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Th e idea of electron w ave packet smo vin g along closed anisotropi c Fermi
surf aces placed in a constant magnetic Ùeld has been applied to the calcu -

lation of the orbital magnetic moment of an indivi dual free electron and
tightl y- bound s -electron in a crystal lattice . I n each case the magnetic mo-
ment is obtained as a deriv ative of the electron energy done w ith resp ect to

the strength of the magnetic Ùeld. I n the next step, calculati ons have been
extended to electron ensembles. For a free-electron ensemble a thorough cal-
culation of the w eak-Ùeld magnetic moment gives a result simil ar to that
obtained by a w ell- know n metho d develop ed by Landau. On the other hand,

calculati ons done for the s - band of the tightly- b ound electrons of metallic
iron give an absolute value of the magnetic moment much smaller than in
the free-electron case. Simultaneousl y , the sign of the moment is changed

indicati ng a low ering of the iron band electron energy w ith magneti zatio n.

PACS numb ers: 75.20.{g, 75.20.En, 76.40.+ b

1. I n t rod uct io n

D i£ cul ti es connected wi th the calcul ati on of the diam agneti c susceptibi l i ty
of the meta l electrons are well kno wn [1{ 6]. W hen electrons are considered as
cl assical parti cl es, we have a theo rem due to Van Leeuwen [5] whi ch states tha t
the orbi ta l m agneti c m oment vani shes, even i f the electrons m ove in a Ùeld whi ch
vari es from point to point. The non-vani shing diam agneti sm of the electron gas
is, in fact, expl ained by quantum mechani cs accordi ng to whi ch the free-electro n
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parti cl es m ovi ng in the presence of the magneti c Ùeld B occupy discrete levels
havi ng the f ol lowi ng energ ies:

E n = ñh ¨ 0

˚

n +
1

2

Ç

; (1 .1)

here

¨ 0 =
ej B j

m c
(1 .2)

is the gyra ti on frequency of the electron parti cle in an externa l magneti c Ùeld of
the strength j B j , the integ er numb er n labels the quantum levels.

W hen j B j increases, we have an increase in any E n because of relati ons (1.1)
and (1.2). But, sim ul ta neously, an increase in the degeneracy of the quantum levels
ta kes place wi th the increase in j B j . Thi s degeneracy increase pro vi des the system
wi th an empty pl ace in the ori gina l ly occupied quantum levels, and thi s pl ace
should be next occupi ed by electrons being orig ina l ly in the levels of a higher
energy. A tra nsiti on of a part of electrons from the levels of a higher energy into
tho se of a lower energy givesa tendency of lowering the who le energy of the system .
In tota l , an increase in j B j leads to a com peti ti on of two tendenci es concerni ng
the system energy: the Ùrst one | connected wi th (1.1) and (1.2) | increases
tha t energy, the second one, connected wi th an increase in degeneracy of any
level n , tends to make the system energy lower. Thi s situa ti on, whi ch is evi dentl y
di ˜erent from a cl assical invaria nce of the electron energy wi th the change of
the Ùeld streng th j B j , led m any autho rs, beginni ng wi th Landau, to appl y the
quantum stati sti cs to the who le of the electron ensemble in order to calcula te a
net dependence of the free energy of the electron ensemble on the Ùeld strength j B j .

Ho wever, the ta sk successful ly accom pl ished for free electrons, becom es es-
pecial ly tedi ous in the case of these m etals in whi ch the electro n parti cles rem ain
under an im porta nt inÛuence of the crysta l core [6]. In thi s case, contra ry to the
free-electro n case, any descripti on of the electron states becom es usual ly a com -
pl icated functi on of com ponents of the wa ve vecto r k. In consequence of tha t, any
calculati on of the stati sti cal parti ti on functi on and f ree energy of the electron en-
sembl e becomes a di £ cul t pro blem. In fact, the calcul ati on of the Landau levels
alone becomes a di£ cul t ta sk in the case of the presence of the crysta l latti ce, for
| already in a semi-classical picture | i t requi res a regul arl y com pl icated calcu-
lati on of the R oth pha se describing the quantum levels. D i£ cul ti es wi th a stri ctl y
quantum -mechanica l trea tm ent of the crysta l electrons subm i tted to the acti on of
an externa l m agneti c Ùeld are well kno wn [7{ 11]. Simulta neously, an interest in
the electro n m oti on of thi s ki nd considered especial ly f or sim ple cubi c latti ces, has
been ra ised recentl y on the experim ental basis [12{ 15].

The aim of the present paper is to develop a form al ism accordi ng to whi ch a
trea tm ent of di amagneti sm of the crysta l electrons seems to be m uch easier tha n
in the form er theo ri es. The appro ach is based on the observati on tha t al tho ugh
a classical electro n energy remains uncha nged wi th the change of the m agneti c
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Ùeld j B j , a quantum energy of tha t electro n is changed because the radius of the
electron orbi t changes wi th j B j . In e˜ect, a di ˜erenti ati on of the radius of the
quantum orbi t wi th respect to the m agneti c Ùeld leads to a proper expression for
the m agneti c m oment of a sing le electron. A correct result obta ined in thi s way
for an indi vi dual magneti c m oment can be next integ rated to give the m agneti c
m oment of the electron ensemble, both in the case of isotro pic and anisotro pic
(but closed) Ferm i surfaces.

