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W e st udy an ult racold dilute gas of bosonic atoms in an optical lat -

tice induced by intersecting laser b eams. A s a Ùrst appro ximation w e ne-
glect conÙning p otential and atom {atom interactions. In t his case the Gross{
Pitae vski j equation reduces to simple Mathieu equation. U pon choosing p e-

rio dic boundary conditions this problem has well know n perio dic solution.
T his simple picture allow s to demonstrate lo cali zation of the w ave packet
and formation of the band structure. W e calcula te spectrum of the excited

states as a function of the strength of mo dulati ng p otential and using a
standard adiabatici ty criterion w e predict the most e£cient w ay to ramp
up optical lattice , w ithout higher state excitation. Finall y, we discuss the
in Ûuence of the atom{atom interaction (nonlinea rity ) on the adiabatic ity of

the pro cess.
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1. I n t rod uct io n

R ecently developed system s of tra pp ed ul tra cold ato m ic gases open a new
Ùeld for study of m any-parti cle physi cs [1]. Thi s includes the inv estigati on of the
Bose{ Einstei n condensati on of intera cti ng Bose parti cles, leading to m acroscopic
quantum states or m atter wav es. One of the m ost interesti ng aspects there is the
intera cti on of Bose{Ei nstein condensates (BEC) wi th opti cal wa ves, and am ong
them tra ppi ng of ato m s in the so-cal led opti cal latti ces [3]. The spati al ly periodic
intensi ty vari ati on in the standi ng wave of laser l ight tra nslates, by m eans of AC
Sta rk ẽ ect, into spati al ly periodi c potenti al felt by ato ms movi ng in thi s standi ng
wa ve. The depth of such an opti cal potenti al is proporti onal to the square of the
R abi frequency of the ato m ic tra nsiti on inv olv ed, and inv ersely proporti onal to the

(47)



48 W . W asi lewski et al.

detuni ng of the laser from tha t tra nsiti on [4]. Intera cti on of standi ng wa ves wi th
BEC opened a wi de range of appl icati ons, from Bragg scatteri ng (out- coupl ing) [5]
of ato m ic wave packets, Bra gg spectro scopy [6], nonl inear atom ic opti cal phenom -
ena [7], coherent contro l of the atom ic wa ve packets [8], to the recent studi es of
tunnel ing dyna m ics in opti cal latti ces [9]. R ecently, m any theoreti cal and experi -
m enta l groups investigate an idea of appl yi ng opti cal latti cesfor im plementati on of
logical quantum gates. It is cruci al for these appl icati ons tha t the opti cal latti ces,
whi ch are in m ost cases dyna m ical ly im posed over an exi sting condensate, keep
the condensate in the ground state of the system , or in other words the pro cess of
ram ping up of the latti ce should remain adiabati c.

Adi abati ci ty in nonl inear system s can be studi ed in vari ous regim es. D e-
noti ng §A D as the quantum -mechani cal l inear adiabati c ti m escale determ ined in
term s of the di ˜erence of the (l inear) energy eigenvalues [2] and §N L the nonl inear
ti m escale [10], the simpl est regim e is one in whi ch the dura ti on of the dyna mical
pro cess being studi ed, T , sati sÙesthe condi ti on, § A D § T § § N L . In thi s case,
adi abati city is insured by the adiabati c theorem due to the Ùrst inequal i ty , and
nonl ineari ty plays onl y a secondary role in the dyna m ics due to the second in-
equal i ty . Hence, the dyna mics is in pri nci pl e adiabati c. In thi s paper we Ùrst study
the dyna m ics in relati vely short ti m escale, Ùnd the m ost e£ cient dependence of
the opti cal latti ce ramp to preserve adiabati city and di scusscoupl ing between di f-
ferent states in the regim e when nonl ineari ty is a smal l e˜ect. W e also point out
the e˜ects tha t nonl ineari ty might have on the dyna m ics of opti cal latti ceson the
longer ti m escales, and at the end we give a bri ef discussion and summ ary on the
general question of adiabati city in the nonl inear system s.

