j i i g

d A À 1
i = 0

. The m ost general physi cal ly
feasible quantum operati on on % is

% ! %0
² Ê ( %) =T r[ Ê ( %) ] ; (5)

where %0 i s deÙned on H B (di m H B = d B ), where Ê i s of so-cal led completely
posit iveÊ form

Ê ( %) =

mX

k =1

V k %V
y

k
; (6)

wi th operato rs Vk : H A ! H B sati sfyi ng addi ti onal condi ti on

C ²

mX

k =1

V y

k
Vk ç I B (7)

and I B i s identi ty m atri x. The nota ti on X ç Y i s used for herm i ti an X ; Y

operato rs and i t means tha t for any ˆ one has h ˆ j X j ˆ i ç h ˆ j Y j ˆ i .
In the above %; %0 represents input and output quantum stat es (or density

m atri ces) respecti vely. They describe di ˜erent physi cal system s when H A 6= H B .
Thi s happens for instance when we perf orm parti al tra ce: at the beginni ng we have

Ê Th i s i s, i n a sen se, op era t ion al d eÙn it i on o f com pl et ely p o sit ive m ap . Or i gin a l (equ i valen t )

m at h em at i cal d eÙn it i on is: lin ear m ap Ê C P on B ( (b o un d ed o p erat ors) i s
i f f or an y n a t u ral t h e n ew (ex t en ded ) m ap Ê deÙn ed on is p osi t i ve.
He r e sta nd s f or com pl ex m at r ices. Le t us r eca ll t h at li nea r m a p È i s p osi t i ve if f or

a ny h erm it i an wi t h n on n ega ti ve sp ect ru m È h as n on n egat ive sp ect ru m a s wel l.
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compound physi cal system in global sta te %1 2 , so H A = H 1 ¨ H 2 . Af ter perform ing
parti al tra ce the reduced density m atri x %1 ( %2 ) describes subsystem s so one has
H B = H 1 ( H B = H 2 ) after tra cing out second (respecti vely Ùrst) subsystem.

The so-cal led compl etely positi ve m ap Ê (6) is t race preservi ng i f for any
% one has T r[ Ê ( %)] = 1 . Thi s happens i f and onl y i f we have equali ty in (7) i .e.
C = I B . Then denom inato r in (5) is tri vi al ly equal to 1. Trace preserving quantum
operati on is cal led quant um channel or quant um operat ion wi t hout postselect ion
and plays f undam enta l ro le in quantum com muni cati on theo ry . If in addi ti on the
channel Ê preserves identi ty Ê (I A ) = I B then we say tha t i t is bistoc hastic .

The m ap Ê i s cal led pro babi list ic quant um operat ion or quant um operation
wi t h postselect ion if A < I B in (7). For any % i t can be perform ed in the lab wi th
pro babi l ity p = T r[ Ê ( %)] . Ho wever, we can add the operato r V0 ²

p

I À A to the
set of operato rs f V k g

m
k =0

deÙning Ê and then the new m ap

Ê 0 ( %) =

mX

i =0

V i %V
y

i = Ê ( %) + V m %V y

m (8)

is tra ce preservi ng and serves as im pl ementa ti on of Ê (see App endi x A). Here we
di scuss special classes of quantum operati ons.

Von N eumann measurement wi thout postselect ion. Then V i = P i are pro jec-
ti ons tha t sum up to identi ty. Then Ê i s tra ce preservi ng and has interpreta ti on: we
have perform ed m easurement of som e quantum observable (herm i ti an operato r)
of the form A =

P
l

i =1
Ñ i P i (Ñ i real ) but we have not read the result. If we read

the classical results duri ng the von Neum ann m easurement of observable A , then
we wo uld get som e of the results i = 1 ; . . . ; m wi th pro babi li t y p i = Tr [ P i %P i ] .
Onl y a f ter getti ng i 0 -th resul t we would kno w tha t the ini ti al sta te % had been
subj ected to the tra nsform ati on % ! %0

i 0
= P i 0

%P i 0
=T r[ P i 0

%Pi 0
] .

Von Neumann measurement wi t h postselect ion. W e can decide tha t we are
onl y interested in cases when sing le chosen resul t i 0 takes place. Thi s generates
sing le operati on

% ! %0

i 0
= P i 0

%P i =T r[ P i %P i ] (9)

tha t can be perf orm ed and probabi l isti cal ly (wi th pro babi li t y p = P i %P i =

T r [ P i %Pi ] ). W e sim pl y \ discard" our system unl essthe result of the previ ous mea-
surement is \ sati sfactory" i .e. i = i 0 . Ana logous pro to col can be perform ed wi th
subset J of \ sati sfactory" results i 2 J leadi ng to % ! %0

J
=

P
i 2 J

P i %Pi =Tr [ P i %P i ] .
Ob vi ous exam ples of quantum channels are von Neum ann m easurem ent

wi tho ut postselection and parti al tra ce. Pro babi l isti c operati on is just vo n Neu-
m ann m easurement wi th postselecti on. Below we present other interesti ng exam -
pl es.

E x ampl e 1 : F il ter ing oper ation [26, 27]. Thi s is the m ost sim ple quantum
operati on of the form (5) i .e.

Ê ( %) = V 1 %V
y

1 =T r[ V 1 %V
y

1 ] : (10)
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Thi s is, in general , probabi l isti c operati on. Accordi ng to (8) i t can be interpreted as
one of two outputs of tra ce preservi ng operati on. The probabi l i ty tha t (10) is per-
form ed is p = T r (V 1 %V

y

1
) . The special (nonpro babi l istic) case of Ùlteri ng operati on

is uni t ary operat ion where V1 i s equal to some uni ta ry matri x U .
E x ampl e 2 : D epol ar ising channel [10]. The m ost popul ar quantum channel

m odel l ing the noise in quantum computer is depolar isi ng channel mappi ng states
on H A onto the states onto the sam e space

Ê ( %) = pI A =d A + (1 À p ) %: (11)

Thi s channel is also bistochastic . It does nothi ng to the state wi th probabi l i ty
(1 À p ) and turns i t into compl etely chaoti c m ixture I A =d A wi th probabi l i ty p .
For qubi t case d A = 2 we can repro duce the form (6) wi th V 1 =

p

1 + 3 p

2
I ; V i =

p

1 À p

2
¥ i À 1 ; i = 2 , 3, 4 where ¥ k ; k = 1 , 2, 3 are usual Paul i matri ces.
E x ampl e 3 : E r asu r e channel [28]. Thi s is the sim ple channel

Ê ( %) p j 0 ih 0 j + (1 À p ) %: (12)

The channel simul ates lossesof parti cles in the pro cessof tra nsfer: y when parti cle is
lost we can pro duce i ts dupl icate but only in some Ùxed blank state j 0 ih 0 j because
the state of the lost parti cl e cannot be reconstruc ted.

3. Q uan t um ch an nels cap aci t ies

3.1. Di stant labs paradi gm

Let us consider the distant labs paradigm (see [30]) in whi ch tw o observers
Al ice and Bob stay in two spati al ly separated laborato ries. Each of them is al -
lowed to perform local operati ons (LO) on quantum system in the corresp ondi ng
lab. They are also allowed to com munica te classical ly (CC) exchanging classical
bi ts. Al l operati ons al lowed in thi s paradigm are cal led LOCC operati ons. In usual
LOCC regime these are al l operati ons Al ice and Bob are al lowed to perform . How-
ever, to make the who le gam e interesti ng they are given some addi ti onal resource.
Usual ly i t is one of two :

(i ) quantum channel connecti ng each other,
(i i ) shared z quantum enta nglement.
Below we shall f ocus on case (i ). No w let us supp ose tha t apar t from LOCC

operati ons the labs are connected by quantum channel (i t could be opti cal Ùber)
and they are al lowed to exchange quantum parti cles (f or instance photo ns wi th
given ini ti a l polari sati on) sending it down the channel . x

y Th i s in t er pret at i on is d u e t o Pr of essor Ro b ert Al icki [ 29] .
z On e says t h at Al ice a n d Bo b s ha r e q u ant um ent ang lem ent o r en t a ngl ed q u an tu m st at e if

t her e is a b ip a rt i t e q ua n tu m sy stem in an en t an gl ed st at e such t ha t Al i ce (Bo b ) h as access on ly
t o t h e Ùrst ( t he secon d ) o f it s sub sy stem s.

x Le t u s n ot e t h at q u ant um ch an nel h as t wo m ean in gs h ere: (a) p h y sical \ ch ann el" t ra nsm it t in g
p h ysi cal ly giv en p art icle, (b ) qu an t um t race p r eserv in g o p er at i on Ê t h at a˜ ect s t he sta t e o f t h e

p ar t i cl e d u rin g t h e t ran sm ission .
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3.2. Single copy regime and transf er Ùdeli ty