2. D yn am ica l p ar am et er s of el ect ron s in cu bic lat t ices ap p l i ed t o t he
cal cu lat i on of t he act ion f un ct io n an d t he or b i tal m agnet i c m om en t

For the sake of sim pl ici t y we assume tha t the Ùeld j B j i s ta ken para l lelly to
one of the Ca rtesian axi s, say z , and the same Ùeld is also para l lel to one of the
crysta l lographi c axi s. A fundam enta l parameter of our calcul ati on is the acti on
functi on

J =
1

2 ¤

I

pd( r À r c ) =
1

2 ¤

I

[ p x d ( x À x c ) + p y d ( y À y c ) ]

=
1

2 ¤

Z
T

0

( p x _x + p y _y ) dt (2 .1)

ta ken along a cl osed electro n path ; here r c = ( x c ; y c ) is the positi on of the gyra ti on
center of the wa ve packet and the integ rati on in the last step in (2.1) is extended
over the ti me period T of the electron gyra ti on. Since the coordi nates of the
gyra ti on center are at rest, the velociti es of the electron wa ve packet enteri ng
(2.1) can be calcul ated from the com ponents of the Lorentz equati on [16]

_x À _x c = _x ² ƒ x =
ñh _k y

2 ˜
; (2 .2)

_y À _y c = _y ² ƒ y = À

ñh _k x

2 ˜
; (2 .2a)

whereas the wave-packet m omenta p x and p y are:

p x =
1

2
ñhk x ; (2 .3)

p y =
1

2
ñhk y : (2 .3a)

The last two equati ons can be obta ined from the energy form ul a f or a
free-electro n wa ve packet movi ng in the (x ; y ) plane

E f r ee
?

=
1

2
k 2

x 0
+

1

2
k 2

y 0
=

1

2
( p x À ˜ y )2

0 +
1

2
( p y + ˜ x )2

0 ; (2 .4)

the subscri pt zero refers to free electro ns,

˜ =
e j B j

2 c
=

e B z

2 c
(2 .5)
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is a consta nt, m oreover in (2.4)

ñh = m = 1 (2 .6)

have been put for the sake of simpl icit y. A reference between k x ; k y ; p x ; p y , and
x ; y in a crysta l latti ce is di scussed in App endix. From one pai r of the Ham i l to n
equati ons we obta in

_p x 0
= À

@E fre e
?

@x 0

= À ˜ ( p y + ˜ x ) 0 = À ˜ _y0 = À ˜ k y 0
; (2 .7)

_p y 0
= À

@E fre e
?

@y0

= ˜ ( p x À ˜ y ) 0 = ˜ _x 0 = ˜ k x 0
; (2 .7a)

because from the other pai r of the Ha mi l to n equati ons:

_x 0 = ƒ x 0
=

@E fre e
?

@p x 0

= ( p x À ˜ y )0 = k x 0
; (2 .8)

_y 0 = ƒ y =
@E fre e

?

@p y

= ( p y + ˜ x ) 0 = k y : (2 .8a)

The ti m e integ rati on perform ed in (2.7), (2 .7a) gives

p x = À ˜ y0 + C 0 ; (2 .9)

p y = ˜ x 0 + C 00 ; (2 .9a)

where C 0 ; C 00 are constants. But for any rotati onal moti on the integ rati on consta nts
C 0 ; C 0 0 shoul d be necessari ly equal to zero. A substi tuti on of (2 .9), (2 .9a) to gether
wi th C 0 = C 0 0 = 0 into the deÙniti ons of k x and k y presented in (2.4) [see also
(2.8), (2 .8a)] pro vi de us readi ly wi th the form ulae

p x =
1

2
k x ; (2 .10)

p y =
1

2
k y ; (2 .10a)

whi ch are equivalent to (2.3), (2 .3a), on condi ti on the sim pl iÙcati on done in (2.6)
is ta ken into account.

A substi tuti on of (2 .10), (2 .10a) into (2.7), (2 .7a) pro vi des us readi ly wi th
the Lo rentz equati ons; see (2.2), (2.2a). A characteri stic point is tha t the Lorentz
equati ons (2.2), (2 .2a), as well as equati ons (2.3), (2 .3a), rem ain val id not onl y for
a free-electron wa ve packet but also for a packet m ovi ng in the Ùeld of a crysta l
potenti al. The pro of of tha t property is given in App endix for the case of the
ti ghtl y- bound s -electrons in the body- centered cubi c latti ce; analogous proofs for
electrons in other latti ces can be also presented.

Since from (2.2), (2 .2a) we have

ñh

2 ˜
dk x = À d( y À yc ) ; (2 .11)



Simpl e Met hod for C alcul ating . . . 253

ñh

2 ˜
dk y = d (x À x c ) ; (2 .11a)

we obta in f or (2.1) on the basis of (2 .3), (2 .3a)

J =
1

2 ¤

ñh 2

2 ˜

I

k y dk x = À

1

2 ¤

ñh 2

2 ˜

I

k x dk y : (2 .12)

The integ ra l expression (2.12) represents the area circum vented by an electron in
i ts gyra ti onal moti on perform ed in the reci procal space; the coordi nates k x and k y

can be intercha nged on condi ti on the corresp onding change of sign before the
integ ra l is intro duced.

But there exists also another way to represent the integ ra l (2.1)

J =
1

2 ¤

I
[ ( À ˜ )( y À y c ) d( x À x c ) + ˜ ( x À x c ) d( y À y c )] =

˜

¤
S (2 .13)

i f we note tha t

S =
1

2

I

[ À ( y À y c ) d( x À x c ) + ( x À x c )d ( y À y c )] (2 .13a)

is the area circum vented by a charged parti cle gyra ti ng in the ordi nary space upon
the inÛuence of a consta nt magneti c Ùeld acti ng along axi s z . It is evi dent f rom
(2.13) tha t J i s pro porti onal to S wi th the pro porti onal i ty coe£ cient equal to
¤ À 1 ˜ . The rati o between the area circum vented in the recipro cal space and S can
be obta ined by divi di ng (2.12) and (2.13)

H
k y dk x

S
=

4 ¤ ˜ 2

¤ ñh
2

=

˚
eB z

c ñh

Ç2

: (2 .13b)

