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Pr opagat ion of an int ense femtose cond laser pulse t hrough a transparent
nonlin ear medium such as dielectric leads to a num ber of phenomena . I n our

exp eriment we observed complex spatial , spectral, and temp oral structures
app earing in the initi al ly smooth femtosecond laser pulse w hen the pulse
p ower is comparable to or higher than the critical power for self-focusing. W e

have also develop ed a complete, 3-dimensi onal theoretical mo del to describ e
the observed phenomena.
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1. I n t rod uct io n

Al tho ugh the chase f or records in the worl d-shortest pulse is sti l l open, there
is al ready a num ber of wel l establ ished and developed techni ques in the ul tra fast
laser techno logy tha t have opened a possibi l i ty for appl icati ons outsi de research
laborato ri es. For exampl e, in multi photo n microscopy, femto second laser pul ses
wi th hi gh instanta neous power are used to exci te multi photo n Ûuorescence in the
sam ple leading to increased spati al resoluti on. New appl icati ons of femtosecond
laser pulses are also conti nuously devel oped. In recent pro posals by two groups
[1, 2] extrem ely bro ad band f emtosecond pul ses are used to generate frequency
combs tha t enabl e di rect com pari son of opti cal f requenci es wi th the cesium fre-
quency standard. Thi s techni que coul d, in pri nci ple, enabl e constructi on of a new
generati on of frequency standards wi th accuracy of the order of 1 0 À 1 7 . There are,
in pri nci ple, two reasons why people are interested in studyi ng nature wi th ul -
tra short pul ses. On the one hand, one can beneÙt from pul se dura ti on | the
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shorter the pul sesavai lable the faster the processestha t can be studi ed wi th su£ -
ci ent tempora l resoluti on. Thi s incl udes, am ong others, such phenom ena as earl y
stages of chemical reacti ons [3{ 5], energy tra nsfer in molecules [6{ 8], carri er dy-
nam ics in semiconducto rs [9{ 11]. The other advanta gel iesin power | even a pul se
wi th a moderate energy, if short enough, o˜ers powers in the ranges much higher
tha n avai lable from any other source [12]. For exam ple, in the tera watt region the
Ùeld{ ato m intera cti on is far from what we expected f rom our low- energy based
exp eriences.

Exp erim ents wi th femto second laser pulses in biophysi cs or physi cal chem-
istry are trul y fascinati ng but here we wi l l focus on a much sim pler case. The
sim plest exp eriment tha t one could thi nk about deals wi th pro pagati on of such
pul ses thro ugh a tra nsparent m edium (tra nsparent m eans here tha t we are far
from any resonances and thus the medium response is pra cti cal ly insta nta neous).
And, as pro pagati on is an intri nsic property of electrom agneti c wa ves, thi s ex-
perim ent is perform ed every ti me one uses a femto second laser in the laborato ry.
La rge band wi dth of ul tra short l ight pul ses causes tha t whenever they propagate
thro ugh a di spersive m edium thei r shape changes even in a low intensi ty regim e
when only l inear response of the m edium is relevant. Thi s can lead to distorti on
of a pul se focused wi th a lens [13] or pul se ti l ti ng in bi refri ngent m edia [14]. The
pro blem gets a bi t m ore com pl icated when hi gher intensi ti es are used. As we have
al ready m enti oned, very short pulses easily pro vi de hi gh insta nta neous intensi ti es
and theref ore nonl inear response of the m edium cannot be neglected. Since we are
interested in isotro pi c m edia, the lowest nonl ineari ty to be considered is of the
3rd order. Thus, to analyze pul se propagati on in such a case we have to ta ke into
considerati on di ˜ra cti on, dispersion, as well as spati al and tempora l pro cessesre-
sul ti ng f rom the thi rd- order susceptibi l i ty . Propagati on of femto second laser pul ses
in such regim e has been studi ed before [15{ 17]. It was found tha t, contra ry to the
long pul se case, there is no cata stro phi c self- focusing when short (< 1 0 0 fs) pul ses
are used wi th powers of the order of the cri ti cal power (tha t equals 2.6 MW for
fused sil ica at 800 nm ). Self-focusing is avo ided because of pul se spl itti ng; a com -
bi ned acti on of di spersion and nonl ineari ty leads to a break-up of the pul se into
two , or m ore, subpul ses in ti me dom ain. Al l the previ ous studi es have been l imi ted
to the measurements on the centra l part of the beam close to the beam axi s. In
thi s contri buti on we extend these studi es to the periphera l parts of the beam . W e
also show tha t pulse spli tti ng strongly depends on the beam size.