Let us supp ose tha t Al ice wants to tra nsfer q u antu m state ¢ belonging to
k no w n Hi lbert space H A to Bob sending the parti cle in the state ¢ down the
channel Ê connecti ng two labs. Usually i t is im possible to do tha t rel iabl y |
duri ng the tra nsmission the densi ty matri x of pure state j ¢ ih ¢ j i s tra nsform ed into
a mi xed state % = Ê ( j ¢ ih ¢ j ). The corresp ondi ng f id el it y of the tra nsmission

f ( ¢ ) = h ¢ j %j ¢ i = h ¢ j Ê ( j ¢ ih ¢ j ) j ¢ i (13)

is usual ly poor. Thi s is always when the channel Ê i s noisy , i .e. represents acti on
of envi ronm ent tha t destroys some part of quantum inf orm atio n. One deÙnesalso
average Ùdeli t y [31] f =

R
f ( ¢ ) dM ( ¢ ) where we integ rate over uni form m easure

dM (¢ ) on set of a ll norm al ised pure states ¢ 2 H .
E x ampl es : f id el ities in id eal and v on N eu mann measu r ement channel :

W e can consi der ideal channel % ! I ( %) = % tha t does nothi ng to the state
duri ng tra nsmission. Thi s is special case of uni tary channel wi th U = I A . Cl earl y
the tra nsmission is com pletel y fai thf ul as in thi s case tra nsmission Ùdeli ty (13) is
equal to uni ty for any norm al ised vecto r j ¢ i .

On the other hand, let us consi der one qubi t channel

% ! Ê ( %) = P
j 0 i

%P
j 0 i

+ P
j 1 i

%P
j 1 i

; (14)

whi ch is evi dentl y deÙned by von Neum ann measurement. Here % i s one qubi t state
describing spin- 1

2
and we use the nota ti on

P ˆ ² j ˆ ih ˆ j : (15)

Let us suppose now tha t the tra nsmi tted state is pure: % = P ¢ = j ¢ ih ¢ j where ¢ i s
given by (1). The output state is mixed and the corresp ondi ng Ùdeli ty f = j a j

4 + j b j
4

i s evidentl y not ideal unl ess j ¢ i i s equal either to j 0 i or j 1 i . The avera ge Ùdeli ty
can be calcul ated to be [31] f = 2 =3 .

3.3. Asympt otical regime and quant um capacit ies

In general one considers the tra nsmission in asympto ti cal regim e. W e shal l
bri eÛy describe the noti on of quant um capaci ty intro duced in Ref. [10] (f or alter-
nati ve, equivalent deÙniti on see [32]).

Let us consi der a new (co mposed) channel Ê ¨ n = Ê ¨ . . . ¨ Ê composed
of n channels Ê . Let us suppose tha t Al ice has arbi tra ry state ˆ k of k -qubi ts (i t
can be enta ngled). She can perform some encoding operati on D (acti ng on her k

qubi ts) tha t gives the new state denoted by Ê D ( j ˆ k
ih ˆ k

j ) and send i t down the
channel Ê ¨ n .

In thi s pro cess acti on of the global channel is composed of tha t of decoding
operati on so the resulti ng state on Bob side is [Ê ¨ n

£ Ê D ] ( j ˆ k
ih ˆ k

j ) . The latter
can be subj ected to f urther Bob' s decoding operati on Ê E getti ng Ùnal ly %0

n =

[ Ê E £ Ê £ Ê D ] ( j ˆ k
ih ˆ k

j ) . Thi s can be schemati cal ly wri tten as fol lows:
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j ˆ k
ih ˆ k

j
Ê D

À ! Ê D ( j ˆ k
ih ˆ k

j )
Ê

¨ n

À ! [ Ê ¨ n
£ Ê D ] ( j ˆ k

ih ˆ k
j )

Ê E
À ! %0

n
= [ Ê E £ Ê ¨ n

£ Ê D ] ( j ˆ k
ih ˆ k

j ) : (16)

For many channels one can arra nge the above pro cess so tha t the tra nsmission is
asympt otical ly rel iable in the sense of tra nsmission Ùdeli ty (13) i .e. tha t

m in
ˆ k

f n ( ˆ k )
n ! 1

À ! 1 ; f n ( ˆ k ) ² h ˆ k
j %0

n
j ˆ k

i

for any k -qubi t sta te j ˆ k i . One can m axi mi se the rate k =n in the l imit of large
n over al l possible encodi ng, decoding operati ons (Ê E ; Ê D ) and under classical
resourc eC = ! ; ê ; $ ; ¢ tha t corresponds to sending classical communi cati on (CC,
see above) in one of the fol lowi ng regim es:

(i ) \ one way" | CC restri cted to sending bi ts onl y from one experim enta list
to another i .e. either f orm Al ice to Bob (C = ! ) or from Bob to Al ice (C = ê ),

(i i ) \ two way" | both from Al ice to Bob and vice versa (C = $ ),
(i i i ) \ zero way" | no { classical com munica ti on between Al ice and Bob al -

lowed (C = ¢ ).
R emar k 1 : I mpor tant ob ser v ation [10]. Let us note tha t instead of being

physi cal ly connected by n channels form ing Ê ¨ n Al ice and Bob can use one channel
m any ti m es sending many parti cles one after another. Thi s is why the quanti ti es
deÙned below are vi ewed as capaciti es of sing l e channel Ê . Thi s tra nsl ati on of the
pro blem from \ spati al " to \ ti m e" regime wa s uti l ised in an interesti ng way in case
of photo nic channels [33].

The rate k =n of the pro cess (16) m axi mised under encoding, decoding and
one of the above classical resource C is cal led quant um capacit y of channel Ê and
denoted by Q C ( Ê ) wi th C = ! ; ê ; $ ; ¢ ([10, 32], for recent results see [34]). It is
obvi ous tha t Q $ i s not smal ler tha n any other of rem aining three capaci ti es be-
cause they uti l isecl assical resources tha t are weaker tha n two -way resource C = $ .
One of basic results is tha t Q ¢ = Q

!
[32, 10] whi le any pro to col corresp ondi ng to

Q ¢ represents some so-cal led quantum error correcti ng code.
The physi cal meaning of quantum capacity is the speed of rel iable quantum

inf orm ati on tra nsfer. In other words i t says how many ti m es we m ust use the
channel per one qubi t of rel iabl y sent quantum inf orm ati on. k Thi s can beexpressed
as fol lows:

Using quantum channel s n ti m es (f or large n ) Al ice can send rel iabl y k ¿

nQ C ( Ê ) quantum bi ts to Bob down the channel Ê ¨ n wi th help of classical com -
m unica ti on resource C .

{ Mo re p recisel y we a llo w fo r a sym p tot ical ly vanis hin g r at e ( in t h e li m it of l arg e n u mb er of
u ses o f ch an nels n ) of cla ssical bi t s t o t h e n u mb er of reli ab ly sen t qu ant u m b i t s.

k Re ad ers fa m il ia r wi t h qu ant um v ersion o f Ùrst Sh a nn on t h eo rem [35 ] m u st n ot i ce t h at h ere
we d o n ot a ssum e a ny st at i sti cs on Al ice's si gn als. Th ey ca n b e in t erp ret ed as p u re sta t es co m in g
f ro m a sou rce d escr ib ed b y m a xi m al en t ro py. W e shal l n ot d isc uss qu a ntu m v ersio n of Ùrst

Sh an n on t h eor em h ere r ecom m en din g com p reh ensi ve revi ew [ 36] .
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R emar k 2. Typi cal ly in quantum communi cati on the operati on Ê E encodes
qubi ts into entangled states in order to d el ocal ise tra nsferred quantum inform a-
ti on. Thi s hi des i t from envi ronm ent tha t acts l ocal l y because of tensor product
structure of Ê ¨ n .

R emar k 3. There is interpreta ti on [10] of the quantum capacity in sense of
\ rel iabl y tra nsmi tted Hi lbert subspace" . The global channel tra nsmi ts states de-
Ùned on global Hi lbert space of H n = H

¨ n
A

dim ension ( d A )n . The maxi mal num ber
of qubi ts tra nsferred rel iably can be associated wi th 2 k -dim ensional subspace of
H k £ H n wi th n = log dim H n ; k = logdi mH k .