Thi s is a wel l -known result (see e.g. [10]) stati ng tha t the area circum vented by
a parti cle in an ordi nary space can be obta ined by a pro j ection of a sim ilar area
ci rcum vented in the reci procal space spanned on the vari ables k x and k y . Ho wever,
another appl icati on of S i s tha t thi s area, labeled in the free-electro n case by S 0 ,
is proporti onal to the m agneti c m oment M fre e

z
produced by a free-electron parti cle

when thi s parti cle is movi ng wi th a constant velocity

ƒ 0 =
À

ƒ 2
x 0

+ ƒ 2
y 0

Â
1 = 2

(2 .13c)

in a plane perpendicul ar to B z . The well -kno wn relati on between M fre e
z

and S 0 i s
(see e.g. [17, 18])

M fre e
z =

i

c
S 0 ; (2 .14)

where

i = À

e

T 0

= À

e¨ 0

2 ¤
(2 .14a)

is the electri c current calcul ated for the free-electro n gyra ti on period T = T 0 .
W hen (2.13) is appl ied to the free-electron acti on functi on J , labeled hence-

forth by J 0 , and S 0 , we obta in
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M fre e
z =

i

c
S 0 = À

e¨ 0

2 ¤ c

¤ J 0

˜
= À

e

mc
J 0 ; (2 .14b)

in (2.14b) we to ok into account the deÙniti on of ˜ given in (2.5) and the f or-
m ula (1.2) for the free-electron gyra ti on frequency in a Ùeld j B j = B z . Our aim
is now to dem onstra te tha t M fre e

z identi cal to (2.14b) can be obta ined from the
deri vati ve of the electro n energy done wi th respect to the Ùeld strength B z , on
condi ti on the well -known quanti zati on rul e of the electron acti on functi on is si-
m ulta neously ta ken into account [19, 20]

J 0 = ñh

˚

n +
1

2

Ç

; (2 .15)

n i s here an integ er num ber. For free electrons the area in (2.12) becom es a circl e,

J = J 0 =
1

2 ¤

ñh 2

2 ˜
(k 2

x 0
+ k 2

y 0
) ¤ =

ñh 2

4 ˜
a 2

0
: (2 .12a)

so a substi tuti on of (2 .15) into (2.12a) gives the equati on

a 2
0 = k 2

x 0
+ k 2

y 0
=

4 ˜

ñh
2

J 0 =
4 ˜

ñh

˚

n +
1

2

Ç

=
2 eB z

ñhc

˚

n +
1

2

Ç

: (2 .16)

The corresp ondi ng square radius r 2
0

of the electron orbi t in the ordi nary space,
calculated accordi ng to the form ula (2.13b), is

r 2
0 =

˚
ñhc

eB z

Ç 2

a 2
0 =

2 ñhc

eB z

˚

n +
1

2

Ç

: (2 .16a)

Expressi on (2.16) is proporti onal solely to B z (and the consta nts of nature), so i ts
di ˜erenti ati on gives

@( a 2
0 )

@B z

=
2 e

ñh c

˚

n +
1

2

Ç

=
2 e

ñh 2 c
J 0 =

2 e

ñh 2 c

ñh 2

4 ˜
a 2

0 =
a 2

0

B z

: (2 .17)

W e Ùnd tha t the change of the electron ampl i tude a 0 in the recipro cal space is a
positi ve numb er (B z > 0 ). W i th the aid of (2 .17) the expression (2.16a) gives

@r 2
0

@B z

=

˚
ñhc

eB z

Ç2 ˚

À

2

B z

Ç

a 2
0

+

˚
ñhc

eB z

Ç2
a 2

0

B z

= À

˚
ñhc

eB z

Ç 2
a 2

0

B z

= À

r 2
0

B z

< 0 ; (2 .17a)

whi ch represents a well -known e˜ect of decrease in the radi us r 0 wi th an increase
in B z .

An advantag e of the resul t obta ined in (2.17) is tha t thi s form ul a pro vi des
us wi th an expression for the B z -derivati ve of a 2

0 whi ch does not conta in any
expl icit dependence on the quantum level index n : al tho ugh a 2

0 i tsel f depends on
n in the way indi cated in (2.16), thi s dependence does not matter much for the
relati on (2.17) whi ch rem ains the same for al l n . Thi s is a conveni ent situa ti on
because num erous physi cal param eters, especial ly the density of electron states,
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can be expressed in term s of a 0 . In consequence, a dependence of the electron
observables on a 0 m akes possible for us to integ rate the considered observabl es,
for exampl e the m agneti c m oment, over ensembles of the electron states wi tho ut
m aki ng any ref erence to the quantum numb er n .

An exampl e showi ng the advantag e of the form ula (2.17) is i ts appl icati on
to the calcul ati on of the m agneti c m oment M fre e

z of an indi vi dual free-electro n
parti cl e. Beginni ng from the energy expression of a sing le free electron in the
pl ane ( k x 0

; k y 0
) [see (2.16)] , we have

E fre e
?

=
ñh

2

2 m
( k 2

x 0
+ k 2

y 0
) =

ñh
2

2 m
a 2

0 ; (2 .18)

the electro n m ass sym bol m and the Pl anck constant ñh are recovered. From a
deÙniti on of the magneti c mom ent as a deri vati ve of the electron energy done wi th
respect to the Ùeld B z we obta in f rom (2.17) and (2.18)

M fre e
z = À

@E fre e
?

