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E nt angl ed State s in Inte r fer om etr y
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W e show how some ent angled quantum states can be used to im pro ve

inter ferometric measurements . W e describ e w hy Schr �odinger -cat states are
very sensitive to relative- phase shif ts and w hy relative- phase states as de-
scrib ed by A . Luis and L. L. SÇanche z-Soto resolve the interv al [0, 2 ¤ ] well.
W e also describ e how the quantum concept of well- deÙned relative- phase and

the classical visibi li ty of an interf erence pattern are related.

PACS numb ers: 42.50.Dv

1. I n t rod uct io n

Interf erometri c m easurements is a standard techni que where a relati ve-phase
shi ft between two m odes is used to swi tch between constructi ve and destructi ve
interf erence in a mode where a detecto r is pl aced. The most sim ple exampl es of
thi s are the well -known Mi chelson and Ma ch{ Zehnder interf erometers [1{ 3]. W hen
a relati ve-phase shift ¤ i s intro duced between the two interf erometer modes (the
two arm s), the interf erence between cl assical wa ves in the detecto r m ode change
from constructi ve to destructi ve. W ewi ll i llustra te some non-classical pro perti es in
interf erom etry when quantum states are used instead of classical wa ves. Enta ngled
quantum states m ay enhance the sensiti vi ty of an interf erometer beyond wha t is
possible using classical l ight.

2. R el at iv e p hase

The uni ta ry operato r generati ng a relati ve-phase shift between two modes is

Û r ps ( ¢ ) = ei ¢ n̂ 1 2 ; (1)

where n̂ = ( n̂ n̂ ) =2 i s hal f the popul ati on di ˜erence between m ode 1 and 2.
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Thi s operato r is easily derived from the Ha mi l toni ans for the two m odes, H 1 =

ñh ! 1 n̂ 1 and H 2 = ñh! 2 n̂ 2 . The ti m e evoluti on operato r is given by

Û ( t ) = e
À i ( ! 1 n̂ ! n t

= e i ! ! n n t = e i ! ! n n t =

= e i ei ¢ ; (2)

wi th N̂ = n̂ + n̂ as the to ta l parti cle numb er, and where the relati ve-phase
shi ft is given by ¢ = ( ! ! ) t . The Ùrst facto r of Eq. (2) represents a global
phase change for a two- mode state wi th Ùxed parti cle numb er. The second factor,

Û rps ( ¢ ) , intro duces a relati ve-phaseshif t between the two modes depending on how
large the parti cle numb er di ˜erence is. Here the phase-shift is achi eved by havi ng
di ˜erent ! k for the two m odes, sim i lar resul ts are obta ined for di ˜erent propagati on
ti m esfor the two modes [4]. The eigenstates to the phase-shift operato r are num ber
states

Û rps ( ¢ ) k ; l = e
i ¢ k l =

k ; l ; (3)

where k ; l = k m ode 1 l mo de 2 deÙnesthe parti cle num bers f or the two modes.
W e have n̂ k ; l = k k ; l and n̂ k ; l = l k ; l .

W e deÙne a tw o-m ode state ¿ to have a well -deÙned relati ve-pha se i f the
operato r Û rps ( ¢ ) tra nsform s the state ¿ into an ortho gonal state ¿ = Û rps (¢ ) ¿

for at least one value of ¢ . See [4] for a more detai led di scussion. The obvi ous
m athem atica l descripti on of thi s property of ¿ is

¿ Û rps ( ¢ ) ¿ = 0: (4)

Thi s deÙniti on is operati onal since i t is in pri nci pl e possible to di stinguish the
states ¿ and ¿ in term s of the observable

È̂ = ˚ ¿ ¿ + ˚ ¿ ¿ : (5)

In the case when m any ortho gonal states can be obta ined by appl icati on of the
phase-shift operato r we have a general observable di stinguishi ng these states

È̂ =

k

˚ k ¿k ¿k ; (6)

where ¿k = Û rps ( ¢ k ) ¿ wi th the property ¿n ¿m = £n m .

2.1. Single photon states

Let us consider one photo n enteri ng an input port of a Ma ch{ Zehnder (MZ)
interf erom eter. The state is described by â 0 . (See Fi g. 1 for a deÙniti on of the
Ùeld operato rs. ) Af ter the Ùrst beam spl i tter the photo n is in a superpositi on of
being found in the two interf erometer arm s (m odes). Thus the photo n state inside
the interf erom eter is

ê =
1

2
( 1 ; 0 + 0 ; 1 ) ; (7)
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where j 1 ; 0 i ( j 0 ; 1 i ) indi cates tha t the photo n can be f ound in the upper (lower) in-
terf erometer arm . For sim pl icit y we have ignored phase shifts accum ulated duri ng
reÛections on m irrors and beam spl itters. The acti on of a beam spli tter on the Ùeld
operato rs is deÙned by the tra nsform ati on â 1 !