Thi s study wa s inspi red by two experim ents: at NIST [11] and Yale [12]. The
centra l question of thi s paper is how f ast and along wha t ram p one should increase
the intensi ty of the standi ng wa ve in order to preserve adi abati cit y of the pro cess.
Adi abati ci ty in thi s case means tha t at each instant of ti m e, our wa ve functi on
rem ains an eigenstate of the instanta neous Ha mi l to nian. The answer is found in
the form of the prescripti on for the functi onal dependence of the light intensi ty
to minim ize the e˜ect of decoherence and exci ta ti on of the condensate duri ng the
growth of the opti cal latti ce (ri sing of the l ight potenti al ). Thi s prescripti on is
deri ved di rectl y from the adi abati c condi ti on. W e present num erical results for the
one-dim ensional condensate dyna m ics in the growi ng l ight potenti al and discuss
wha t is the e˜ect of m ean-Ùeld intera cti on.

2. Sim pl e m odel f or t he B E C in t he st an d ing wa ve. Sin g le wel l case

Bose{Ei nstein condensate in standi ng wave is described by the Gross{
Pi ta evskij (G P) equati on:
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whi ch we rewri te in the di mensionless form (x = x 0 ± ; t = t 0 § )
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where m i s ato mic m ass, ! is the tra p frequency, ! 0 i s a Tho mas{ Ferm i radius
of the condensate, x 0 = Ñ=2 ; a 0 i s the scatteri ng length, N | num ber of ato ms
in the condensate, ¨ i s the Rabi frequency of the opti cal tra nsi ti on of the opti cal
latti ce, and Â i s the detuni ng from the resonance of thi s tra nsiti on. E R i s the
so-cal led recoi l energy and is equal to E R = ñh 2 k 2 =2 m . In reduced (di m ensionless)
uni ts ² i s strength of harm oni c potenti al , U | streng th of nonl ineari ty and A i s
a depth of the m odul ati on of the opti cal latti ce.

The ground state of the wa ve functi on can be obta ined from the above GP
equati on vi a an imaginary ti me m etho d, whi ch is an i tera ti ve pro cedure consi sting
of steps of pro pagati on of the wave functi on accordi ng to Eq. (1) wi th im aginary
ti m e and renorm al izing i t. Here, for m ost part, we choose di ˜erent appro ach to
study energy structure of the system . W e neglect the tra pping potenti al and non-
l ineari ty in the Gross{Pi ta evski j equati on and reduce the probl em to m uch simpl er
and elementa ry f orm , studi ed in m any textb ooks. Thi s crude appro xi mati on is jus-
ti Ùed by the fact tha t in m ost situa ti ons the streng th of the opti cal potenti al is
m any orders of magni tude bi gger tha n tha t of nonl inear or harm onic tra ppi ng
potenti al. W e wi l l present more deta i led j usti Ùcati on of thi s appro xi mati on below.

In absence of tra ppi ng potenti al and nonl ineari ty the only natura l length
scale is the wa velength of l ight form ing the latti ce: Ñ = k =2 ¤ . If we cho ose the
hal f of the wa vel ength as a uni t of length (x 0 ) and im pose addi ti onal condi ti on
tha t the coe£ cient in the ki neti c energy operato r, in front of the spati al derivati ve,
to be equal to uni ty we intro duce uni t of ti m e ( t 0 = 2 mx 2

0
=ñh ). To further reduce

our pro blem to the single cell of the opti cal latti ce we impose periodic bounda ry
condi ti ons tha t wa ve functi on ê (0 ) = ê ( 1 ). Up on im posing above m entio ned uni ts
and condi ti ons, Eq. (1) is reduced to the Ma thi eu equati on [13]:

E ê ( ¿) =
@2 ê ( ¿)

@¿2
+ A cos(2 ¤ ¿) ê ( ¿) ; ¿ 2 [ 0 ; 1 ] ; (3)

W e Ùrst study the local izati on of the wa ve packet in the opti cal latti ce using
our sim ple one-dim ensional m odel . W e assume tha t one-dim ensional opti cal latti ce
is f orm ed by the standi ng wav e, but our model can be easily extended to include
standi ng-m ovi ng potenti als and presence of the tra ppi ng forces. In the exp eriment,
wa vel ength of the laser l ight is much smal ler tha n the size of the BEC condensate.
For exam ple in the NIST exp eriment Tho m asÀ Ferm i radius of the condensate
corresponds to appro xi matel y 100 wa vel engths, whi ch was equal to 589 nm . Thi s,
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as we menti oned above, j usti Ùesour droppi ng of the conÙni ng potenti al . We solve
Eq. (3) wi th periodic bounda ry condi ti ons. Since ê (0 ) = ê (1 ) , hence we onl y
pi cture the wa ve functi on wi thi n one wavel ength region. W e seek the soluti ons
in the form of a power series of periodi c functi ons: ê ( ¿) =

P + 1

l = À1
C l exp(2 ¤ l ¿) .