@B z

= À

ñh 2

2 m

@

@B z

( a 2
0 ) = À

ñh 2

2 m

a 2
0

B z

= À

e

mc

ñh 2

4 ˜
a 2

0

= À

e

mc
J 0 : (2 .18a)

Thi s is exactl y the free-electron magneti c m oment (2.14b) now obta ined f rom
the derivati ve of the electron energy wi th respect to B z : the electron energy is
changed because the am pl i tude a 0 of the electron orbi t is changed wi th the Ùeld
streng th B z . For the m agneti c mom ent of the free-electron ensembl e we obta in

M gas
z = À V

e 2

mc 2
B z k F

2

1 5 ¤

˚
3

8 ¤

Ç2 = 3

= À 0 : 0 1 0 2 9 V
e2

mc 2
B z k F : (2 .19)

The result (2 .19) is qui te close to tha t obta ined on the basis of the Ferm i{ Dira c
stati stics appl ied to the Landa u levels wi th the neglected spin degeneracy [5]

M gas
z = À

1

3 (2 ¤ ) 2
V

e2

mc 2
B z k F = À 0 : 0 0 8 4 4 V

e2

mc 2
B z k F ; (2 .20)

for expression (2.19) is di ˜erent solely by about 15% f rom the result g iven in (2.20).
The di ˜erence can be attri buted to the fact tha t stati sti cs of the quantum states
used in the calcul ati on of (2 .19) is tha t taken from before an appl icati on of the
externa l Ùeld B z .

3 . Or b i t al m agn et ic m om en t of a t ightl y -b ou nd s-el ect ron

The orbi ta l magneti c mom ent of an electron bound in a crysta l latti ce can
be deÙned as

M la tt
z = À

@E la tt

@B z

; (3 .1)

E la tt i s the electron energy. T aki ng into account the s -sta tes form ing a band in a
cubi c latti ce we have
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E sc = E (0 )
À ˜ À 2 Ù cos( k x a la tt ) + cos( k y a la tt ) + cos( k z a la tt ) (3 .2)

for a sim ple cubi c (sc) latti ce havi ng the latti ce constant a la tt ,

E b cc = E (0 )
À ˜ À 8 Ù cos( k x a la tt ) cos( k y a la tt ) cos( k z a la tt ) (3 .2a)

for a body- centered cubi c (b cc) latti ce deÙned by pri m iti ve tra nsl ati ons
a 1 = a la tt ( 1; 1; À 1) , a2 = a la tt ( 1; À 1; 1) , a 3 = a la tt ( À 1; 1; 1),

E fc c = E (0 )
À ˜ À 4 Ù[cos( k x a la tt ) cos( k y a la tt ) + cos( k z a la tt ) cos( k x a la tt )

+ cos( k y a la tt ) cos( k z a la tt )] (3 .2b)

for a f ace-centered cubi c (f cc) latti ce deÙned by pri m i ti ve tra nsl ati ons
a 1 = a la tt (1 ; 1 ; 0 ) ; a 2 = a la tt (1 ; 0 ; 1 ) ; a 3 = a la tt ( 0; 1; 1) [21]. The param eters
k x ; k y , and k z are Cartesi an com ponents of the wa ve vecto r k characteri sti c of an
electron state and the consta nts E (0 ) ; ˜ , and Ù denote, respectively, the eigenen-
ergy of an ato m ic s -sta te, and the so-cal led intera cti on integ ra ls of the crysta l
Ha mi l to nian calcul ated between the ato m ic orbi ta ls extended on the sam e atom
(sym bol ˜ ), and the ato m ic orbi ta ls located on the nearest-neighbor atom s (sym -
bol Ù ) [21].

The constant com ponents of E la tt in (3 .2){ (3 .2b) do not contri bute into
M la tt

z
, so E (0 ) and ˜ can be neglected. Furtherm ore, i t seems to be conveni ent

to tra nsform E la tt wi th ˜ = E (0 ) = 0 and the constants 2Ù = Ù sc ; 8Ù = Ù bc c ;

4Ù = Ù fc c , for the sc, bcc, and fcc latti ce, respectively, into the fo llowing expres-
sions:

C sc = 2 + ( Ù sc ) À 1 E sc + cos( k z a la tt ) = 2 À cos( k x a la tt ) À cos( k y a la tt ) ; (3 .3)

C b cc = 1 +
E b cc

Ù bc c cos( k z a la tt )
= 1 À cos( k x a la tt ) cos( k y a la tt ) ; (3 .3a)

1

2
[ 1 + cos( k z a la tt )] C fc c =

1

2

È
1 + 2 cos( k z a la tt ) + ( Ù fc c ) À 1 E fc c

Ê
: (3 .3b)

A characteri sti c feature of C sc ; C b c c, and C fc c i s tha t thei r power expansions
done for smal l values of param eters k x a la tt ; k y a la tt , and k z a la tt lead to the same
free-electro n term

C sc ; C b cc ; C fc c ¿=
1

2
( k 2

x
+ k 2

y
)a 2

la tt : (3 .4)

Thi s is a conveni ent form because (3.4) put equal to the free-electron energy
expression (ñh

2
=2 m e˜ )( k 2

x + k 2
y ) pro vi des us wi th a form ula for the e˜ecti ve electron

m ass m e˜ . Neglecting the consta nt term s of 2 and cos( k z a la tt ) in the Ùrst step
of (3.3), we obta in
for the sc latti ce

m sc
e˜ = j Ù sc a 2

la tt j
À 1ñh2 ; (3 .5)

for the bcc latti ce
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m bc c
e˜ = j Ù b c c cos(k z a la tt )a 2

la tt j
À 1 ñh 2 ; (3 .5a)

and for the f cc latti ce

m fc c
e˜ = j Ù fc c [ 1 + cos(k z a la tt )] j

À 1 ñh 2 : (3 .5b)

Mo reover, i f we put

k 2
x

+ k 2
y

= a 2
0

(3 .5c)

in accorda nce wi th (2.16), the energy expressions (3.3){ (3 .3b) ta ken on the electron
tra jectory whi ch is the cross-section l ine of the surf ace of the constant energy E la tt

wi th the pl ane k z = const can be represented by the same form ula [16]