1
p

2
( b̂ 1 + b̂2 ) and â 2 ( b̂ + b̂ ),

where â refers to the m odes before the Ùrst beam spl itter and b̂ to the m odes
after i t. Simi larl y for the second beam spli tter. W hen the phase-shift operator is
appl ied to the state (7), we ha ve

Û ( ¢ ) ê =
1

2
e 1; 0 + e 0; 1 ; (8)

yi elding ê Û ( ¢ ) ê = cos( ¢ =2) . Thi s m eans tha t thi s state has a wel l -deÙned
relati ve-phase, since (7) and (8) are ortho gonal for ¢ = ¤ . W e also note tha t the
two states can be detected by m oni to ring the output of the MZ- interf erom eter.
W hen the interf erom eter is balanced so tha t ê , after the second beam spli tter,
is detected in one of the output m odes wi th certa inty , then Û ( ¤ ) ê i s detecte d
in the other output m ode.

Ho wever, i f the beam spl itter is asymm etri c, the state after i t becomes

~ê = ˜ 1 ; 0 + Ù 0 ; 1 ; (9)

where ˜ ( Ù ) is the reÛection (tra nsmission) ampl itude of the beam spli tter sati s-
fyi ng the relati on ˜ + Ù = 1 . Ev aluating form ula (4) one has

~ê Û ( ¢ ) ~ê = cos
¢

2
+ ( ˜ Ù ) sin

¢

2
> 0:

Thi s is greater tha n zero for ˜ = Ù , whi ch m eans tha t the state ~ê

does not have a wel l-deÙned relati ve-phase. Tha t is, there is no m easurement tha t
can di stinguish the ori ginal and phase-shif ted state wi th certa inty . In a classical
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interf erence exp eriment thi s woul d be seen as a reduced vi sibi l i ty [5] of the interf er-
ence f ringes. Later we wi l l address the relati on between vi sibi l i ty and wel l -deÙned
relati ve-phase.

2.2. N -phot on states

In the previ ous section we saw wha t happened to one-photo n states when
they are subject to relati ve-phase shifts insi de a Ma ch{ Zehnder interf erom eter.
The general izati on to N -photo n states is stra ightf orw ard

j N ; 0 i =
( â

y

1 ) N

p

N !
j 0 i

! j ê N i =
( b̂y

1
+ b̂y )N

2 N N !
0 =

N

n

N !

2 N (N n )! n !
n; N n : (10)

These states are ref erred to as bi nom ial sta tes [6]. See also [7, 8] for m ore deta i ls
on the use of such states. W hen the phase-shi ft is appl ied on a bi nom ial sta te, one
obta ins

Û ( ¢ ) ê N =

N

n

N !

2 N ( N n )! n !
e n ¢ n; N n : (11)

Combini ng Eqs. (10) and (11) gives

ê N Û ( ¢ ) ê N = cosN
¢

2
: (12)

The binomia l sta tes have one very special pro perty . W hen the tw o m odes are
combi ned on a norm al 50/ 50-beam spl i tter they are the onl y ones tha t may exhi bi t
uni t vi sibi l it y . Equa ti on (11) can be rewri tten in the form

Û ( ¢ ) ê N =
1

2 N N !

N

n

N !

(N n )! n !
( e ¢= b̂ ) n ( e ¢= b̂ ) N n 0

=
1

N !

e ¢= b̂ + e ¢= b̂

2

N

0 : (13)

The second beam spl itter tra nsform s thi s into

ê =
1

N !
sin ( ¢ =2 )ĉ + cos( ¢ =2 ) ĉ

N

0 =
N ; 0 ; ¢ = ¤ ;

0 ; N ; ¢ = 0 :
(14)

Detecti on of N photo ns in mode c and zero photo ns in c impl ies tha t the
relati ve-phase intro duced insi de the interf erom eter wa s ¤ . The opposite situa ti on
indi cates tha t the phase shi ft was zero.
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2.3. Sensitivi ty to change in relat ive-phase

It is of interest to do interf erometry wi th l ight sta tes tha t are highly sensiti ve
to a change in the relati ve-phase. Thi s coul d ul ti matel y enable us to detect very
smal l changes in the interf erom eter arm s, for instance in a gravi tati onal wa ve
detecto r [9]. It is possible to increase the sensiti vi ty of the state j ê 1 i in Eq. (7)
by addi ng more parti cl es to each m ode. Such Schr�odinger-cat energy eigenstates
have the form [10{ 12]:

j ˆ N i =
1

p

2
( j N ; 0 i + j 0 ; N i ) ; (15)

and these states requi re smal l relati ve-pha se shifts to become ortho gonal . We have

h ˆ N Û ( ¢ ) ˆ N = cos
N ¢

2
:

The sensiti vit y for a change in relati ve-phase for Schr �odi nger-cat states increases
wi th increasing numb er of parti cl es in the state. A phase shift of ¤ =N bri ngs ˆ N

to an ortho gonal state. However, the phase resol ution is not very good, since onl y
two m utua lly ortho gonal states can be obta ined appl yi ng a relati ve-phase shift.
W e also note tha t i t is not possible to di stinguish these two states using a regular
beam spli tter, since the Schr�odi nger-cat state and the bi nom ia l states are di ˜erent
for N > 1 .