2. T heor et ica l ap pr oach

W e have derived a new form ulati on for propagati ng opti cal pul ses and cw
beam s, vali d to al l orders in the dim ensionl ess variabl es ² = ( ! 0 =§0 ) À 1 and
¯ = ( k 0 ¥ 0 ) À 1 . Here §0 i s the pulse dura ti on, ! 0 i s the centra l frequency of the
pul se, k 0 = n 0 ! 0 =c is centra l wa ve vector magni tude in the m edium , ¥ 0 i s the
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tra nsverse pul se wi dth and n 0 = n ( ! 0 ) i s the ref racti ve index at the centra l fre-
quency. Thi s metho d can be appl ied to pul se pro pagati on in both linear and non-
l inear regim es. The appl icati on to the l inear reg ime has been described in [18{ 20]
and was exp erimenta l ly veri Ùed [14]. The m etho d can be appl ied to propagate
extrem ely short pul ses and extrem ely focused pul ses and cw beam s wi tho ut ap-
pro xi mati on. Consequentl y, l inear near-Ùeld di ˜ra cti on e˜ects can be exactl y cal-
cul ated in dispersive media (even non- isotro pic dispersive media [19]). Here we
extend the appro ach of R ef. [19], whi ch is based on a consistent and m athem at-
ically ri gorous expansion of the l inear dispersion relati on, to incl ude a nonl inear
opti cal response of the m edium . Previ ous studi es have trea ted nonl ineari ty onl y
to lowest orders [21{ 25, 15]. T o go beyond these lowest-order appro xi m atio ns in
the nonl ineari ty and yet reta in al l orders in ² and ¯ , we general ize our metho d
by incorp orati ng a ful l perturba ti on analysis developed by Fi bich [26, 27] f or cw
beam s into the f orm ulati on previ ously used for l inear pul se propagati on [20]. Our
trea tm ent is l im i ted only by the assumpti on tha t the coupl ing of backscatteri ng
m odes can be neglected; we consider only a one-way propagati on of the Ùeld and
do not the tw o-way pro pagati on boundary matchi ng pro blem [28]. The present
wo rk is the Ùrst attem pt to com pare our expansion wi th experi menta l results for
pro pagati on of a very short and stro ngly focused pul se in anisotro pic Kerr- typ e
nonl inear m edium .

W e begin by consi dering the wa ve equati on for the electri c Ùeld
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W e consider the case of a linear isotro pic medium where
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At Ùrst we set the nonl inear polari zati on term to zero. Let us assume tha t the
electri c Ùeld and induced polarizati on are l inearl y polarized along the x -axi s. Next
we rewri te the propagati on equati on in term s of the slowl y varyi ng envelope (SVE)
A of the electri c Ùeld for a l ight pul se, E ( x ; t ) = A ( x ; t ) exp( ik Â x À i ! t ) x̂ , or in
Fouri er space, E ( ! ; k) = A ( ! À ! 0 ; k À k 0 ) . The SVE multi pli es the qui ckly
oscil lati ng tem pora l and spati al term s associated wi th centra l frequency ! 0 and
centra l wa ve vecto r k0 = k 0 ẑ = n 0 ( ! 0 =c ) ẑ ( n 0 = n ( ! 0 ) ) in the expression for the
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electri c Ùeld. Note tha t we have chosen the z -axi s to be along the centra l wa ve
vecto r. Substi tuti ng the SVE into Eq. (2), changing variabl es ! ! ! + ! 0 ; k !

k + k0 so as to rem ove the centra l frequency and centra l wav e vector f rom the
SVE, Eq. (2) yi elds
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W e can now use an inv erse Fouri er tra nsform and wri te Eq. (1) in term s of
the SVE as
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Equati on (4) can be rearranged to ta ke the form
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where the right hand side (R HS) of Eq. (4) has been wri tten as À k 2
0

F A thereby
deÙning the l inear di ˜erenti al operato r F , whi ch can be obta ined as a power series
of @=@t by expa nding integ rand of the RHS of Eq. (4) in ! about ! 0 , and evaluati ng
Fouri er tra nsform .