Up on substi tuti ng thi s expansi on into Eq. (3) we obta in a set of recurrent equati ons
for coe£ cients C l . One can rewri te thi s recurrenc e f or the rati os of C l =C l À 1 and
C l =C l +1 , solve two sets of equati ons starti ng f rom , say C À L and C L , and obta in
the quanti zati on condi ti on for the energy by dem andi ng tha t two soluti ons meet
at C 0 (one gets soluti ons in the form of conti nuous fracti ons | see [13]). W e have
chosen slightl y di ˜erent form ulati on. W e intro duce L -th order appro xi m atio n in
whi ch C L and C À L coe£ cients are equal to zero, wri te down a set of linear coupl ed
equati on for C l ; À L < l < L coe£ ci ents and solve the eigenvalue probl em
0
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By solvi ng the eigenvalue probl em, (4), we obta in energies of the ground and
Ùrst 2 L exci ted states. Thi s m etho d is very e£ cient, and converg ence (v alue of
L requi red) depends on the value of the potenti al A . In Fi g. 1 we present resul ts
of our calculati ons for three di ˜erent values of the potenti al A . For A = 1 , l ight
potenti al is to o weak to force any localizati on of the wa ve functi on, whi ch in thi s
case rem ains almost constant. The value of the constant wa ve functi on is found
from the norm al izati on condi ti on. W i th increasing value of the l ight potenti al
the wa ve functi on becomes m ore and more local ized around the anti node of the
potenti al. Li ght is pushi ng out ato ms from the high to the low am pl i tude regions.
At the value of A = 5 0 we clearly see the e˜ect of local izati on, and at A = 5 0 0

wa ve functi on drops to zero at the bounda ries. The latter case wi l l corresp ond to
m odul ati on streng th of order of 1 5 E R for sodium ato m s in the NIST exp eriment,
when the separati on is strong between peaks of the wa ve functi on.
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Fig. 1. Ground states of the condensate w ave function for various intensities of perio di c

optical potential, w ithout nonlinea rity .

The advanta ge of studyi ng thi s m odel is two fold: Ùrst, we have simpl e
Ma thi eu equati on replacing GP equati on and we can solve for eigenstates (they
are given in the form of conti nuous fracti ons, or eigenvecto rs of Eq. (4)) and, sec-
ond, we can easily get inf orm ati on about exci ted states, thei r wa ve functi ons, and
energies. It is im porta nt, as we wi ll show later, f or the descripti on of dyna m ic
pro cesses, for exampl e when ampl itude A i s a functi on of ti me and is essential i f
one is interested in such aspects as adi abati city .

As Eq. (3) is as a m atter of fact the special case of the Gross{Pi ta evski j
equati on and one can Ùnd the value of eigenenergy and correspondi ng eigenstate
also by di ˜erent m eans. Here we also used im aginary ti m e m etho d. W e checked
tha t the results obta ined both ways agreed very well . Im aginary ti m e m etho d has
another advanta ge, nam ely i t can be easily extended to the study of the e˜ects of
ato m { ato m intera cti on, sim ply by addi ng a nonl inear term to the Gross{Pi ta evski j
equati on. One expects tha t the ato m { atom intera cti on becom es im porta nt when
the size of the nonl inear term is of the sam e m agni tude as the size of the l ight
potenti al term . The form er may be estim ated, at least f or big numb er of ato m s in
the condensate, by the valueof the chemical potenti al . The results of our studi esare
summ arized in Fi g. 2. W e present the ground state wa ve f uncti ons f or four di ˜erent
values of U 0 for A = 5 0 . At U 0 = 5 0 distorti on of the wa ve functi on becomes
noti ceabl e and the local izati on is nearly compl etely washed out at U 0 = 2 5 0 .
Surely for higher values of A one needs higher value of nonl ineari ty to com pete
wi th the l ight potenti al . The m ain concl usion from the above di scussion is tha t at
typi cal ato m densiti esused in the ato m ic tra ps, when the intensi ty of the laser l ight
form ing the opti cal latti ce is just starti ng to form a noti ceabl e structure on the
condensate, the ato m { ato m intera cti on m ay be neglected. For a sodium condensate
consisting of 1 0 6 ato m s and tra p frequency of 50 Hz al ready at the intensi ty of the
order of 50 mW / cm2 i t is vi rtua l ly impossible to disti ngui sh between l inear and
nonl inear wa ve f uncti ons.