C sc
t

= C bc c
t

= C fc c
t

= 1 À cos(a la tt a 0 ); (3 .6)

here the subscri pt t refers to the electro n tra jectory . Let us demonstra te for a
special case of the fcc latti ce tha t (3 .6) appl ies to the electron tra jectori es at
any k z . Putti ng a = k x a la tt and b = k y a la tt (see (3.3b)) we have

C fc c =
1 + (2 À cos a À cosb ) cos( k z a la tt ) À cosa cosb

1 + cos( k z a la tt )
: (3 .6a)

If one of parameters a; b enteri ng (3.6a) atta ins the value of the am pl i tude of a 0

on the tra jectory of a constant energy, the other param eter is necessari ly zero [16],
so

C fc c = C fc c
t

=
1 + [ 2 À cos( a 0 a la tt ) À 1 ] cos( k z a la tt ) À cos( a 0 a la tt )

1 + cos( k z a la tt )

= 1 À cos( a 0 a la tt ) : (3 .6b)

Thi s form ula, obvi ously independent of k z , is valid for the who le tra j ectory of a
constant energy.

In the presence of the m agneti c Ùeld the electrons gyra te along thei r tra jec-
to ri es, so

E la tt = E la tt
t : (3 .6c)

Theref ore, when (3.1) is appl ied to a ti ghtl y-bound s -electro n in the bcc latti ce
ta ken as an exam ple, we obta in

M b cc
z

= À

@E b cc
t

@B z

= À

@

@B z

[ Ù bc c cos( k z a la tt ) C bc c
t

] ; (3 .7)

because the deri vati vesof the consta nt term s can be neglected. T aki ng into account
(2.17) we obta in

M b cc
z

= À Ù b cc cos(k z a la tt )
@C b cc

t

@a 2
0

@a 2
0

@B z

= À

1

2
Ù bc c sin( a la tt a 0 )

a la tt a 0

B z

cos( k z a la tt ) : (3 .7a)

For a not to o large a 0 we may put sin ( a la tt a 0 ) ¤ a la tt a 0 . A substi tuti on of
k z = 0 done for the sake of simpl ici ty al lows us to estim ate the rati o
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M bc c
z

M fre e
z

¿=
1

2

Ù bc c ( a la tt a 0 ) 2

B z

2 mc˜

e ñh 2 a 2
0

=
Ù bc c ( a la tt ) 2 m

2 ñh 2
(3 .8)

for a sing le electron; M fre e
z

i s the m agneti c mom ent ta ken f rom (2.18a). The Ù b cc

integ ra l , estimated for the 4 s-electrons in a m etal l ic i ron, is appro xi matel y equal
to [22]

Ù b cc ¿= À 0:45 Ry ; (3 .9)

whereas the exp erimenta l a la tt for the bcc i ron crysta l is equal to 2 : 8 6 È 1 0 À 8 cm [23].
The form ula (3.8) can be expressed in term s of the Bohr magneto n uni ts by

di vi ding i t by param eters characteri sti c of the Ùrst Bohr ato m ic orbi t of hydro gen
for whi ch we have R y a 2

B (2 m= ñh 2 ) = 1 ; a B i s the orbi t radius. Thi s substi tuti on
intro duced into (3.8) gives

1
4

j Ù bc c
j

R y

˚
a la tt

a B

Ç 2

¿= 3 : 3 : (3 .10)

The result of (3 .10) shows tha t the size of the magneti c m oment calcul ated for
the ti ghtl y-b ound Fe ato m in a crysta l latti ce of m etal lic i ron is not much di ˜erent
from the weighted avera ge of the experim enta l magneti c m om ent observed for
the Fe ato m bound in the crysta l latti ces of meta ls other tha n Fe. For exampl e,
the average m agneti c m om ent of the ato m ic Fe m easured in vari ous second- row
tra nsiti on m etals (f rom Nb to Cd for whi ch we assume tha t the bi ndi ng param eters
of the Feato m are not much di ˜erent tha n the parameters for the same ato m bound
in the m etal l ic i ron) is equal to about 2.8ñ B [24].

4. Th e wea k- Ùel d m agn et i c m om en t cal cu lat ed for an en semb le
of t h e t ightl y-b ou nd s-el ect ron s in a m et al l ic i r on

Usual ly, an appro ach to the diam agneti c susceptibi l i ty of the ti ghtl y-b ound
electrons in m etals is classiÙed as a not easy ta sk [6]. A di£ culty l ies in obta ini ng,
in the Ùrst step, the La ndau levels for such electrons and next in a stati stical trea t-
m ent whi ch is necessary to be done for ensembl esof such levels. Peierls' [2] ori ginal
pro posal of the form ulae for the di amagneti c susceptibi l i ty of the ti ghtl y-b ound
electrons is in fact l imited to a free-electro n appro ach suppl emented by the noti on
of the e˜ecti ve electro n m ass, as it has been pointed out by Fr �ohl ich [25].

Our appro ach is based on the lines presented in Secs. 2 and 3. Fi rst, we ex-
am ine the m agneti c m om ent for a slice of a constant k z . The change of the electron
energy due to a change of B z can be obta ined beginni ng wi th the states whi ch l ie
on the circum ference of the area deÙned by J . The length of tha t ci rcum ference is
represented by the deri vati ve

@J

@a 0

=
@J

@C la tt
t

@C la tt
t

@a 0

=
1

! J

@C la tt
t

@a 0

: (4 .1)

In the second step in (4.1) we to ok into account tha t [16]
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! J =

˚
@C la tt

t

@J

ÇÀ 1

= ! : (4 .2)

In a special case of free electrons we obta in for the circum ference of J 0

@J 0

@a 0

=
ñh 2

4 ¤ ˜
2 ¤ a 0 =

ñh 2

2 ˜
a 0 ; (4 .3)

whi ch is in agreement wi th (4.1) because

@J 0

@a 0

=
1

¨ 0

@E fre e
?