Our expansion ta kes a parti cul arl y enl ighteni ng form in dimensi onless uni t s
in whi ch ti me is m easured in uni ts of tem poral pul se dura ti on § , length in the
tra nsverse di recti ons is in uni ts of the tra nsverse pul se wi dth ¥ , and length in
the pro pagati on di recti on z i s measured in di ˜ra cti on length L = k 0 ¥ [25, 26].
The Ùnal expression of the propagati on equati on wi l l be given in term s of the two
di mensionlessparam eters ¯ = ( k 0 ¥ ) À 1 and ² = ( ! 0 § ) À 1 .

Equa ti on (4) in dim ensionlessuni ts of x ; y ; z , and t m ay be wri tten as
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where the operato r L 0 i s deÙned as L 0 ² ¯ 2
r

2
?

+ F ( ! 0 ² ) . Thi s equati on can be
solved exactl y to give

O 0 A = ik 0 (
p

1 + L 0 À 1 ) A: (6)

It can be easily veri Ùed tha t Eq. (6) yi elds the origina l wa ve equati on by addi ng
ik 0 A to both sides of (6) and squari ng the resulti ng equati on. Op erato r
O 0 = ik 0 (

p

1 + L À 1 ) in Eq. (6) can be expanded in the T aylo r series in ¯ and ²

(i n spati al and tempora l derivati ves) [29].
W e now add nonl inear polari zati on and f or tha t purp ose we consider

a nonl inear m edium wi th a Kerr- typ e nonl inear susceptibi l i ty of the f orm
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Here we ha ve assumed tha t the wave vecto r dependence of the nonl inear suscep-
ti bi l i ty is uni m porta nt. If one neglects the frequency dependence of â
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Note the presence of the tw o ti m ederi vati veterm s on the R HS of the equati on. The
second term on the R HS gives ri seto self-steepening and the thi rd is a higher-order
term .

In order to devel op an expansion of equati on of m oti on for a l ight pul se to al l
orders in ² and ¯ tha t is val id f or nonl inear pul se propagati on, we now intro duce
(i n dim ensionlessuni ts) a new operato r L to repl ace the L 0 :
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No te tha t L i s z dependent thro ugh A ( x ; y ; z ; t ) , and does not com mute wi th @=@z .
W ith the new L A we cannot obta in as sim ple result as Eq. (6), val id for the

l inear pro pagati on of opti cal pul ses, but we sti l l obta in a perturba ti ve expansion
in the parameters ¯ and ² . Equati on (5) is now modiÙed and becom es
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If we operate on Eq. (10) wi th O and divi de the resul ti ng equati on by k 2
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Hence, the R HS of Eq. (11) conta ins both @A= @z and @A =@z term s. To carry out
the expansion we simpl y repl ace @A= @z wi th the ri ght hand side of Eq. (10) and
@A =@z wi th the RHS of the com plex conjugate of Eq. (10). Next we isolate term s
of di ˜erent order in ¯ . Thi s procedure is tedi ous due to the large numb er of term s
tha t m ust be incl uded, but i t is m athem ati cal ly ri gorous. Expa nsion can be carri ed
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out using the symboli c m athem atics program Ma pl e [29], and after carryi ng out
the algebra f or our case of an isotro pic m edium we Ùnal ly obta in
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W e have only incl uded the Ùrst- order ti m e-deri vati ve nonl inear term s and
we have not included higher-order term s in ¯ in Eq. (12). We can, however, eas-
i ly obta in hi gher-order ti me-derivati ve and spati al-derivati ve nonl inear term s and
hi gher-order term s to any desired order in ¯ . W hen al l ti m e-deri vati ve term s are
set to zero, we recover the resul ts of Fi bi ch et al . f or cw beam s [27, 28]. W hen
the nonl inear coupl ing term s are set to zero, we tri vi al ly recover the l inear pul se
pro pagati on results [20]. Extensi ve studi es of these resul ts wi l l be presented else-
where [29].