Im aginary ti m e m etho d is very e£ cient in obta ini ng a ground state and
i ts energy, but is not very e£ cient for Ùndi ng exci ted states. It is m uch easier
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Fig. 2. Ground states of the condensate wave function for constant intensity ( A = 50 ),

w ith various nonlin earities (atom{atom interaction strength).

to Ùnd excited states energies and corresp ondi ng wa ve functi ons by the metho d
used in the theo ry of determ ini stic chaos, namely by evolving the wa ve functi on
from som e arbi tra ri ly chosen ini ti al sta te in the conÙgura ti on space, Ùnding the
value of the wa ve functi on at each point as a functi on of ti m e ê ( x 0 ; t ) and ta ki ng
Fouri er tra nsform in t . As we exp ect, we Ùnd the same m axi ma for al l values of x 0

pro vi ded we started from ini ti al sta te tha t had \ adm ixtures " of al l excited states
(we use the word \ adm ixtures" in the quota ti on m ark, since in the nonl inear case
the superpositi on pri ncipl e does not hold) and they corresp ond to energies of the
ground and excited states. One can even reconstruct the shape of wave functi ons
correspondi ng to these energies.

W e concl ude thi s secti on wi th the short di scussion of the m ulti cell case.
So far we considered the sing le cell case, namely there was only one well of the
opti cal latti ce over the size of the wa ve functi on. Up on expandi ng of the wa ve
functi on, we need to consider more wells of the latti ce. Thi s is the case in al l
of the experim ents perf orm ed so far. A numb er of wel ls varies between 10 and
100 wells. The energy-level structure tha t we consider here for the single wel l case,
wo uld have to be general ized to incl ude m ulti well case, nam ely each of the state
wo uld have to be repl aced by a band of states and num ber of states in the band
being equal to the num ber of wells over the size of the condensate. These bands
are cal led Bri l louin zones, and we wi l l use thi s term later in the discussion of the
nonadi abati city .

3 . Ti m e v ar yi n g l i ght pot enti als an d ad iab at icity

In the previ ous section we inv estigated stati onary probl em by Ùnding the
spectrum of energies and wave functi ons for certa in value of the laser l ight intensi ty
and therefore a Ùxed opti cal latti ce. W e now consider the case of the ti me-varyi ng
am pl i tude of the l ight form ing opti cal latti ce. It is no longer a stati onary pro blem
and we need to replace Eq. (3) wi th the evoluti on equati on. It is more com pl i -
cated pro blem, since in general i t is associated wi th generati ng exci ta ti on in the
condensate. Here however we wi l l concentra te on the swi tchi ng-on e˜ects and the
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adi abati city issues. Na mely, we wi l l pose the question how f ast and wi th wha t
functi onal dependence of A ( t ) one can increase the intensi ty of the standi ng wa ve
and sti ll preserve adiabati ci ty of the process. As we al ready menti oned in the intro -
ducti on, thi s pro blem is very importa nt in the context of form ing opti cal latti ces.
T o bui l t quantum gates from ato ms in the latti ce one needs very hi gh Ùdeli ty of
the system , and even smal l am ount of exci ta ti on can e˜ect operati onal capacity
of such a gate. If we wa nt to contro l atom s in the latti ce, we certa inly want to
form the latti ce careful ly enough to preserve ini ti al coherence of the condensate.
Here a very obj ective test would be to compare how we change properti es of the
wa ve functi on by rising light potenti al to certa in value and then slowl y turni ng
i t back to zero value. R esults of such a test wi ll stro ngly depend on how func-
ti onal dependence of A ( t ) i s. As a m ean of our study we use ini ti ally the same
sim ple m odel of the Ham i l to nian wi th periodic boundary condi ti ons, and then we
wi l l di scuss e˜ects of nonl ineari ty and eventua lly tra ppi ng harm oni c potenti al by
swi tchi ng to the Gross{Pi ta evskij equati on. W e cal l the process of varyi ng the
streng th of the m odul ati on of the opti cal latti ce \ adiabati c" i f at each insta nt in
ti m e, our wave functi on rem ains an eigenstate of the instanta neous Ham i l to nian.
Hence adi abati city should assure tha t if the Ha mi lto nian vari es in ti m e slowl y
enough, the tra nsiti on to the instanta neous exci ted states should rem ain smal l. In
m ore ri gorous term s adi abati c condi ti on m ay be expressed by the relati on