Fundament al questions. For given quantum channel Ê the very f undam en-
ta l questi ons are: (i ) is the quanti ty Q C nonzero? (i i ) what are lower and upper
bounds on Q C ? (i i i ) wha t is i ts value? Usual ly (i i i) is extrem al ly hard problem and
(i i ) becom es importa nt. One of main unsolved problems is w hether Q C i s addi t ive
or not ? There is one natura l bound: capacity of the channel Ê mappi ng states in
H A into states on H B cannot be greater tha n logd B ; d B = di mH B :

Q C ( Ê ) ç log
2

d B : (17)

For d A = d B thi s bound is satura ted by ideal channel (see Sec. 3.2).
E x ampl e 1 : C l ass w ith z er o capacity : separ ab l e channel s: There is natura l

cl ass of quantum channel s wi th capacity zero | tho se are separabl e channel s [37].
These are tho se channels tha t have one rank operato rs Vk in decom positi on (6).
From elementa ry algebra we kno w then tha t V k = j ¢ k ih

~¢ k j for vecto rs j ¢ k i ; j
~¢ k i

uni quely deÙning V k . There is physi cal ly justi Ùed interpreta ti on of such chan-
nel | namely i t is sim ulated by simpl e proto col perform ed by externa l observer:
(i ) perf orm general m easurement % !

P
k

V k %V y

k
on the system , (i i ) read the re-

sul t, say k 0 , (i i i ) prepare the system in the state j ¢ k 0
i . Step (i ) destro ys quantum

inf orm ati on com pletely. Thi s is expressed in general pro perty: separabl e channels
have al l capacit ies Q C z er o . Surpri sing ly the statem ent is not \ i f and only i f " :
there are so-cal led bi nding enta nglement channels [22, 23] (see Sec. 6.3) tha t have
Q C = 0 tho ugh they are not separable.

E x ampl e 2 : C l ass w ith max imal capacity : u nitar y channel s. Let us sup-
pose tha t Al ice and Bob are connected by sim ple uni ta ry channel % ! Ê U (%) =

U %U y where U is uni tary operati on. For one qubi t U can be the Paul i m atri x.
Thi s channel tra nsform s any qubi t sta te into another qubi t state. Fi del i ty of the
tra nsmission wi tho ut encoding or decodi ng can be poor. Indeed for two qubi t case
we put U equal to the Paul i matri x ¥ x then i f Al ice sends either of states j 0 i ; j 1 i

the Ùdeli ty is even zero. However, on each pai r Bob can perf orm encoding opera-
ti on Ê 0 ( Â) = U y ( Â) U \ cancelling" the acti on of the channel and then tra nsmission
is ideal . Thi s is because operati on U y i s an inv erse of U . Thus for global chan-
nel Ê ¨ n

U
acti ng on m any copies no encoding operati on is needed and decoding

operati on Ê D = Ê 0 ¨ n i s enough to tra nsmi t ideal ly one qubi t per one usage of
channel . Thi s gives al l capaciti es Q C ( Ê ) equal to uni ty because of the bound (17)
and d A = d B = 2 here. W e must stress again tha t usual ly encodi ng and decoding
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operati ons do not have tensor structure unl ike Ê D = Ê 0 ¨ n above. Typi cal ly they
wo uld entang l e possibl e input (resp ectivel y output) pro duct states.

4. Q uan tu m st at es an d qu an t um ch an n els : co n nect ions

4.1. Mat hemat i cal isomor phism and i ts physical int erpret at ion

Let us consider bi parti te state % deÙned on Hi lbert space H = H A ¨ H B

and assume tha t %A = I =d A ( d X = dim H X ; X = A; B ). The latter means tha t
left reduced densi ty matri x is m axi m ally m ixed. There is one to one correspon-
dence between biparti te states wi th the latter property and quantum channels Ê

tra nsform ing states on H A into states on H B . Thi s corresp ondence is given by the
form ula [10, 35]

% = [ I ¨ Ê ] ( P + ) (18)

wi th pure state

P + = j ˆ + ih ˆ + j ; wi th j ˆ + i =
1

p

d A

d A À 1X

k =0

j k ij k i (19)

deÙned on \ sym metri c" Hi lbert space H A ¨ H A . As in Ref. [38] let us consider the
spectra l decom positi on of the state %:

% =

d A d BX

k =1

p k j ê k ih ê k j ; (20)

where j ê k i =
P d A À 1

i =0

P
d B À 1

j =0
ck

i j
j i ij j i . The operato rs V k are deÙned by thei r matri x

elements h i j V k j j i =
p

d A c k
i j and the corresp ondi ng map

Ê ( ¥ ) =

d A d B À 1X

k =0

p k V k ¥ V y

k
(21)

on arbi tra ry state ¥ on Hi lbert space H A .
The fol lowing physi cal interpreta ti on of Eq. (18) wi thi n di stant labs paradi gm

(Sec. 3.1) wa s pro vi ded in Ref. [35]. Let us supp ose tha t Al ice and Bob are con-
nected by channel Ê and suppose tha t Al ice prepares in her lab a pair of quantum
system s or \ parti cles" in joint m axi ma lly enta ngled state j ˆ + i deÙned on Hi lbert
space H A ¨ H A (both subsystems have the same degrees of f reedom). If she sends
one of \ parti cles" to Bob down the channel then the Ùnal joint state % (18) shared
by Al ice and Bob conta ins al l inf orm ati on about the channel . Let us note tha t sep-
arabl e channels (Sec. 3) correspond to separable states whi le bistochasti c channels
correspond to states wi th b oth reduced density matri ces of state (18) m axim all y
m ixed [39].

E x ampl e: The fol lowi ng so-cal led isotro pi c state (see [40])

%p = p
I A ¨ I A

d 2
A

+ (1 À p ) P + (22)

corresp onds to depolari sing channel (11) vi a the isomorphi sm (18).
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4.2. Quant um telepor t ation channel

Here we shal l consider the class of quantum channels based on quant um
t elepor tation discovery [41] (extended to shared mixed states case in Ref. [31]).
Let us suppose tha t Al ice and Bob stay in spati al ly separated labs and they share
bi parti te state % deÙned on the space H A ¨ H B . Let us suppose tha t Al ice has
thi rd parti cl e deÙned also wi th help of space H A 0 in unkno wn state j ¢ i . Let us
supp ose tha t H A ¿ H B ¿ H A 0 = H i .e. for observers al l the parti cles are of the
sam e physi cal ki nd (l ike three d A -level ato m s etc. ). There is the fol lowing pro to col :

(i ) Al ice perform s joint m easurement on both her parti cles (the one in un-
kno wn state and the m ember of pai r in state %). The m easurement can correspond
to any observable of nondegenerate spectrum wi th eigenvecto rs being m axim all y
enta ngled pure states, i .e. states tha t have both reduced density matri ces m axi -
m al ly m ixed. Let us note tha t such m easurement has d 2

A
outcom es (see exampl e

below) ;
(i i ) af ter the measurement Al ice sends the resul t of her measurement to Bob;
(i i i ) Bob perform s som e special operati on (depending on Al ice's result) on

hi s parti cle (hi s m ember of pair in joint sta te %).
The above quantum operati on can be vi ewed as quant um channel tra nsmi t-

ti ng wi th some rel iabi l i ty unkno wn state ¢ to Bob. It has been shown [41] tha t
i f two condi ti ons are sati sÙed: (a) Al ice and Bob share ini ti al ly pure state m axi -
m al ly entangled (i t can be j ˆ + i deÙned by (3)) in pl ace of % (b) Bob' s acti ons are
som e speciÙc uni tary operati ons then the tra nsmission of j ê i i s id eal . Thi s m eans
tha t then after pro to col consi sting of three steps above Bob gets his parti cl e to
be just in (sti l l unkno wn) ÊÊ state j ¢ i despite the fact tha t no quantum system
has been sent from Al ice to Bob. Mo reover, no inf orm atio n about the state ¢ has
been gained duri ng the game | neither Bob nor Al ice kno ws anythi ng about i t.
Thi s surpri sing phenomenon cal led quantum tel eporta ti on has many unusua l ap-
pl icati ons in quantum inform ati on theo ry . It can be general ised to incl ude m ore
compl icated Al ice and Bob acti ons. Then the general bound on tel eporta ti on wi th
help of separable states shared is f ç 2 =( d A + 1 ) [38].