W e num erical ly solve Eq. (12) usi ng spli t step operato r metho d [30]. The
ri ght hand side of Eq. (12) is a sum of two ki nds of operato rs: one diagonal in
Fouri er dom ain and the other easily evaluated in space domain. Theref ore in each
num erical step we solve our equati on ignoring al l the operato rs of the Ùrst ki nd,
then perform FFT of A and solve i t using operato rs of the second ki nd only. Thi s
m etho d was shown to lead to inaccuracy proporti onal to Â z 2 onl y. In fact i t is fai rl y
easy to increa se the accuracy up to Â z 3 , whi ch we actual ly do as was discussed
elsewhere [30]. For com puta ti onal simpl icity we solve our pro blem in (2+1 )D i .e.
we neglect y -dependence of the Ùeld.

As a source of femto second pul seswe used a laser system presented in Fi g. 1.
The output beam from a home-bui l t Ti :sapphi re femto second oscil lato r pum ped
by al l -l ines argon- ion laser (Co herent Inno va, 6 W ) wa s used as a seed for the
regenerati ve ampl iÙer (Co herent ˜ -1000) pum ped by a frequency- doubl ed Nd: YLF
(Co herent 621-D ). The pul sesf rom the ampl iÙer were appro xi matel y 70 f s long and
centered at 800 nm . The pul se energy was 1 m J and the repeti ti on rate was 1 kHz.
W e used a hom e-bui l t FR OG apparatus [31, 32] to m easure tempora l pro perti es of
the pul ses. The m easured am pl itude and phase of the pul ses in ti me and frequency
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Fig. 1. The laser system used to generate femtosecond pulses. A commercial ampli Ùer

system consistin g of a stretcher, regenerative ampliÙer, and compressor is seeded w ith

pulses from a home- buil t T i: sapphire oscillator. T i:S | titanium- dop ed sapphire crystal,

SL | ad j ustable slit, OC | output coupler, P | p olari zers, OD | optical dio de, PC |

Po ckels cell, R M | ro of mirror arrangement, G | 1200 gro oves/mm gratings. Mirrors

M1, M2 are placed above beam plane ; all steering mirrors are broadband dielectri c.

dom ains are presented in Fi g. 2. As is clear f rom Fi g. 2 the pul sesfrom our am pl iÙer
were not tra nsform -l im i ted (ti m e-band wi dth pro duct of appro xi matel y 0.6), as
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Fig. 2. Laser pulse amplitude and phase in time (a) and frequency (b) domain. T he

amplitud e and phase are marked by continuous and broken lines respectively .

indi cated by a nontri vi al shape of the tem pora l phase. Thi s m ight be considered a
dra wback of the setup. Actua l ly, i t is not real ly the case. Since we use a num erical
code to simul ate the pul se propagati on, we do not need a well behavi ng pul se
wi th a smooth am pl i tude and phase whi ch could be wel l appro xi m ated by analyti c
expressions. W hat is real ly importa nt is tha t we are abl e to m easure the electri c
Ùeld of the laser pul se and suppl y thi s inf orm ati on to the num eri cal procedure
m odel ing the pro pagati on.

There are three main parts of the experim ental setup shown in Fi g. 3. The
Ùrst one was used to condi ti on the laser beam , i .e. to contro l i ts spati al pro perti es
and pul se energy. Contro l over spati al pro perti es of the beam is crucial because
the spati al di stri buti on inÛuences the pro pagati on. T o be able to com pare the
exp erimenta l resul ts wi th the num erical m odel ing we have to make sure tha t we
contro l the spati al properti es of the beam. In addi ti on, f or e£ ci ency reasons, the
num erical code we use is two -di mensional. It is an appro xi mati on whi ch holds onl y

Fig. 3. Exp erimental setup. See text for details.



Nonl inear E˜e cts wi t h Ul trashor t Laser Pulses 97

when the laser beam has a perf ect cyl indri cal sym metry . Fi rst, the beam passed
thro ugh an aperture wi th a di ameter of 2 mm . Thi s reduced the residual spread
of spectra l com ponents in the beam tra nsversal proÙle (spati al chi rp) tha t might
have been intro duced in the stretcher{ com pressor system .