1

! 0 1

h 0 j

d

dt
H ( t ) j 1 i § ñh! 0 1 (5)

where ñh! 0 1 stands for the energy di ˜erence between the ground and excited states.
In our case varyi ng part o f the Ha mi lto nian is only the l ight potenti al and dH =d t =

dA= d t . W hat app ears on the right hand side is the di ˜erence between the ground
and excited state energy. In our simpl e model thi s energy di ˜erence is a nonl inear
functi on of A . We wi l l cal l thi s functi onal dependence Â E ( A ) and for our simpl e
m odel i t is shown in Fi g. 3 in the log{ log scale in the range of A from 0 to 1000.
The upp er lim it corresponds to very stro ng local izati on of the wa ve functi on and
the depth of the latti ce of 2 0 E R for the case of sodium . The energy gap grows
ini ti al ly very slowl y to ri se more abruptl y at the range of A of order 100. The
inf orm ati on of Â E (A ) may be used f or Ùnding the m ost e£ cient way of form ing
opti cal latti ce. It tel ls us for what A ( t ) the growth of A can be m ade in the shortest
ti m esti l l ful l ing adi abati city condi ti on. Up on substi tuti ng ! 0 1 in Eq. (5) we obta in
(i n reduced uni ts)

h 0 j

d
dt

A j 1 i § Â E ( A ) 2 (6)

If thi s cri teri on is sati sÙedduri ng each instant of ti meduri ng the evoluti on we
guarantee tha t the tra nsfer of the popul ati on to the excited states is negl igible. And
we can use thi s inequali ty to Ùnd a f uncti onal dependence of A ( t ) tha t guarantees
the adiabati cit y of the process. Nam ely, we wi ll put a smal l f actor Û § 1 on
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Fig. 3. Energy gap betw een ground and Ùrst possibl y excited by the p eriodic optical

p otential level vs. varying intensity of the optical potential A . The continuous curve

w as obtained by solving Eq. (3), w hile points corresp ond to the results obtained from

propagatio n w ith constant H amiltonian w ithout and w ith nonlineari ty (p oints overlap).

Fig. 4. Results of numerical integration of equation dA =d t = Â E
2 w ith initia l A = 0

and Ùnal A = 500 .

the ri ght hand side of the inequali t y and repl ace § wi th an equal sign, thi s way
obta ining an ordi nary di ˜erenti al equati on for :

h j

d
dt

j i (7)

A soluti on of thi s equati on is presented in Fi g. 4. Both ti m e and -strength of the
latti ce m odul atio n are presented in the reduced uni ts. Ini ti al variati on of is
determ ined by the level spacing of , whi ch corresponds to the case of no latti ce
present. Then the pace can be increased, because level spacing between ground and
exci ted state is a monoto nical ly growi ng functi on of . We only included exci ta ti on
of the Ùrst state coupl ed by the opti cal potenti al , but the tra nsfer of popul ati on
to the higher excited states is negl igible i f we sati sfy Eq. (7). W e also checked by
num erical sim ulati on tha t even wi th the value of the after appl icati on of
the ram p shown in Fi g. 4 the wave f uncti on rem ains almost perfectl y adi abati c,
wi th the tra nsfer to the exci ted state lesstha n 0.1%.
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4. T est ing ad iab at icity .
Two t yp es of exci t at i on d ur in g op t i cal lat t ice t ur n-o n