E x ampl e: O ne q u b it tel epor tation [41]. Let us supp ose tha t Al ice and Bob
are in distant labs each and supp ose tha t they share m axi mall y enta ngled sin-
glet sta te ê 0 = ê

À
= 1

p

2
( j 0 ij 1 i À j 1 ij 0 i ) . Let us note tha t thi s state belongs to

four vecto r fam i ly cal led B el l b asis wi th other three vectors of the form ê 1 =
1

p

2
( j 0 ij 0 i À j 1 ij 1 i ) ; ê 2 = 1

p

2
( j 0 ij 0 i + j 1 ij 1 i ) ; ê 3 = 1

p

2
( j 0 ij 1 i + j 1 ij 0 i ) . Let us sup-

pose now tha t Al ice has unkno wn spi n- 1

2
parti cle in one qubi t sta te j ¢ i = a j 0 i + bj 1 i ;

j a j
2 + j bj

2 = 1 . The three parti cl es A 0 AB (two Ùrst A 0A belonging to Al ice, the
thi rd B to Bob) are in a pure state [ j ` ih ` j ] A 0 AB deÙned by

ÊÊ Th i s i s r elat ed t o so-cal led no -cl on ing t h eor em [ 42, 43] | it ca n b e sho wn t h at d espit e Al i ce' s
m ea sureme nt d estr oys com p lete l y st at e j ¢ i on h er sid e she sti ll can n ot lear n an yth i ng ab ou t t h e

st at e f ro m resul t s of t h e m ea sureme nt.
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j ` i A 0 AB = j ¢ i A 0 j ê 0 i AB : (23)

The essence of the tel eporta ti on idea l ies in the fact tha t %A 0 AB can rewri te the
who le vector in the form

j ` i A 0 AB = j ê 0 i A 0 A ( À ¥ 0 j ¢ i B ) + j ê 1 i A 0 A ( ¥ 1 j ¢ i B )

+ j ê 2 i A 0 A ( ¥ 2 j ¢ i B ) + j ê 3 i A 0 A ( ¥ 3 j ¢ i B ) (24)

wi th ¥ 0 = I and Paul i m atri ces ¥ 1 = ¥ x ; ¥ 2 = ¥ y ; ¥ 3 = ¥ z . Now proto col
goes as fo llows: Al ice perform s measurement of observabl e di agonal in Bel l basis
j ê i i A 0 A ; i = 0 ; 1 ; 2 ; 3 on her parti cles A A . Let us supp ose tha t she gets resul t i 0 .
Then after her m easurement the global sta te corresp onds to

j ê i i A A ( ¥ i j ¢ i B ) : (25)

Let us note tha t unl ike before the experim ent Bob' s parti cle is now com pletel y
unco rrel ated wi th any of Al ice's parti cles. Then i f only Al ice cal ls to Bob and says
tha t she has got i 0 he kno ws tha t the joint sta te of three parti cl es corresponds to
(25) and i t is enough for hi m to appl y the tra nsform ati on ¥ i to his parti cle B to
repro duce j ¢ i at hi s site. The latter is j usti Ùed because one has ¥ 2

i = I indepen-
dentl y of i 0 . The corresp ondi ng Ùdeli ty is ideal . It can be drasti cal ly reduced i f
in the above proto col instead of maxi m ally entangled state Al ice and Bob share
m ixed state [31].

Sum mari sing, i t is im porta nt tha t i f Al ice and Bob share m axi ma lly enta n-
gled state the tra nsmission is ideal . If they share m ixed state then Ùdeli ty of the
tra nsmission is usual ly poor (see [38] for deta i ls). T o avoid, at least parti al ly, the
latter di sadvantage the new idea of ent anglement disti l lati on has been intro duced
in [2]. We shal l describe it subsequentl y.

4.3. Di sti l lati on of quant um ent anglement

Let Al ice and Bob share a large num ber n of pai rs of sta te, each in the
som e mix ed state % tha t is weakl y entangled. Let us supp ose tha t Al ice needs
to tel eport some numb er of unkno wn qubi t sta tes to Bob. Then they both need
to share tw o-qubit m axi mal ly enta ngled states l ike sing lets ê . However, they are
given only m ixed weakl y enta ngled pai rs. How to use them ? For som estates % there
is a pro cess cal led entanglement disti l lat ion [10, 2]: by means of LOCC operati ons
(Sec. 3.1) Al ice and Bob can get k pai rs whi ch are almost in states ê . Ma xi mal
ra te k =n in the l imit of large n and under condi ti on of converg ence of output pai rs
to states ˆ + i s cal led entanglement of di sti l lation and denoted by D C ( %) wi th C

standi ng again for special classical resource. One says tha t D C (%) i s amount of
enta nglement one can di sti l from the state %.

Thi s nontri vi al pro to col was ori ginal ly di scovered for tw o-qubi t W erner states
[12] equivalent to states (22) wi th d A = 2 and p < 2 =3 .

It m ust be stressed tha t duri ng enta nglement disti llati on no physi cal tra ns-
m ission of quantum parti cles from Al ice to Bob is al lowed. They can only use pai rs
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they share perform ing local quantum operati on (l ike intera cti ons am ong parti cles
located in one lab) and send classical bi ts accordi ng to resource C .

In case of two -qubit % the process can be vi ewed as, in a sense, concentra ti ng
enta nglement from large num ber of m ixed pai rs to smal ler numb er of pure states
wi th addi ti onal pro cess of rem oval of no ise represented by mixed character of
ini ti al pai rs. Enta nglement disti l la ti on has vari ous interesti ng aspects | readers
are referred to revi ew paper [30].

Sum mari sing, wi thi n distant labs paradigm , usi ng LOCC operati ons (wi th
resource C ) and large num ber n of shared pai rs in m ixed (but enta ngled) state %

Al ice and Bob can achi eve appro xi matel y k = nD ( %) pai rs in maxi mal ly enta ngled
two -qubit sta tes.

Ho wever, f or som e states % one has D C (%) = 0 . Then no enta nglement can
be di sti l led and % i s cal led nondi sti l labl e. It has been obvi ous tha t al l separable
states (see Intro ducti on) have tha t pro perty . Thi s is, roughly speaki ng, because
of general physi cal law sayi ng tha t LO CC act ion cannot create entanglement \at
a distance" . The question wa s whether there are any enta ngled states tha t are
nondi sti l labl e. A surpri sing answer wi l l be given in one of next subsections.

E x ampl e [27] (cf . [26]). W e shal l bri eÛy describe the sim plest di sti l lati on
pro to col . Let us supp ose tha t Al ice and Bob share n tw o-qubi t pai rs in state
j ` i = ˜ j 0 ij 1 i À Ù j 1 ij 0 i wi th real parameters ˜ > Ù > 0 ; ˜ 2 + Ù 2 = 1 . Then Al ice
perform s local Ùlteri ng operati on (see Sec. 2) wi th V 1 = diag [Ù= ˜ ; 1]. Appl yi ng
the form ula (10) we seetha t such operati on gives singlet sta te ê À wi th probabi l i ty
p = 2 Ù 2 . Thus given any pai r from set of given n ones Al ice perform s local Ùlteri ng
operati on on her parti cl e and cal ls to Bob inf orm ing whether the operati on suc-
ceeded (thi s happ ens wi th probabi l i ty p ) or not. If i t succeeded then they keep the
pai r, otherwi se the pai r is di scarded. Fol lowi ng binary Berno ul l i distri buti on prop-
erti es for large n thi s gives k = pn = 2 Ù 2 pai rs in m axim all y enta ngled state ê À .
Let us note tha t because only Al ice used phone, the communi cati on was one-way.
Thus we have got lower bound for one-wa y disti l lable enta nglement

D
!

( P ` ) Ñ 2 Ù 2 ; P ` = j ` ih ` j : (26)

The above bound and the corresp ondi ng pro to col can be shown to be not opti m al.
Indeed i t can be shown tha t D

!
(P ` ) ; D

ê
(P ` ) ; D

$
( P ` ) ; D ¢ ( P ` ) have the same

value of the von Neumann entro py of parti al ly reduced state T rB ( P ` ) (see [27]).

5. Ap pl icat io ns t o qu an t um ch an nel s

It has been realised Ùrst in Ref. [10] tha t enta nglement disti l lati on can serve
as an im porta nt to ol for quantum channels theo ry . The tri ck was to combi ne al l
t hree ideas described above in Secs. 4.1, 4.2, 4.3 as f ol lows. Let us supp ose tha t
Al ice and Bob are just in the situa ti on from Sec. 3: they are connected by n

quantum channel s Ê tha t are noisy, n i s large enough and they are al lowed to
use resource C = ! ; ê ; $ . They can proceed as fol lows: instead of sending qubi ts
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di rectl y (tha t would be harm ful to them ) Al ice and Bob can pr epar e new channel
wi th help of Ê . Al ice can prepa re n pai rs in m axim all y enta ngled state P + each.
Then she can send \ hal f " of any of them (one after another) down the same channel
Ê . Accordi ng to rem ark 1 of Sec.3 the e˜ect is as i f we had many channels Ê ¨ n and
sent one \ half " of P + down any of them . Thus, as a result, Al ice and Bob share n

quant um states each of the f orm (18). If the latter is disti l lable (whi ch can happ en
qui te often) then they can appl y the idea of Sec.4.3 and di sti l k = nD ( %) tw o-qubi t
m axi m ally entangled states. Fi nal ly, Al ice can tel epor t rel iably (see Sec. 4.2) to
Bob any k unkno wn qubi ts.

As a resul t alm ost ideal (f or large n ) tra nsmission of k qubi ts from Al ice to
Bob to ok pl ace. The idea wa s to turn global no isy channel Ê ¨ n into alm ost ideal
t elepor tation channel and use the latter to send qubi ts. Hi ghly nontri vi al aspect
of the above procedure can be revealed by som e simpl e analysis showi ng tha t here
errors tha t channel would have intro duced to tra nsmi tted quantum inf orm ati on
have been corrected vi rtua l ly bef or e the inform ati on was sent. Thi s is interpreted
as count er factual er ror cor recti on (see [1]): we \ correct" errors b ef or e they happen.