@a 0

=
mc

eB z

ñh
2

m
a 0 =

ñh
2

2 ˜
a 0 ; (4 .3)

see (1.2), (2 .5), and (2.18).
Any circum ference of J havi ng the length @J =@a 0 carri es the energy pro por-

ti onal to

C la tt
t

@J

@a 0

; (4 .4)

because, by deÙniti on, J i s a surface area l imited by a l ine of a consta nt energy equal
to E la tt

t
, and C la tt i s proporti onal to E la tt for a constant k z ; see (3.3){ (3 .3b). In a

pl ane of k z = const the expression C la tt
t

i s a functi on of a 0 , theref ore a contri buti on
given to the magneti c m oment by the energy (4.4) is

M c irc la tt
z

= À

@

@B z

˚

C la tt
t

@J

@a 0

Ç

= À

@

@a 2
0

˚

C la tt
t

@J

@a 0

Ç
@a 2

0

@B z

= À

@

2 a 0 @a 0

˚

C la tt
t

@J

@a 0

Ç
a 2

0

B z

: (4 .5)

The magneti c m oment for a slice of quantum states being in the plane
k z = const can be obta ined from (3.7a) when: (i ) the expression f or M b cc

z i s
m ulti pl ied by the electron num ber present in an elemental area of a slice whi ch for
the ti ghtl y-bound s -electrons is (da 0 i s an inÙni tesimal increase in a 0 )

4 ¤ ˜

ñh 2

@J

@a 0

da 0

(2 ¤ ) 2
(a la tt ) 2 ; (4 .6)

(i i ) the result of multi pl icati on is integ rated in the who le interv al of a 0 of the
occupied states in the slice (a F 0

0 i s the l im iti ng a 0 f or the slice)

0 < a 0 < a F 0

0 : (4 .7)

The fact tha t a la tt in (4 .6) ref ers to the edge of an elementa ry cub e occupi ed by one
electron does not matter because the densi ty of sta tes in an empty latti ce is here
considered, and in a Ùnal resul t the param eter a la tt enteri ng (4.6) is tra nsform ed
into tha t corresp ondi ng to the bcc latti ce.

In general , the acti on functi on

J = J ( a 0 ) (4 .8)
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of the ti ghtl y- bound electrons whi ch enters (4.6) has a m uch more com pl icated
dependence on a 0 tha n the free-electron J 0 given in (2.12a). But for s -electro ns in
cubi c latti ces exam ined in the present paper the di ˜erence

Â J = J ( a 0 ) À J 0 ( a 0 ) (4 .9)

is not a large quanti ty and in the Ùrst appro xi m ati on can be put equal to zero.
In e˜ect, an estim ate of the magneti c mom ent for a slice of the ti ghtl y-b ound
s -electro ns can be obta ined by an integ rati on simi lar to tha t perform ed for an
area of the free-electron quantum states; we neglect here also devi ati ons from a
ci rcul ar shape of the electron orbi t in the (k x ; k y ) -space obta ined in e˜ect of the
presence of the crysta l la tti ce. In consequence, the magneti c m oment in a slice of
states is

M slic e
z =

1

2 B z

( À Ù la tt )2 ¤

Z
a

F 0

0

0

a 2
0 da 0 a la tt

( a la tt ) 2

( 2¤ ) 2
sin( a 0 a la tt ) cos( k z a la tt )

= À

Ù la tt

4 B z ¤
f 2 a F 0

0
a la tt sin ( a F 0

0
a la tt ) À [ ( a F 0

0
a la tt ) 2

À 2 ] cos( a F 0

0
a la tt ) À 2g

È cos( k z a la tt ) : (4 .10)

Thi s form ula can be integ rated over the vari abl e k z by m aking a free-electro n
substi tuti on for a F

0 whi ch is a F
0

= ( k 2
F À k 2

z
)1 = 2 ; k F i s the wa ve vecto r at the Fermi

level. The density of sta tes along the k z -axi s is

dn z =
L

2 ¤
dk z ; (4 .10a)

where L i s the length of the cyl inder representi ng the metal volum e. T aking the
interv al of the occupied k z equal to À k F < k z < k F , the integ ra l of (4 .10) over k z

gives

À

L

¤

Ù la tt

4 B z ¤
a 4

la tt k 5
F

ç
2

1 5
À

1

4 5
( a la tt k F ) 2 +

7 9

5 6 7 0 0
(a la tt k F ) 4

À

3 7

7 9 3 8 0 0
( a la tt k F )6

+
7 9 6 3

8 1 7 2 9 6 4 8 È 1 0 2
( a la tt k F ) 8

À

3 7 6 4 9

2 6 9 7 0 7 8 3 8 4 È 1 0 3
( a la tt k F ) 1 0 + . . .