W e wi ll now discuss wha t form s of nonadi abati city one can expect if the
latti ce potenti al is ram ped up to o fast or on the ram p tha t is m uch di ˜erent tha n
the one found in the previ ous section. One can check in the num erical sim ulatio ns
(and thi s is also seen in the exp eriment) tha t i f the ramp up of the l ight potenti al
is not to o fast in the Fouri er domain, the wa ve functi on consists of ato m s wi th
m omenta centered around 0 and Ï 2 ñhk . Since the value of ñhk for typi cal laser
beam s used for latti ces is much bigger tha t the mean spread of the values of the
m omentum wi thi n the condensate, upon ta ki ng a Fouri er tra nsform of the wa ve
functi on one sees a three- peak structure, corresp ondi ng to ato ms m ovi ng wi th
average 0 m omentum , and avera ge Ï 2 ñhk . In the experim ent thi s feature can be
seen i f after turni ng on the l ight potenti al , we suddenl y drop i t to zero (swi tch of
the lasers form ing a latti ce suddenl y) and wa i t for some ti m e unti l the condensate
wi l l be separated into three parts correspondi ng to three di ˜erent mean values
of the mom entum and Ùnal ly we m easure the populati on in each of the three
wa ve packets. In our sim ulati ons in thi s part of the presentati on, we used the
ful l GP equati on. Fi gure 5 shows the result of thi s sim ulati on. The upp er curve
corresponds to the popul ati on of ato ms in the 0 m ean m omentum peak, and lower
curve corresponds to the popul ati on wi thi n 2 ñhk peak. For each ti m etwo points on
the curves wo uld corresp ond to the certa in value of A ( t ) . W e have chosen the case
when A l inearly increasesf rom zero to the value of 1 4 E R (sodium condensate wi th

Fig. 5. Population of ground (upp er curve) and Ùrst excited (low er curve) energy bands

as a function of time. Betw een 0 and 20 ñ s the optical lattice was turned on on the linear

ramp, then was up for 20 ñ s and Ùnally turned o˜ on the linear ramp during 20 ñ s.

Excitation of the Ùrst energy band can be seen. Perio d of the oscillati on corresp onds to

the energy di˜erence betw een bands.



56 W. Wasi lewski et al.

1 0 5 ato m s and tra p frequency of 50 Hz) over the ti m e of 2 0 ñ s, stays constant
for the next 2 0 ñ s and Ùnal ly decreases l inearl y to zero again over the period
of 2 0 ñ s. One disti ncti ve feature in Fi g. 5 is the oscil lati on tha t app ears almost
im mediatel y after turn on of the latti ce. The period of these oscil lati ons is equal to
the distance between ground and excited state discussed in the previ ous section.
The period shoul d be m easured wi thi n the interv al 20{ 4 0 ñ s, when the strength of
the la tti ce m odul ati ons corresp onds to consta nt value of 1 4 E R . The ampl itude of
these oscil lati ons can be vi ewed as a measure of the nonadi abati cit y. In the case
of smooth and adiabati c pro cess of dyna mical l ight potenti al changing they wi l l
not be present and we tested i t wi th the curve predi cted in the previ ous secti on.

Thi s typ e of exci ta ti on appears when the turn on pro cess is nonadi abati c,
both in the l inear and nonl inear system s. It corresponds to the excita ti on of the
state in the Ùrst Bri lloui n zone coupl ed by the light potenti al . In the l inear case
there is no coupl ing wi thi n each Bri l louin zone. Ho wever, wi th nonl inear coupl ing
present thi s situa ti on changes. Nam ely, nonl ineari ty coupl es states wi thi n each
Bri l louin zone. W e i l lustra te thi s pro cess wi th the results presented in Fi g. 6. It
shows the phase of the wa ve functi on after the latti ce has been slowl y ram ped up
and down, on the same ti mescaleas in Fi g. 5, but along m uch smoother curve, upon
whi ch we have seen alm ost no oscil lati ons due to the hi gher zone state exci ta ti on.
Since the ti m escale of the dyna m ics was short in com pari son wi th the condensate
wa ve functi on expansi on, the am pl itude of the wave functi on wa s essential ly the
sam e as at the beginni ng, before imposing the latti ce. At the sam e ti me duri ng the
evoluti on a spati al phase structure has been developed as we clearl y see in Fi g. 6.
Thi s spati al ly dependent structure in the phase of the condensate is due to the
nonl inear intera cti on. It starts to devel op when the tunnel ing ti me between wells is