R eal ising tha t the who le pro cess used only resources al lowed to achi eve Q C

(tha t is local operati ons and classical com munica ti on resource C ) and tha t i t may
be not opti m al one gets lower bounds for quantum capaciti es [10]:

D C ç Q C ; C = ! ; $ ; ê (27)

and, because of Q ¢ = Q ê , also D ê ç Q ¢ . y y

Other powerful appl icati on of disti llati on idea to quantum capaciti es can be
found in [34] where resul ts to wards quantum version of second Shannon theo rem
has been pro vi ded. In parti cul ar nontri vi al impli cati ons of the fol lowi ng conjecture:

D ! Ñ S ( %B ) À S ( %) (28)

cal led \ hashi ng inequal i ty " (cf . [2]) have been pro ved. In the above %B i s Bob
reduced density matri x of shared state % and S stands for von Neum ann entro py.

6. Sur p r is in g ph enom ena an d r el at ed issues

6.1. Bound entanglement phenomenon

The very natura l questi on was: whi ch states are di sti l lable? As we mentio ned
above separabl e states are not because no quantum correlat ions can be created wi t h
help of classical phone. As for nonseparable (enta ngled) states the exp ected answer
wa s | they should be al l di sti l lable. It even has been indeed shown tha t:

A ny ent angled t wo-qubi t (or qubi t{qut r i t) z z state is t wo-way disti l lable [44, 40].
The resul t requi red pri or research [45, 46] pro vi ding e£ cient cri teri on decid-

ing whether given state is separable or not. Thi s hi ghly nontri vi al pro blem focusing
m uch attenti on is outl ined in App endix B. At the mom ent only f ew issues are im -

y y Th e q ua nt ity D ¢ is excep t i on [3 4]. W e shal l n ot di scu ss i t her e.
z z Qu b it { qu t ri t sy stem is j u st 2 ¨ sy stem , see d eÙn i t ion of sep ar ab ili ty in in t r od uct ion .
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porta nt here. Na mely i f the state % is separable then i t sati sÙes positi ve parti al
tra nspose (PPT) test [45] i .e. the new m atri x %T B deÙned by i ts matri x elements
in pro duct basis

h m j h ñ j [ %T B ] j n ij ¡ i = h m j h ¡ j %j n ij ñ i (29)

has nonnegati ve spectrum whi ch is symbol ised by the nota ti on %T B
Ñ 0 . The

states tha t pass the test are cal led PPT. The states tha t do not are called NPT,
because spectrum of thei r parti al ly tra nsposed matri x %T B i s not positi ve. The
operati on (29) corresp onds sim ply to tra nsposing indi ces due to second subsys-
tem . It happens tha t PPT test is necessary and su£ cient [46] for separabi l i ty of
two -qubit states but thi s is not so in general [46, 13]. In other words, there exi st
enta ngled states sati sfyi ng PPT test. It has been shown tha t vi olati on of PPT
test is necessary for disti l labi li ty and thi s leads to so-cal led bound entanglement
(BE) phenom enon [18]. Nam ely, somewhat surpri singly, t here exist states t hat are
ent angled but nondi sti l lable. For bi parti te system s they occur only when dim en-
sions of the Hi lbert spaces d A = H A ; d B = H B sati sfy d A d B > 6 . Thi s amazing
phenom enon focused m uch attenti on recentl y. It represents qual i ta ti ve [18] and
quanti ta ti ve i rreversi bi l i ti es [47, 48]. For extensi ve revi ew see [30]. In the above
context disti llabl e enta nglement is cal led free entanglement . It happ ens tha t some
part of enta nglement in mixed state is free and the rest is bound [48] tho ugh there
are m ixed states [49] tha t conta in onl y free enta nglement. Al l tho se issues lead to
im porta nt therm odyna m ical analogies [50, 51, 14, 52].

For compl eteness let us recal l the necessary and su£ cient condi ti on for di s-
ti l labi l it y of sta te % [18]:

A biparti te state % on H AB = H A ¨ H B i s di sti l lable if and onl y i f for some
two -dim ensional pro jectors P ; Q and for som e num ber n , the \ two -qubi t- like" state
%0

n
( %) = P ¨ Q %¨ n P ¨ Q =T r[ P ¨ Q %¨ n P ¨ Q ] i s entangled i .e. vi olates PPT test.

Thi s cri teri on can be modiÙed to more suita ble form (see [19, 20]).
E x ampl e 1 : For Ùrst physi cal expl ici t exam ples see [13]. Here we shal l recal l

the fol lowing one based on [53, 54]:

¥ 1 =
1

2 1

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

2 0 0 0 2 0 0 0 2

0 4 0 2 0 0 0 0 0

0 0 1 0 0 0 2 0 0

0 2 0 1 0 0 0 0 0

2 0 0 0 2 0 0 0 2

0 0 0 0 0 4 0 2 0

0 0 2 0 0 0 4 0 0

0 0 0 0 0 2 0 1 0

2 0 0 0 2 0 0 0 2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (30)
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wri tten in standard basis of 3 ¨ 3 typ e: j 0 ij 0 i ; j 0 ij 1 i ; j 0 ij 2 i ; j 1 ij 0 i ; . . . It is invari ant
under PPT operati on (29) but cannot be wri tten in the form (43) (see exam ple in
App endix B).

E x ampl e 2 : Thi s exampl e of bound enta ngled states on C
3

¨ C
3 i s based

on unextenda bl e pro duct bases [55, 23] tha t are im porta nt for positi ve m aps the-
ory [56]:

%P en t =
1

4

"

I ¨ I À

4X

i =0

j v i ij v h ( i ) ih v i j h v h ( i ) j

#

; h ( i ) = 2 i mod 5; (31)

where

j v k i =
2

p
5 +

p

5

"

cos

˚
2 ¤ k

5

Ç

j 0 i + sin

˚
2 ¤ k

5

Ç

j 1 i +

p
1 +

p

5

2
j 2 i

#

: (32)

R emar k 1 : R ob u stness of entang l ement . The above states are singul ar so
thei r properti es can strongly depend on possible adm ixtures tha t are una voidable
when we want to prepare system in a given state experim ental ly. Theref ore the
robustness of enta nglement and bound entanglement in thi s context is importa nt
(cf . [25]). In App endix C we perform elementa ry analysis of error bar adm i tta ble
i f one wants to pro duce enta ngled and bound enta ngled state.

R emar k 2 : N onad d itiv ity conj ectu r e . Physi cal e˜ect of acti vati on of bound
enta nglement [24] suggested the fol lowing conj ectures [24, 22]:

Both disti l labl e entanglement D C and quantum capaciti es Q C are in general
nonaddi ti ve (m ore preci sely | superaddi ti ve) functi ons of quantum state.

In case of quantum channels sup eraddi ti vi ty would mean tha t

Q C ( Ê 1 ¨ Ê 2 )
?

> Q C ( Ê 1 ) + Q C ( Ê 2 ) : (33)

W e shal l come back to the above conjecture subsequentl y.

6.2. NPT bound ent anglement conjecture and i ts possible impl icat ions

The bound enta ngled phenomenon leads to interesti ng e˜ects l ike acti vati on
of bound enta nglement [24, 57, 58] or superacti vati on [59] in m ulti parti cle case.
There are sti l l open pro blems, one of them is NPT bound enta nglement conjecture
form ulated in [19, 20].

T o describe i t let us repeat tha t PPT property of any entangled states im pli es
bound enta nglement [18]. The converse statem ent \ bound enta nglement has PPT
pro perty" (shown to hold for 2 ¨ n case (see [60])) has been sti l l an open questi on
in general . It wa s qui te natura l to expect i ts val idit y because of the relati on of
parti al tra nspositi on to ti m e reversa l [61] whi ch coul d be com pati ble wi th the f act
tha t entanglement disti l lati on is a \ counterf actua l " error correcti on ([ 10, 1], see
Sec. 5).

Tho se issues stim ulated investigati on of states tha t do not have PPT prop-
erty . They are cal led NPT states (see Sec. 6.1). The pro blem was tra nslated to
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the questi on: are al l NPT states di sti l lable? As we menti oned above for cases
2 ¨ 2 ; 2 ¨ 3 i t was true [44, 40], and thi s wa s genera lised to 2 ¨ n [60]. But there
are evidences tha t the statem ent is not true in general . The pro blem was reduced
by the fol lowing result [40]:

The statem ent \ PPT pro perty is equivalent nondi sti l labi li t y" is true i f and
onl y i f i t is true for the W erner states.