The second stage of the Ùlteri ng consisted of a 1000 m m focal length fused
sil ica lens and an intercha ngeable pinhole (typi cal ly 1 2 0 ñ m di ameter) placed in
the focus of the beam . These two elements form ed a spati al Ùlter for the wa ve
vecto rs present in the pul se. The condi ti ons were set in such a way tha t, to a very
good appro xi m ati on, the far Ùeld distri buti on in the beam behind the pi nhole
wa s described by the Ai ry functi on. The thi rd stage was responsible for energy
contro l . W i th a 1 mJ pul se focused to several tens of microm eters any opti cal
m ateri al would be easily dam aged. The energies we are interested in are, at least,
two orders of magnitude lower. W e also would l ike to have a conti nuous energy
adj ustm ent. A com bina ti on of a zero-order half -wave plate and a calcite polari zer
wa s used for thi s purp ose. The pul se energy was moni to red wi th a photo di ode and
a di gi ti zing oscil loscope. The second part of the experim enta l setup conta ined the
sam ple and tw o fused sil ica lenses. The Ùrst lens was used to im age the pinhole on
the input f ace of the sampl e whi ch was a pl ane-para llel fused sil ica plate 7.5 m m
thi ck. Usi ng im aging lenseswi th di ˜erent focal lengths we coul d vary the di ameter
of the beam waist whi le keeping the positi on of the waist exactl y at the input face
of the sampl e. In thi s contri buti on we wi l l report the results for tw o cases: \ large
beam " and \ smal l beam " whi ch are m arkedly di ˜erent. The \ large beam" indi cates
a f ocus of appro xi matel y 1 2 0 ñ m di ameter, whi le the \ smal l beam" m eans a f ocus
of appro xi m atel y 2 0 ñ m diam eter. The beam behind the sam ple was col l imated
wi th the second lens of 15 cm focal length and di rected towards the diagnosti cs
part of the setup. Since the focal length of thi s lens is m uch larger, the Rayl eigh
range of the beam, the Ùeld distri buti on in the col l imated beam corresp onded to
the far Ùeld pattern.

The thi rd part of the setup conta ined the di agnosti c to ols. Two typ es of mea-
surements were perform ed on the output pul ses. Fi rstl y, we coul d m easure spectra
of the pul seswi th an imaging spectrograph equipped wi th a tw o-dimensional CCD
arra y (Acto n Research Spectra Pro 150, SpectruMM 128 HF). By i l lum inati ng the
entra nce sli t of the spectro graph wi th the col lim ated output beam we could record
two -dim ensional m aps in the ! À k

?
space. The maps show the intensi ty of the

output beam as a functi on of the opti cal frequency ! (or wa velength) and the
component of the wave vecto r perpendicul ar to the propagati on di recti on k

?
.

Using an adj ustable i ri s pinhole we coul d also select a part of the beam (appro xi -
m atel y 5{ 10%) and di rect it into the FR OG apparatus to determ ine the electri cal
Ùeld of the corresp ondi ng pul se. By movi ng a mirro r mounted on a tra nslati on
stage we could select and analyze di ˜erent spati al parts of the beam . In addi ti on,
a standa rd CCD cam era wi th an inf rared Ùlter (l ong-pass Ùlter at appro xi matel y
700 nm ) coupled to a fram e-grabb er wa s used to register the spati al distri buti on
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of the beam tra nsmi tted thro ugh the sam ple. For the two casesm enti oned above
we perform ed m easurements wi th di ˜erent input pul se energies starti ng wi th a
very low energy at whi ch nonl inear e˜ects can be neglected up to the energy of
about 2 ñ J whi ch corresponds roughly to the thresho ld of whi te l ight conti nuum
generati on in the sampl e.

4. Th e exp er im ental resu l ts

W e have found tha t the results of the exp erim ent are signiÙcantl y di ˜erent
for the two cases studi ed here, i .e. \ large beam " and \ smal l beam" .

For the \ large beam " case (1 2 0 ñ m focus diam eter) whi ch is simi lar to wha t
has been studi ed by others before [16, 17] we observe very l i ttl e variati on in the
tra nsmi tted beam shape even for high input pul se energy when signi Ùcant spectra l
and tempora l shapi ng is observed. The ! À k ? m aps for three di ˜erent input pul se
energies are shown in Fi g. 4. For the lowest energy the m ap shows a smooth
di stri buti on | both the frequency and wa ve-vector spectra displ ay no signi Ùcant
structure. For higher pul se energies the frequency spectrum acqui res signi Ùcant
structure. Besides a fast modul ati on around the peak of the spectrum we observe
the beginni ng of spectra l spli tti ng. The spl itti ng is very wel l pronounced for the

Fig. 4. T he ! À k ? map for the \large beam" case. (a) {(c) Exp erimental data for the

input pulse energy 0 :1 J , J, and J . (d){(f ) N umerical modeling results for the

corresp ondi ng input pulse energies. Sp ectral range is 740{ 860 nm.
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Fig. 5. C omparison betw een the experimental (squares) and theoretical (line) on-axis

spectra for two di˜erent input pulse energies: 0 :3 ñ J (a) and 0 :8 ñ J (b).