Fig. 6. A mplitude and phase of the condensate w ave function af ter adiabatic optical

lattice turn on and o˜. The nontrivial structure is due to the couplin g betw een states

in single band caused by nonlin eari ty .
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becoming comparable to the nonl inear ti m eof the system , or in other wo rds, when
the spacing between levels wi thi n Bri l louin zone becom es very smal l . W e checked
tha t leavi ng the tra ppi ng potenti al on duri ng the increase in the latti ce potenti al to
som e extent helps to remove the phase due to the compensati on between harm oni c
potenti al and nonl ineari ty , but i t does not go away com pletel y. W e wi l l conti nue
di scussion of e˜ects of the nonl ineari ty in the next section.

5. Th e ro l e of n onl in ear it y

In our presentati on we were m ainly concerned wi th the case of §A D §

T § §N L , where T is a dura ti on of the dyna m ic pro cess,§ A D i s characteri sti c adi -
abati c ti m e and §N L i s a characteri stic ti m e of the nonl ineari ty , as was presented
in the intro ducti on. But there is another interesti ng regime, when the dyna mical
ti m escale is the l a r g est one in the pro blem, i .e., §A D , §N L § T. Thi s case appl ies,
e.g., to the BEC experim ents reported in R efs. [12, 14]. In thi s case, the nonl inear-
i ty pl ays an essential ro le in the dyna m ics, and a relevant questi on is whether the
dyna mics can be adiabati c. In [15] a sim ple model of an ato mic Bose{Ei nstein con-
densate in a box who se size varies wi th ti me was studi ed to determ ine the nature
of adiabati city in the nonl inear dyna m ics obta ined wi thi n the Gross{Pi ta evski i
equati on (the nonl inear Schr�odinger equati on). Ana lyti cal and num erical metho ds
were used to determ ine the nature of adiabati city in thi s nonl inear quantum sys-
tem . It wa s shown tha t if the dyna mics of the pro cess is su£ cientl y slow i t can be
adi abati c.

Adi abati ci ty of sol i to n soluti ons of nonl inear wave equati ons have been ex-
tensi vely studi ed for slowl y varyi ng externa l condi ti ons (f or a revi ew, see Ref. [16]).
It has been shown tha t if the ti mescale T of the vari ati on of an externa l parameter
is slow com pared to the instanta neous nonl inear eigenvalue ! 0 ( t ) of the nonl in-
ear (ti m e-independent) equati on at ti me t; ! 0 ( t ) T =2 ¤ ƒ 1 , the dyna mics can
be adi abati c. Thi s is a very simi lar cri teri on tha t wa s found in above mentio ned
study [15]. There are indi cati ons tho ugh tha t the case of opti cal latti ces m ight be
di ˜erent.

A very interesti ng study of the nonl ineari ty of the BEC wa s shown in an
exp eriment perform ed at Yale [12]. In the exp eriment Bose{Ei nstein condensed
8 7 Rb ato m s in the j F = 2 ; M F = 2 i hyp erÙne state were conÙned in an array of
opti cal tra ps in a gravi ta ti onal Ùeld. The ato ms were tra pped at the anti nodes of
a verti cal ly ori ented red-detuned opti cal standi ng wa ve, whi ch were separated by
Â z = Ñ= 2 , where Ñ = 8 4 0 nm is the wavel ength of l ight used to conÙne the ato m s.
The depth of the opti cal potenti al was proporti onal to the intensi ty of the l ight;
the intensi ty is ini ti al ly zero and l inearly increaseswi th ti m e. The ini ti al BEC was
ci gar shaped wi th 1 0 4 ato ms in a stati c harm oni c tra p potenti al

V ho ( r ) =
m! z

2
z 2 +

m! x ; y

2
(x 2 + y 2 )
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wi th frequenci es ! z = 2 ¤ È 1 9 Hz, and ! = 2 ¤ È 3 3 Hz (! = ( ! x ! y ! z ) 1 = 3 wi th
! x = ! y ² ! x y ). The l ight potenti al experienced by the ato m s in the BEC was
given by VL ( z ; t ) = V0 ( t )[ 1 + cos(2 k L z )] , where the well depth V 0 ( t ) = (2 5 0 [ E R =s] ) t

wa s vari ed linearl y wi th ti m e [12]. The recoi l energy is deÙned as E R = ñh 2 k 2
L