The W erner states [12] are d ¨ d states of the form

W ( p ) = (1 À p )
2

d 2 + d
P (+) + p

2

d 2
À d

P ( À ) ; (34)

where P ( Ï ) = I Ï V

2
wi th identi t y I , and V being \ Ûip" operati on i .e. V ¢ ¨ ê = ê ¨ ¢

for any vecto rs ê ; ¢ . In other words P (+) (P ( À ) ) corresp onds to pro jecti on onto
the symm etri c (anti sym metri c) subspace of C

d
¨ C

d .
Qui te recentl y som e of NPT W erner states has been careful ly considered

[19, 20] and they have been shown to be nondi sti l labl e in so-cal led sing le copy case.
Mo reover, i t has been also shown [19, 20] tha t the di sti l labi l it y of the states is at
least very hard i f num ber of state copi es increases and local m inimum argum ent
for nondi sti l labi li t y of two copies case has been pro vi ded [62]. However, to pro vi de
a f ul l proof of exi stence of NPT BE was sti ll an open pro blem. The corresp ondi ng
conjecture can be form al ly wri tten as fol lows (see [19, 20]):

C onj ectu r e. W erner states (34) wi th parameter 1
2

< p ç
3 ( d À 1 )

2 (2 d À 1 )
(whi ch are

enta ngled and NPT) are not disti l lable.
It has been shown tha t i f the above were true i t wo uld have a highl y non-

tri vi al and far- reaching im pl icati ons concerni ng disti l lable enta nglement m easure
[21] as well as so-cal led 2-positi ve maps [20]. Here we shal l recal l resul ts concerni ng
di sti l labi l it y [21]:

A: If the conjecture is true then two -way di sti l lable entanglement is non-
addi ti ve (p ossibl e nonaddi ti vi ty of D C was Ùrst conj ectured in [24]). Thi s has
been pro ven [21] to fol low from the conj ecture by showi ng tha t tensor pro d-
uct of BE state %Pe nt (31) wi th W ( p Ê ) (f or some special param eters p Ê 2 [ 1 =2 ;

3 ( d À 1 ) =2 (2 d À 1 )] deÙned in Ref. [21]) pro duces di sti l lable state. Thus
D $ ( %Pe nt ¨ W ( p Ê )) > 0 whi ch (as D $ ( %Pe nt ) = 0) has been pointed out to
pro duce nonaddi ti vi ty i f onl y D $ ( W ( p Ê )) = 0 holds.

B : If the conjecture is true then the disti llabl eenta nglement D i s not convex.
Thi s was again pro ved in Ref. [21] to be im pl ied by the conj ecture. The idea of
the pro of is to ta ke 2 n copies of unbi ased m ixtures of two BE com posed states
W ( p

Ê
) ¨ j 0 ih 0 j ; %Pe nt ¨ j 1 ih 1 j where pure state \ ancil la" is on the Al ice side. Af ter

Al ice's measurement both Al ice and Bob can pro duce n copi es of %Pe nt ¨ W ( p
Ê

)

whi ch concl udes the pro of.
One of the m ain results of thi s paper is to add another serious consequence

of the conj ecture for quantum com munica ti on.
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6.3. Bi nding entanglement channel s

Here we shal l discuss bri eÛy the issue of bindi ng entanglement channels
[22, 23]. Na m ely there are channels such tha t i f pa i r of entangled states is send
down them then the pai r is not disti l lable. Ho wever someti m es i t conta ins bound
(no ndi sti l lable) enta nglement. Such channels have been shown to have zero capac-
i ty Q $ whi ch impli es tha t any other capaciti es for resource C = ê ; ! ; ¢ are zero
to o (see Sec. 3). Simple mathem ati cal proto col [22] produci ng BE channel uses
arbi tra ry bound enta ngled state % on H A ¨ H B wi th left reduced density matri x
%A of f ul l rank. Na m ely wi th help of such state one can consider new (a lso bound
enta ngled) density matri x

%0 =
1

d
( %

À 1 = 2

A ¨ I B ) %( %
À 1 = 2

A ¨ I B ) : (35)

Thi s state has m axim all y reduced left density matri x %A so one can appl y
isom orphi sm (18). The resul ti ng channel is just some BE channel . Thi s channel is
not separabl e because then the state (35) were separable. Ano ther idea to pro vi de
BE channel [23] is just \ tel eport" one subsystem of system in maxi mal ly enta ngled
state wi th help of shared bound entangled state. Thi s al lows to perform acti on of
BE channel physi cal ly.

The peculiari ty of BE channel l iesin the fact tha t i t contra dicts some natura l
intui ti ons of what nonzero capacity of the channel m eans. Na mely i t happ ens tha t
not onl y separable channels have capacity zero. Thi s is the reason why BE channels
were Ùrst candi dates [22] to sati sfy superaddi ti vi ty relati on (33).

E x ampl e: Using the above m etho d we can \ read" BE channel from BE state
(30) wi th help of the scheme above uti lising (35). W e get

Ê ( Â) =
6

2 1
I ( Â) +

1

7
[ ¥ 0 1

x
V 0 1 ( Â) V0 1 ¥ 0 1

x
+ ¥ 0 2

x
V 2 0 ( Â) V 2 0 ) ¥ 0 2

x

+ ¥ 1 2
x

V1 2 ( Â) V 1 2 ) ¥ 1 2
x

] ; (36)

where V k m = 2 j k ih k j + j m ih m j and Paul i- l ike matri cesare ¥ k m
x = j k ih m j + j m ih k j .

Thus the above channel is a conv ex com binatio n of ideal channel I (wi th wei ght
p = 6 =2 1 ) and other three operati ons tha t sum up to another channel wi th wei ght
1 À p = 1 5 =2 1 .

7 . No n ad di t ivit y of ch an nel cap aci t i es
f r om som e NP T b ou nd en t an gled st at es

Here we shal l prove the one of the m ain results of the paper. Let us intro duce
two channels

Ê (+) ( Â) =
1

d + 1

"
d À 1X

k =0

P
j k i

( Â) P
j k i

+
X

k <m

¥ ( k m )
x

P k m ( Â) P k m ¥ ( k m )
x

#

(37)
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and

Ê ( À ) ( Â) =
1

d À 1

X

k <m

¥ ( k m )
y

P k m ( Â) P k m ¥ ( k m )
y

(38)

wi th pro jecti ons P k m ² j k ih k j + j m ih m j and Paul i - typ e matri ces¥
( k m )
x = j k ih m j +

j m ih k j and ¥
( k m )
y = i j k ih m j À i j m ih k j .

Using statem ents from Sec. 4.1 the above channels can be easily checked to
be bi stochastic. Thi s is because [ I ¨ Ê ( Ï ) ] ( P + ) = 2 =( d 2

Ï d ) P ( Ï ) and the latter
has both reduced density m atri ces m axim all y mixed.

Thi s al lows us to repro duce one param eter bistochasti c channel s fam ily for
the Werner states (34) wi th help of isom orphi sm (18) as fol lows:

Ê p = pÊ (+) + (1 À p ) Ê ( À ) : (39)

Let us also appl y the constructi on (35), (18) to the PPT BE states %Pe nt (31). Thi s
gives vi a the isomorphi sm (18) BE channel Ê Pe nt havi ng al l quantum capaci ti es
zero. Let us supp ose tha t p

Ê
i s the parameter for whi ch nonaddi ti vi t y of D

$
holds

(see Sec. 6.2). W e have
O b ser v ation: If the W erner state W (p

Ê
) i s NPT bound enta ngled then

two -way quantum channels capaci ty Q C i s not addi ti ve. In parti cul ar, channels
Ê p Ê

and Ê Pe nt sati sfy superaddi ti vi ty relati on (33).
Below we shal l pro ve the observati on. W e have

Q C ( Ê Pe nt ) = 0 (40)

for any classical resource C . Now let us consider sending the m axi m ally enta ngled
state P + ¨ P + down the composed channel Ê Pe nt ¨ Ê p Ê

wi th p
Ê

deÙned as in
R ef. [21] (see Sec. 6.2). Thi s leads to the com posed state ~% wi th D

$
( ~%) > 0 . Thi s

is because wi th help of local Ùlteri ng operati on (see Sec. 3): ~%
1 = 2

A
¨ I i t can be

bro ught to the state % ¨ W (p
Ê

) whi ch has been shown to be di sti l labl e [21].
But upp er bounds from Sec. 5 im ply tha t Q

$
(Ê ¨ Ê p ) Ñ D

$
( %0 ) > 0 . Thus

we have

Q
$

(Ê ¨ Ê p ) > 0 (41)

and Q
$

( Ê ) = 0.
Let us supp ose now tha t W ( p

Ê
) were BE state. Then Ê p wo uld be BE

channel because i t has been constructed f rom W ( p
Ê

) wi th help of (35). Thus
NPT bound enta ngled character of W ( p

Ê
) im pl ies Q C ( Ê p ) = 0 whi ch concl udes

nonaddi ti vi ty because of (40), (41). Let us note tha t here we woul d have very
stro ng superaddi ti vi ty as two zero capacity channels would g ive together one of
nonzero capaci ty .