Ñ

= À

LÙ la tt

4 B z ¤ 2
a 4

la tt k 5
F (0 : 1 3 3 3 3 À 0 : 2 1 2 6 8 + 0 : 1 2 7 6 3 À 0 : 0 4 0 8 6 + 0 : 0 0 8 1 7

À 0 : 0 0 1 1 2 + . . .) = À

LÙ la tt

4 B z ¤ 2
a 4

la tt k 5
F 0:01447; (4 .11)

on condi ti on the empty- la tti ce rela ti on

a la tt

2¤

˚
8 ¤

3

Ç
1 = 3

k F = 1 (4.11a)

is assumed as appro xi matel y appl icable also in the ti ght- bindi ng (t. b.) case.
The converg ence of the series given in (4.11), beginni ng wi th the thi rd term

of the series, is f ound to be qui te rapi d. Basing on relati on (2.13b) appl ied to the
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m etal volume cyl inder havi ng the base S = ¤ R 2 , relati on (4.11a), and the f orm ula
¤ R 2 L = V for the cyl inder vo lume V , expression (4.11) can be tra nsform ed into

M t : b :
2 = À Ù la tt V

¤

e2 a 2
la tt

(ñhc ) 2
B z k F

˚
3

8¤

Ç2= 3

0:01447: (4 .12)

The rati o between M t :b :
z

calculated in (4.12) and M g as
z

calcul ated in (2.19)
becomes

M t : b :
z

M gas
z

=
Ù la tt V

¤
e

2

( ñh c) 2 B z k F 0 : 0 1 4 4 7 a 2
latt

V e 2

mc 2 B z k F
2

1 5 ¤

=
Ù la tt ma 2

la tt

ñh 2
0 : 1 0 8 5 : (4 .13)

The size of Ù la tt = Ù bc c has been estimated f rom a hal f-wi dth of the band of the
ti ghtl y- bound 4 s states in the bcc i ron [22]; see(3.9). A negati ve sign of Ù la tt = Ù b cc

m akes M t :b :
z a positi ve quanti t y, so the rati o (4.13) becomes a negati ve numb er.

If the vo lum e occupi ed per one 4 s electron of the Fe ato m is considered, the edge
of the cube representi ng tha t vo lume is

2 À 1 = 3 a c
¿= 2À 1= 3

È 2:86 È 10À 8 cm = 2:27 È 10À 8 cm ; (4 .14)

here the crysta l lographi c data for the edge a c of the elementa ry cell in the ˜ -Fe
latti ce are taken into account [23]. Expressi on (4.14) should repl ace a la tt enteri ng
(4.11){ (4 .13). A substi tuti on of (3 .9) and (4.14) into (4.13) gives

Ù
Ù
Ù
Ù

M t :b :
z

M
gas
z

Ù
Ù
Ù
Ù

¿= 0 : 0 3 3 : (4 .13a)

Thi s rati o is m uch smaller tha n a sim ilar ra ti o
Ù
Ù
ÙM

b c c
z

M

Ù
Ù
Ù¿= 3 : 3 calcul ated in (3.10)

for the m agneti c moment of a sing le ti ghtl y- bound s-electron in the bcc latti ce.
A reason of the di ˜erence is a strongly oscillati ng behavi or of the expression for
M slic e

z
obta ined in (4.10).

A positi ve result obta ined for M t : b :
z

of i ron [seethe inf erencesbelow Eq. (4.13)]
im pl ies a non-vanishi ng magneti c mom ent above the Curi e point because of the
exp ected onl y mi ld inÛuence of tem perature on the calcul ated electronic proper-
ti es. In fact, the presence of the magneti c mom ent above the Curi e point of the
m etal l ic Fe is conÙrmed long ti me ago on the empiri cal basis [26].

The idea tha t the ti ghtl y-bound electro ns in a crysta l latti ce subm i tted to
the acti on of a constant m agneti c Ùeld B z behave l ike classical parti cles has been
ra ised rather recentl y by Suhl [27]. A detai led soluti on of the moti on equati ons
deri ved in the Suhl probl em, when thi s probl em is extended to al l cubi c latti ces,
has been done in [16].

In the present paper the old probl em of diam agneti sm, appl ied equal ly to
free electrons and ti ghtl y-bound s -electro ns movi ng in a regular crysta l latti ce,
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has been appro ached in a m uch more sim ple way tha n tha t pro posed before by
m any autho rs. The main sim pl iÙcati on is due to the f act tha t the dependence
of the ampl itude a 0 of the free-electron moti on in a constant m agneti c Ùeld on
the strength B z of tha t Ùeld can be readi ly calculated. In the next step, thi s
dependence is appl ied in calculati ng the deri vati ve of the free-electron energy wi th
respect to the Ùeld B z . For a single electron, the accuracy of the orbi ta l m agneti c
m oment obta ined in thi s way is checked by compari ng i t wi th the m agneti c mom ent
calculated di rectl y from the electri c current pro vi ded by the gyra ti ng electron
parti cl e. A sim i lar compari son of the form er and present theo ry is done for the
m agneti c m oment of an ensemble of the f ree-electron parti cl es Ùll ing the electron
gas volum e.

Since energy and density num ber of the ti ghtl y-b ound s -electro ns in a crysta l
latti ce can be represented as functi ons of the sam e free-electron am pl i tude a 0 ,
the calcul ati on of diam agneti sm of the ti ghtl y-bound electro ns can be done in a
wa y whi ch is m uch simi lar to tha t appl ied f or the free-electro n case. A further
sim pl iÙcati on com es from the fact tha t the electro n energies can be referred solely
to the states di stri buted along the electron tra jectori es in the reci procal space [16].
Thi s m akes the corresponding ti ght- bindi ng expressions for the electron energy
of an especial ly sim pl e form ; see (3.6). The case of 4 s electrons m ovi ng in the
bcc latti ce of the meta ll ic i ron has been ta ken as an exam ple of the num erical
calculati ons. Here the intera cti on integra l of the ti ghtl y- bound electrons wi th the
ato m ic core is assumed to be a kno wn param eter. The m agneti c mom ent of an
indi vi dual ti ghtl y-bound s-electron (calcul ated f or a not to o large a 0 ), as well
as tha t of an ensemble of the ti ghtl y-bound s -electro ns, are shown, unl ike the
m oments of the corresp ondi ng free electro n obj ects, to be positi ve numb ers. Thi s
shows a tendency of lowering the energy of an electro n ensembl e wi th an increase
in the absolute value of the magneti c Ùeld. On the other hand, the absolute value of
the magneti c m oment of a sing le ti ghtl y- bound electron becom es evidentl y larger
tha n the analogous m oment of a f ree-electron, but for the electro n ensembles an
opp osite relati on between the absolute sizesof the m agneti c mom ents is obta ined.