=2 m ,
m is the ato mic mass, and the photo n wa ve vector is k L = 2 ¤ =Ñ. The rate of
increase in the l ight potenti al , (2 5 0 [ E R =s] ) , was su£ cientl y slow, tha t the dyna m ics
of the BEC was found to be adi abati c for much of the turn- on. Af ter som eti m e, the
harm oni c potenti al and the l ight potenti al were swi tched o˜ (dro pped) releasing
the ato m s to fal l under the inÛuence of gravi ty . In the experim ents reported in
R ef. [12], the ato ms are held in the opti cal latti ce for a short ti m e (2.5 ms) af ter
swi tchi ng o˜ the harm onic potenti al , al lowing the gravi ta ti onal potenti al di ˜erence
between wells to a˜ect the phase di ˜erence between wells, and absorpti on im ages
were ta ken 8 m s after the opti cal potenti al is turned o˜ and the ato ms begin to
free fal l . A surpri sing lossof contra st in the interf erence patterns was found when
the opti cal latti ce was ri sed slowl y to the value at whi ch there was essential ly no
tunnel ing between di ˜erent wells. It wa s attri buted to the random phase tha t ari ses
between condensate wa ve packets located at di ˜erent anti nodes of the latti ce.

The pro cessof dyna m ic spli tti ng of a condensate by an externa l ti me-varyi ng
potenti al was studi ed usi ng a tw o-mode m odel wi thi n a vari ati onal ansatz to de-
scribe both interna l and externa l evoluti on of the m odes in R ef. [17]. It claims tha t
the m ean-Ùeld appro xi mati on based up on the GP equati on wi l l not give a good
descripti on of the spli tti ng process due to a slow ri se of a potenti al barri er whi ch
cuts o˜ tunnel ing processes.

The resul ts of thi s experim ent were studi ed usi ng one-di mensional GP equa-
ti on, wi th param eters simi lar to tho se present in the experim ent, and lead to very
surpri sing concl usions [18]. It turned out tha t the adiabati city was m ainta ined
thro ughout the course of the dyna m ics unti l the wa ve packets become well sepa-
rated and the tunnel ing ti m e becomes com parabl e to or larger tha n the nonl inear
ti m escale. W hen the tunnel ing ti me became comparable wi th the nonl inear ti m e
qui te suddenl y the spati al ly varyi ng phase of the wave functi on begins to grow sig-
ni Ùcantl y, and the spati al ly dependent vari ati ons increase as the well depth of the
opti cal latti ce increases. The study m enti oned above shows tha t an addi ti onal con-
di ti on is requi red; adi abati city breaks down when the wa ve packets becom e well
separated and the tunnel ing ti m e becomes longer tha n the nonl inear ti me. The
nature of thi s phenom enon and breakup of the m ean-Ùeld appro xi mati on requi re
further studi es.

6. Su m m ar y an d co ncl u sions

W e presented a study of the behavi or of BEC ato ms in an opti cal lat-
ti ce induced by intersecti ng laser beams. As a Ùrst appro xi mati on we neglect
conÙning potenti al and ato m{ ato m intera cti ons and show tha t in thi s case the
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Gross{Pi ta evski j equati on reduces to a sim ple Ma thi eu equati on. Usi ng thi s equa-
ti on we study the adiabati c f orm of rising an opti cal latti ce over the condensate.
W e found the most e£ cient adi abati c way to ram p up opti cal latti ce, wi tho ut
tra nsfer of the popul ati on from the ground state of the condensate to the exci ted
states. Fi na l ly, we discussed the inÛuence of the ato m { atom intera cti on on the adi -
abati city of the pro cessand addressed the issue of the adiabati city in the nonl inear
system s in general .

M. T. woul d l ike to tha nk Yehuda B. Band and Paul S. Jul ienne for valuable
di scussions. Thi s work was supp orted in part by grant of the State Comm ittee
for Scienti Ùc R esearch, no. 2/ P03/ B07819 (W .W . and M. T. ), and Founda ti on for
Pol ish Science (K. R .). Part of the calcul ati ons were carri ed out at the Interdi s-
ci pl inary Center for Ma them ati cal and Computa ti onal Mo del ing (ICM), W arsaw
Uni versi ty .
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