Fig. 6. A n example of the temp oral dependence of amplitude (line) and phase (dots)

of the pulse in the \large b eam" case.

hi ghest energy studi ed. In addi ti on to the two main m axi ma there are also smal ler
ones at higher and lower frequenci es. W e do not observe any dra mati c changes in
the beam shape | there is only a slight narrowi ng of the distri buti on in the k

?

di recti on. W hat is even m ore importa nt, the frequency spectrum does not depend
on the k

?
vecto r. Theref ore, to describe the beam pro perti es i t is su£ cient to

m easure i t on the axi s. The resul ts of such m easurem ents are shown in Fi gs.5 and 6.
Fi gure 5 presents the pul se spectrum for two input energies. Spectra l spl i tti ng is
cl earl y vi sibl e. It is worth menti oning tha t the e˜ect is very repro duci bl e. The
resul ts of FR OG measurements of the centra l part of the beam are shown in
Fi g. 6. The pul se shows a di stinct spli tti ng in ti m e dom ain. The subpul ses are not
compl etely separated but, as they have di ˜erent spectra l content (whi ch can be
deduced from the retri eved tem pora l phase), they wo uld m ove apart from each
other i f propagated further in silica.

The experim ental results are qui te di ˜erent f or the \ small beam " case (2 0 ñ m
focus diam eter). W hen the input pul se energy is increased we observe very in-
teresti ng changes in the beam proÙle. Thi s is i l lustra ted in Fi g. 7 whi ch shows
im ages of the tra nsmi tted beam proÙle ta ken wi th the CCD cam era. The Ùrst
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Fig. 7. T he far Ùeld intensity distribu tio n in the beam transmitted through the sample

in the \small beam" case. T he energy of the input pulse is 0 :3 ñ J (a), 0 :6 ñ J (b), 0 :8 ñ J

(c), and 0.9 J (d).

Fig. 8. T he map for the \small b eam" case. The energy of the input pulse w as:

(a) 0.1 J, (b) 0. 4 J , (c) 0.6 J , (d) J , (e) 1.0 J, (f ) 1.1 J . Spectral range is

740{860 nm.
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im age corresp onds to a very smal l input energy at whi ch the beam proÙle does not
exp erience any signiÙcant changes. W hen the input pul se energy is increased, the
beam starts to self-f ocus and for sti ll higher energies wel l-deÙned ri ngs appear. The
ri ng structure varies wi th the input energy and the general rul e is tha t the higher
the energy the ri cher the ri ng structure. It shoul d be m enti oned tha t for higher
energies corresp ondi ng to a wel l -developed ri ng structure the spectra l broadening
of the pul se is qui te large and one can easily see a vi sible beam wi th a naked eye.
An addi ti onal slight increase in the input pul se energy leads to a stro ng vi sible
radi ati on | whi te light conti nuum. The ! À k ? m aps for thi s case are shown in
Fi g. 8. Sim i lar to the \ large beam " case, when the input energy is increased,
ini ti al ly, we observe spectra l spli tti ng. For the highest energy studi ed here there
are at least Ùvewel l deÙned and separated peaks in the tra nsmi tted pul se spectrum .
Ho wever, for hi gher energies an addi ti onal e˜ect comes into pl ay. Separate islands
away from the k

?
= 0 l ine appear. Tho se islands corresp ond to the ri ngs observed

wi th the CCD cam era. The structure of the ! À k
?

maps is qui te compl ex. In
parti cul ar, i t is easy to noti ce tha t the spectra l content of the rings is di ˜erent
from the main part of the beam centered around k

?
= 0 . The spectrum of the

ri ngs is qui te narro w when compared wi th the spectrum in the beam center. Al so
the spectrum of the rings is centered around the m axi mum of the input pul se
spectrum .