Sum mari sing, i f the W erner state W ( p
Ê

) would be NPT BE then the conj ec-
ture (33) were true for C = $ . It seems very probable tha t usi ng the combina ti on
of techni ques of [21] and the above reasoning (appl ied to one-way disti l labl e en-
ta nglement D ! ) wi l l lead to nonaddi ti vi ty i f capacity Q ! = Q ¢ .
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8. Co n cl usion s

Mi xed states entanglement is f undam enta l to ol in inv estigati ons of \ ful ly"
quantum com muni cati on. It is especial ly useful as far as qual i tati ve problems are
concerned. In parti cul ar, i t can serve as a resource for quantum data tra nsfer
and thi s is made wi th help of di sti l lati on of quantum enta nglement. Genui ne i rre-
versibi l i ty represented by so-cal led bound entanglement is reÛected by existence of
bi ndi ng enta nglement channels. Bound enta nglement phenomenon together wi th
i ts physi cal e˜ects led to the conjectures about superaddi ti vi ty of: (i ) two- way
di sti l lable enta nglement and (i i ) two- way quantum capacity . On the other hand,
the conj ecture on so-cal led NPT bound entanglement has been form ulated and
appl ied to show tha t in som e versions i t woul d lead to superaddi ti vi ty of (i ). Here
we have shown tha t the conjecture also im pl ies superaddi ti vi ty of (i i ). Thi s was
done wi th help of bindi ng entanglement channels idea.

On the other hand, we ha ve perf orm ed sim ple analysis of robustness of en-
ta nglement and bound enta nglement (i n senseof possible error bar) using positi ve
m aps. It would be interesti ng to prepa re bound entangled states in lab because
they can be used (wi th help of tel eporta ti on) to pro duce bindi ng entanglement
channel tha t (as we have shown) presumably have curi ous physi cal pro perty |
superaddi ti vi ty . Al l the above depends on val idit y of the conj ecture tha t the NPT
bound enta nglement exists. In any case to pro ve or di spro ve thi s conj ecture is
m ore tha n desirable.

Autho r tha nks M. Ho rodecki and R. Ho rodecki for helpful discussions. The
wo rk is parti a lly supp orted by the State Co mm ittee for Scienti Ùc R esearch, con-
tra ct No . 2 P03B 103 16, and by the IST pro ject EQUIP , contra ct
No . IST- 1999-11053.

Ap p en dix A | phys ics of qu an t um op er at ion

W e shal l recal l in bri ef how to perf orm the operati on (6) physi cal ly [63].
Our aim is to perf orm operati on Ê 0 in case when H A = H B = C

d . Let us add to
our system deÙned on H A the new system cal led anci l la wi th the corresp ondi ng
associ ated Hi lbert space H a = C

m +1 .
W e shal l Ùrst construct som e uni ta ry operati on U between our system and

anci l la H t o t ² H a ¨ H A . Let us ta ke the fol lowi ng operati on ~U on space H to t ²

H a ¨ H A = C
m +1

¨ C
d . Let us ta ke the fol lowi ng operati on:

~U ²

mX

i =0

j i ih 0 j ¨ V i : (42)

Thi s is not uni ta ry as i t vani shes on any vecto r of the form j k ij i i 2 H to t wi th
0 < k ç m , but on the subspace spanned by the d -element subba sis f j 0 ij i ig

d À 1
i =0

i t i s isometry , i .e. i t keeps the scalar pro duct between vecto rs in tha t subspace.
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In parti cul ar, elements of subbasis are mapp ed into d or thonor mal vecto rs in
H to t . Thi s fol lows from the identi ty ~U y ~U = j 0 ih 0 j ¨ I impli ed by pro perty of the
m ap (8). Op erato rs sati sfyi ng (l ike our m atri x U ) pro perty ~X y ~X = P are cal led
par t ial isometr i es.

No w we can wri te ~U in the standard basis f j k ij i ig ; k = 0 ; . . . ; m + 1 ; i =

0 ; . . . ; d in space H to t . Then, because of parti al isometry character of ~U , we con-
cl ude tha t i t is d 0

¨ d 0 ( d 0 = ( m + 1 ) d ) m atri x wi th Ùrst d colum ns ortho norm al and
the rest colum ns vanishing. Because the m atri x is squared we can always construct
(i n a nonuni que way) the rest ( d À 1 )( m + 1 ) colum ns ortho norm al to each other
and to Ùrst d colum ns of ~U . From tho se ( d À 1 )( m + 1 ) colum ns we can im mediatel y
deÙne the com plementa ry ~U 0 tha t is parti al isom etry (l ike ~U ) but on the subspace
space corresp ondi ng to the pro jector ( I À j 0 ih 0 j ) ¨ I , i .e. i t has Ùrst d colum ns
vani shing and other ( d À 1 )( m + 1 ) ortho norm al al ready constructed. Then the
new m atri x U = ~U + ~U 0 resul ti ng f rom adding two previ ous parti al isometri es is
squared d 0

È d 0 m atri x wi th ortho norm al colum ns, hence i t is u nitar y m atri x on
H to t . Accordi ng to quantum m echani cs it can be real ised by inter action between
anci l la and our system wi th the corresp ondi ng Ha m il toni an. Let us supp ose tha t
our system is in the state %. Then the m ap (6) can be perform ed in the fol lowi ng
steps:

(i ) prepare anci l la in state j 0 ih 0 j ,
(i i ) allow for intera cti on represented by uni ta ry tra nsform ati on U between

system and anci l la,
(i i i ) perform on anci l la standard two -output vo n Neum ann m easurem ent

P 1 = j m ih m j ; P 2 = I À P 1 wi th postselecti on \ di scardi ng" our system unl ess
sati sfactory result 2 occurs,

(i v) perform parti al tra ce (or \ forget" about the anci l la system ) getti ng the
reduced density matri x tha t describes onl y system .

Thi s wi l l be %0 from (5) we wanted to \ pro duce" . If the operati on is just
quantum channel then one omi ts step (i ii ) above.

The who le picture can be extended to the case where the Ùnal state (af ter
acti on of the channel ) is of di ˜erent physi cal character i .e. the system parti al ly
or com pletel y changes i ts character duri ng \ tra nsmission" . The m ost elementa ry
exam ple is the fol lowi ng. Al ice sends some photo ns to Bob, som eone captures and
m easures photo ns somewhere in between and sends atom s to Bob instead wi th
ato m ic states dependi ng on m easurement resul ts on photo ns. Thi s is just exampl e
of separabl e channel (see Sec. 3).

Ap pen d ix B | sep ar ab i lity cr i t er ia

Let us recall tha t there exists the necessary and su£ cient condi ti on [44] for
separabi l i ty . Thi s is based on positi ve m aps theo ry [64{ 67, 53]. Na mely:

(I) Given mixed state % deÙned on H A ¨ H B is separable i f for any l inear,
(i ) positi ve but (i i) not com pletel y positi ve map Ê mappi ng states on H A onto
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sta tes H B the new m atri x [ I ¨ Ê ]( %) has nonnegati ve spectrum .Ê The latter is
wri tten in a sym bolic way as

[ I ¨ Ê ] ( %) Ñ 0 : (43)

E x ampl e 1 : Positi ve parti al tra nspose condi ti on due to Peres can be form u-
lated as (43) wi th tra nspositi on operati on Ê = T tha t tra nsposes (i n usual sense)
any matri x wri tten in som e Ùxed basis. Thi s is because [64{ 66, 53] tra nspositi on
m ap is positi ve and one has %T B = [ I ¨ T ] (%) by the very deÙniti on.

An im porta nt result tha t separabi l ity PPT test is not onl y necessary [45]
but also su£ cient [46] for two qubi ts and so-cal led qubi t{ qutri t system is based
on very special property (cal led decom posabi l i ty) [64{ 67, 53] of positi ve m aps on
low dim ensional m atri ces. The fai lure of tha t pro perty im pl ies tha t for higher
di mensional system s PPT is onl y necessary condi ti on of separabi l i ty [46, 13].

E x ampl e 2 . The positi ve m ap [67] (tra nsform ing m atri ces on C
3 onto matri -

ces on the sam e space)

Ê

0

B
B
@

2

6
6
4

a 1 1 a 1 2 a 1 3

a 2 1 a 2 2 a 2 3

a 3 1 a 3 2 a 3 3

3

7
7
5

1

C
C
A =

2

6
6
4

a 1 1 + a 3 3 À a 1 2 À a 1 3

À a 2 1 a 2 2 + a 1 1 À a 2 3

À a 3 1 À a 3 2 a 3 3 + a 2 2

3

7
7
5 (44)

can be appl ied to reveal enta nglement of sta te (30). Indeed the resulti ng matri x
[ I ¨ Ê ] ( ¥ 1 ) has negati ve eigenvalue À

1

7
.