In App endix we demonstra te a parti ti on of the wa ve-vector com ponents, k x

and k y , of a ti ghtl y- bound s-electron m ovi ng in a magneti c Ùeld into tw o equal
parts: one of these wave-vector parts depends solely on the electro n positi on,
wherea s the other part is equal to the electron m omentum ; here both param eters
of positi on and mom entum are considered in the ordi nary space. Thi s pro perty
of parti ti on of k x , k y (dem onstra ted for the bcc latti ce) leads, in the Ùrst step,
to the Lorentz equati on, in the next step, we obta in the equati ons referri ng the
wa ve-vector com ponents to the electron mom enta . The sam e equati ons whi ch cou-
pl ek x , k y wi th coordi nates x , y and m omenta p x , p y in the bcc latti ce can be readi ly
obta ined for the ti ghtl y-bound s-electrons in the sc latti ce, the fcc latti ce, as well
as in the free-electron case; see Sec. 2.
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Ap p en dix

Our aim is to dem onstra te tha t components of the wa ve-vecto r parameters

ñhk x = p x +
e

c
A x = p x À ˜ y ; (A. 1)

ñhk y = p y +
e

c
A y = p y + ˜ x ; (A. 1a)

whi ch characteri ze the moti on of the ti ghtl y- bound s -electron wa ve packets in the
pl ane (x ; y ) being perpendi cular to the m agneti c Ùeld B z , sati sfy the equati ons

1

2
ñhk x = p x = À ˜ y ; (A. 2)

1

2
ñhk y = p y = ˜ x ; (A. 2a)

˜ i s a constant given in (2.5), A x = À
1

2
B z y ; A y = 1

2
B z x are com ponents of the

vecto r potenti al ta ken in a circul ar gauge; seee.g. [10]. For the case of free electrons
equati ons (A. 2) and (A. 2a) are deri ved in Sec. 2, for the ti ghtl y-bound s -electrons
the derivati on given below is l im ited to the case of the bcc latti ce; a trea tm ent of
the ti ghtl y-bound electrons in the sc and fcc latti ces is exactl y the sam e. For the
sake of sim pl ici t y we put henceforth a la tt = 1.

A conveni ent Ha mi l toni an expression for electrons in the bcc latti ce becomes
tha t represented by (3.3a)

C b cc = 1 À cos a cos b; (A. 3)

where we appl ied the abbrevi ati ons

a = k x = p x À ˜ y ; (A. 4)

b = k y = p y + ˜ x : (A. 4a)

From (A. 3), (A. 4), and (A. 4a) we deri ve the Ham i lto n equati ons

_x =
@C b cc

@p x

= sin a cos b; (A. 5)

_y =
@C bc c

@p y

= cosa sin b ; (A. 6)

_p x = À

@C b cc

@x
= À ˜ cos a sin b = À ˜ _y ; (A. 7)

_p y = À

@C bc c

@y
= ˜ sin a cos b = ˜ _x: (A. 8)

From (A. 4), (A. 4a) and (A. 5){ (A. 8) we obta in

_a = _p x À ˜ _y = 2 _p x = À 2 ˜ _y = À 2 ˜ cos a sin b ; (A. 9)

_b = _p y + ˜ _x = 2 _p y = 2 ˜ _x = 2 ˜ sin a cos b: (A. 9a)
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The second ti m e di ˜erenti ati on of (A. 9) gives

�a = À 2 ˜

±
_a sin a sin b + _b cos a cosb

²
= À 2 ˜ 2 sin 2 a; (A. 10)

and preci sely the sam e form ula can be obta ined from (A. 9a) for the variabl e b.
The form ula (A. 10) can be tra nsform ed into inhomogeneous di ˜erenti al equati on
for a harm onic oscil lato r

�a + 4 ˜ 2 a = À 4 ˜ 2 (cos a sin a À a ) ; (A. 11)

whi ch for a smal l a (and a small ampl itude a 0 ) tends to the harm oni c osci llato r
equati on wi th a frequency ¨ b cc

0 = 2˜ . Because of (2.5) we have ¨ b c c
0 proporti onal

to B z .
Simi lar calcul ati ons done for the ti ghtl y- bound s -electro ns in the sc and fcc

latti ces give also

_a = _p x À ˜ _y = 2 _p x = À 2 ˜ _y ; (A. 12)

_b = _p y + ˜ _x = 2 _p y = 2 ˜ _x; (A. 12a)

whi ch are equati ons (A. 9) and (A. 9a) obta ined for the bcc latti ce. The integ rati on
of (A. 12), (A. 12a) can be perform ed in the same way as i t was appl ied for free
electrons [see (2.9) and (2.9a)] givi ng the result presented in (A. 2), (A. 2a). The
frequenci es of electron gyra ti on obta ined for a smal l a 0 are

¨ sc
0

= 2 ˜ (1 À C sc ) 1= 2 (A. 13)

and

¨ fc c
0

=
2 ˜

(1 + cos k z ) 1 = 2
(1 + cos k z À C fc c cos k z ) 1 = 2 ; (A. 14)

whi ch is a k z -dependent frequency. The electron mass whi ch should be substi tuted
in calcul ati ng the e˜ecti ve ¨ la tt

0 i s tha t given in (3.5){ (3 .5b). A soluti on of equa-
ti ons of the ki nd given in (A. 11) can be done for any cubi c latti ce along the l ines
outl ined in [16].
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