5. D iscu ssio n

W e have m odeled the propagati on of laser pul ses in f used silica sam ple using
the num erical pro cedure described in Sec. 2. The input data for the pro cedure has
to incl ude ful l inform ati on on both tem poral and spati al pro perti es of the input
pul se. As an input to the pro cedure we have used the electri c Ùeld of the laser
pul se measured wi th the FR OG apparatus. W e have also assumed tha t the spati al
di stri buti on of the Ùeld in the input plane of the sam ple results from im aging
(wi th proper m agniÙcati on) of the pi nhole. The num erical pro cedure al lows us to
fol low the pul se evoluti on inside the sampl e E ( x ; t ) . It a lso pro vi des the ! À k

?

di stri buti on whi ch can be di rectl y com pared wi th the ! À k
?

m aps m easured in
the experim ent. Such a comparison for the \ large beam" case is shown in Fi g. 4.
The agreement between the theo ry and experim ent is qui te good. In both caseswe
observe spectra l spli tti ng | an ini ti al ly smooth spectrum breaks into two m ain
and several weaker bands as the input pul seenergy is increased. Al so, in agreement
wi th the exp eriment, the num erical results do not show any signiÙcant spati al pul se
break- up. The qual i ty of the agreem ent can be better assessedwi th the help of
Fi g. 5 whi ch shows measured and calculated spectra of the pul se for tw o input
energies. Both spectra were ta ken on the beam axi s. Our m odel correctl y predi cts
spl itti ng of the pul se spectrum into several bands and givesan alm ost perfect Ùt on
short wav elength side. The agreement is worse on the long wa vel ength side where
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the experi menta l ly obta ined peaks are shi fted to the red wi th respect to the peaks
predi cted by the m odel . One possible expl anati on f or thi s e˜ect m ight be Ram an
scatteri ng whi ch is not included in our m odel . The results of the calculati ons (not
shown here) for the \ small beam " case show onl y a qual i ta ti ve agreement wi th
exp eriment. There are several spectra l bands appeari ng on the beam axi s wi th
positi ons and am pl itudes simi lar to tho se observed in the experim ent (see Fi g. 8).
W hat is even m ore im porta nt, sim i lar to the exp eriment, we observe developm ent
of ri ngs at higher input energies. Tho se rings have spectrum whi ch is com pletel y
di ˜erent f rom the spectrum on the beam axi s. Thus the m odel predi cts most of
the features observed in the experim ent. However, the qual i ta ti ve agreement is not
very good. Thi s is pro babl y partl y due to num erical e˜ects. A very rich structure
tha t develops in the pul se in thi s case cal ls for using large and Ùnely spaced grids
in both ti m e and frequency domains. W e could not do thi s because of our l imi ted
computi ng capabi li ti es. W e are currentl y worki ng on developi ng a more e£ cient
code tha t, we hope, wi l l handl e the calculati ons better.

6 . Co n cl usion s

W e have observed and parti al ly analyzed som e aspects of nonl inear pro paga-
ti on of femto second laser pul ses in isotro pic, tra nsparent, nonl inear media. W hen
the power of a ti ghtl y focused input pul se is higher tha n the cri ti cal power for
self- focusing both tempora l and spati al pul se spli tti ng is observed. The ri ngs have
compl etely di ˜erent spectra tha n the m ain part of the pul se propagati ng along the
beam axi s. Thi s is, to our kno wl edge, the Ùrst report on pul se spati al break- up
after nonl inear pro pagati on in a tra nsparent Kerr m edium . Al l the earl ier mea-
surements were l im ited to the beam axi s. Using the num erical m odel for the pul se
pro pagati on we can parti al ly expl ain form atio n of the ri ngs al tho ugh quanti ta tiv e
agreem ent is sti l l not sati sfactory . In the future we pl an to devel op a m ore e£ -
ci ent num erical code to perf orm the calcula ti ons wi th su£ cient accuracy and to
use SPID ER [33] instead of FR OG to characteri ze the output pul ses. Thi s should
al low us to compl etely characteri ze the pul se across the beam pro Ùle.
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Thi s wo rk was parti al ly supp orted by the State Co mm ittee for Scienti Ùc
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