There is another characteri sati on of separabi l i ty . Let the observable W be
cal led entanglement wi t ness [56, 46] i f (i ) i ts m ean value on any pro duct state is
nonnegati ve i .e. T r (W j e; f ih e; f j ) Ñ 0 , (i i ) i t has negati ve mean value on some
state %, i .e.

T r (W %) < 0 : (45)

Let us note tha t because of (i ) % has to be entangled. We say tha t W reveals
enta nglement of %. No w the second characteri sati on says [46, 56].

(I I) Given mixed state % deÙned on H A ¨ H B i s separable i f

T r (W %) Ñ 0 (46)

for al l enta nglement wi tnesses. The theo ry of enta nglement wi tnesses is intensi vely
inv estigated recentl y. They al lowed to reduce new so-cal led nondecom posabl e pos-
i ti ve m aps ([ 56] and ref erences therei n). The nontri vi al and techni cal results f orm
general descripti on of convex subsets of quantum states. In parti cul ar, i t has been
shown tha t they can be opti m ised (to reveal in a sense as m uch enta nglement as
possible) and appl icati ons to multi parti cle cases is extensi vel y developed. W e shal l
not discuss tho se topi cs here (f or syntheti c descripti on see [68]).

Ê I n or i gi na l p ap er [ 46] it wa s d eÙn ed wi t h o ut ( i i) fo r h ist or ical reason s. I n p ra ct ice com p l et ely
p o sit ive m a p s we re of cou r se alway s excl ud ed as t h eir p r esence is red u nd ant | t h ey d eÙn e t r i vi al

sepa rab i lit y con d it ion s.
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E x ampl e 3 : The \ Ûip" or \ swap" operator V on C
d

¨ C
d i s entanglement

wi tness because (see [12]): (i ) T r( V j ¢ ih ¢ j ¨ j ê ih ê j ) = j h ¢ j ê ij
2

Ñ 0 and
(i i ) Tr ( V j ê À ih ê À j ) = À 1 < 0 because V j ê À i = À ê À (sing let is anti sym metri c).
Let us note however tha t V does not reveal enta nglement any of highl y enta ngled
tri plet sta tes (l ike j ê + i = 1

p

2
( j 0 ij 0 i + j 1 ij 1 i ) because they are al l sym metri c wi th

respect to perm uta ti on (see [69]).
There is one to one corresp ondence between enta nglement wi tnesses W

and positi ve but not compl etely positi ve operato rs Ê whi ch is given by so-cal led
Jam io¤kowski isomorphi sm [65]:

W = [ I ¨ Ê y

W
] ( P + ) ; (47)

where P + i s a pro jector corresponding to the vecto r j ˆ + i =
P dim H A

k =1
j k i ¨ j k i . The

m ap Ê y

W
stands for herm i ti an conj ugate of m ap Ê W .

E x ampl e 4 [69]. One has V = [ I ¨ T ] ( P + ) whi ch means, accordi ng to (47)
tha t tra nspositi on m ap corresp onds to \ Ûip" operato r. Here we see rem ark able
pra cti cal di ˜erence between (I) and (I I): for two qubi ts the map I ¨ T serves as
necessary and su£ cient separabi li ty condi ti on whi le the corresp ondi ng wi tness does
not | for instance i t does not reveal enta nglement of tri pl ets. The property tha t
sing le positi ve map condi ti on reveals more enta nglement tha n the corresp ondi ng
(i n senseof (47)) wi tness is even true in general (see [68]).

The condi ti on (I) can be f urther restri cted [70] to such l inear, positi ve (but
not com pletel y positi ve) Ê ' s tha t are identi ty preservi ng, i .e. Ê ( I A ) = I B where
I A ( I B ) is sim ply identi ty m atri x on H A ( H B ). Thi s can be summari sed in the
fol lowi ng statem ent: i f positi ve map Ê reveals enta nglement of % then som e new
identi ty preservi ng m ap ~Ê also does.

Ap p en dix C | p osi t iv e m ap s an d r obu st n ess of en t an glem ent

Here we shal l pro vi de some sim ple estim ati ons y of su£ cient error bar tha t
sti l l al lows state to be enta ngled (or bound enta ngled). Let us supp ose tha t we are
abl e to pro duce som eenta ngled (or bound enta ngled) % of d ¨ d typ e wi th error Â .
Thi s m eans tha t instead of % our apparatus produces som e(unkno wn) %0 such tha t
j j % À %0

j j ç Â wi th some norm j j Â j j measuri ng di stance between two states. W hat
can be m axi ma l del ta such tha t % i s sti l l enta ngled (or bound enta ngled)? Let us
note tha t i t wo uld be interesti ng to pro duce bound enta nglement in lab because
from them i t is possible to pro duce physi cal ly [23] bindi ng entanglement channels
tha t are conj ectured to be nonaddi ti ve in general .

W e have two simpl e observati ons:
¯ Let us supp ose tha t m inim al eingenvalue of PPT state % i s Ñ + . Then the

new state %0 = ˜ ¥ + (1 À ˜ ) % (0 ç ˜ ç 1 ) is PPT f or ˜ ç ˜ 2 ²
2 Ñ +

2 + Ñ +
and arbi tra ry

state ¥ .

y I n som e f or m p resente d in [ 71] , cf . a lso [25 ] especia lly fo r gen era l ob serva ti o ns o n t h is su bj ect .
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¯ Let us supp ose tha t [ I ¨ Ê ] ( %) is not positi ve and has m inimal eigen-
value À Ñ < 0 , so % i s enta ngled. Then the new state %0 = ˜ ¥ + (1 À ˜ ) % i s
enta ngled and has [I ¨ Ê ] ( %0) not positi ve for ˜ < ˜ 1 ² Ñ= ( Ñ + a ) where a =

m axP ˆ
j j [I ¨ Ê ] ( P ˆ ) j j 1 wi th norm j j X j j 1 = max

j j ¢ ij j =1 j j X j ¢ ij j . Here j j j ¢ ij j =

j h ¢ j ¢ ij
2 . Let us note tha t a ç d j j [ I ¨ Ê ] ( P + ) j j .

Theref ore i f % i s PPT and vi ola tes (43) then %0 has also both properti es for
˜ < ˜ 3 = min( ˜ 1 ; ˜ 2 ) . Thi s is importa nt i f we woul d l ike to pro duce PPT states
tha t are entangled.

Let us note tha t above we have considered three sets: S 1 ; S 2 ; S 3 whi ch
corresponds to enta ngled states, PPT states and intersecti on of the two latter
sets.

Indeed one has the fol lowi ng pro perty: i f % 2 S k and ˜ < ˜ k (for k = 2 , 3)
or ˜ ç ˜ k (f or k = 1 ), then any new density matri x of the form %0 = ˜ ¥ + (1 À ˜ ) %

( ¥ arbi tra ry) also sati sÙes%0
2 S k .

Let us consider now state % of ful l rank. Let us denote set of al l density
m atri cesby P wi th interi or int P and bounda ry @P . Any ful l rank state belongs to
int P and can be repro duced by %0 = ˜ ¥ + (1 À ˜ ) % for som e ¥ 2 @P . From tha t we
get by imm ediate estimates tha t i f j j %À %0

j j ç Â wi th error Â < ˜ k m in¥ 2 @P
j j %À ¥ j j

(again for k = 2 , 3) or Â ç ˜ k (f or k = 1 ) then % 2 S k . Thus error bar Â

can be bounded from above by ˜ k m in¥ 2 @P
j j % À ¥ j j . Let us note tha t we have

had the norm unsp eciÙed. If we put the tra ce norm j j A j j 1 = Tr ( j A j ) then we
see tha t m in ¥ 2 @P j j % À ¥ j j i s just the di stance of vecto r p = [ p 1 ; . . . ; p n ] (deÙned
by the spectrum f p i g

n
i =1 of %) to the bounda ry of n -di m ensional sim plex where

the distance on sim pl ex is sim ply measured d ( p ; p0 ) =
P

i
j p i À p 0

i j . The latter
fol lows from inequal i ty sayi ng tha t for any states %; %0 wi th spectra p ; p 0 one has
j j % À %0

j j Ñ d ( p ; 0 ) (see lemma 1.7, p. 22 of R ef. [72]).
The probl em is tha t in the above we need states of ful l rank whi le most

popul ar exam ples of BE states are \ edge" states (see [68]) tha t are singular and
have Ñ + = 0 . However, one can adm ix som e ful l rank state (l ike m axi mal ly m ixed
one I A =d A ). Then the pro cedure outl ined above can be appl ied to give nonzero
error Â allowed.
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