Of signi Ùcant interest for m any interf erometri c appl icati ons would be to con-
struct a state such tha t a num ber of smal l relati ve-phase shi fts give several m utu-
al ly ortho gonal states. These could, in pri nci pl e, be detected wi th certa inty .

Thi s coul d be achi eved by using an equal ly weighted superpositi on of the
eigenstates of the relati ve-phaseoperato r, whi ch were deÙned by Lui s and SÇanchez-
-Soto [13]. For N photo ns such a relati ve-phase state ta kes the form

¢ N
r =

1

N + 1

N

n

e n ¢ n; N n ; (16)

where ¢
N

r = ¢
N

+ ¤ r

N
, wi th r = 0 ; 1 ; . . . ; N . W i th N photo ns these form N + 1

ortho gonal states. Assum ing ¢
N

= 0 one has for r = 0

¢
N

=
1

N + 1

N

n

n; N n : (17)

Appl yi ng the phase-shift operato r on thi s state one Ùnds

Û
2 ¤ r

N + 1
¢

N
= ¢ N

r : (18)

Hence, al l the N + 1 di ˜erent relati ve-phase states can be obta ined by di ˜erent
relati ve-phase shifts on one of the states. W e see tha t Eq. (4) becom es
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h ¢ ( N )
r j Û rps ( ¢ ) j ¢ ( N )

r i =
sin( N + 1 ) ¢

2

( N + 1 ) sin ¢
2

;

whi ch is zero for ¢ = ¤ r

N
. In Fi g. 2 we com pare the relati ve-phase state wi th the

Schr�odinger-cat state by plotti ng the overl ap ¿ Û rps (¢ ) ¿ , for ¿ = ¢
N

r and
¿ = ˆ N wi th N = 3 .

2.4. Ent anglement and rel ative-phase stat es

T o produce relati ve-phase states in the lab is a chal lenge for hi gh parti cle
num bers. The reason for thi s is tha t states of the form

ê =
1

N + 1

N

n

ei ˚ n; N n

are highl y enta ngled. Actua l ly, the states carry onl y inf orm ati on about correlati ons
between the two m odes. Thi s can be seen f rom the entro py of the reduced density
operato r for one of the m odes. We have £̂ = ê ê . The reduced densi ty operato r
for mode 1 (2) is form ed by the parti al tra ce over mode 2 (1)

£̂ = T r [£̂ ] =
1

N + 1

N

n

n n ;

£̂ = T r [£̂ ] =
1

N + 1

N

n

n n :
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Thi s density operato r m axi mi zes the von Neum ann entro py S ( £̂ ) = À T r [ £̂ log £̂ ] .
For £̂ 1 the entro py becom es log( N + 1 ) , m eaning tha t we lack log( N + 1 ) bi ts of
inf orm ati on about the state i f we look at onl y one of the m odes. Thi s is the ful l
capacity of N + 1 states, so the state carri es no inf orm ati on about the indi vi dual
m odes. If both m odes are considered we have S (£̂ 1 2 ) = 0 . Thi s means tha t we have
accessto log( N + 1 ) bi ts of inform ati on about the relati on between the two modes.
Thi s is not surpri sing, since the relati ve-phase states express a r el at i on between
the two modes, and i f we wi sh to kno w as much as possibl e about thi s rela ti on
we should not waste the inf orm ati on capacity of the state to describe pro perti es
of the indi vi dual modes. W e theref ore can concl ude tha t the rel ati ve-phase states
are opti m al in resolvi ng relati ve-phasesfrom thi s reasoni ng about the entro py.

T o pro duce enta ngled photon state wi th several parti cles is di£ cul t, the
present m etho ds are based on parametri c down conversi on and m ay yi eld four-
-photo n states [14, 15]. T o go beyond tha t is an experi menta l chal lenge. For two
photo ns the relati ve-phase states have been impl emented using down- converted
photo n pai rs [16], a sim ilar techni que can also be employed to produce states tha t
are very sensiti ve to spati al ro ta ti ons [17, 18].

3 . Vi si b il it y an d wel l -de Ùned rel at iv e ph ase

From the previ ous section we learned tha t in m any caseswe can distinguish
states wi th di ˜erent (wel l -deÙned) relati ve-phases in term s of vi sibi l it y in an in-
terf erence exp eriment. Is thi s general? Fi rst, we note tha t i f the interf erometer is
a regular Ma ch{ Zehnder interf erometer wi th regul ar beam spli tters, then onl y the
bi nom ial sta tes, and superpositi ons and mixtures of these, could exhi bi t uni t vi si-
bi l ity . Ho wever, we m ay bui ld very general interf erom etri c instrum ents where the
beam spli tters are repl aced wi th general lossless uni ta ry tra nsform ati ons acti ng
on the two m odes (general ized beam spli tters). A general two -mode state can be
wri tten

j ¿ i =

1X

N = 0

NX

n =0

cn ;N n; N n : (19)

W e denote the operati on of a general ized u nitar y beam spli tter by Û . The
operato r m ust also be l o ssl ess so tha t the num ber of parti cle in the two outg oing
m odes is the same as in the incom ing m odes. Thi s m ay act up on the general
two -mode state yi elding Û ¿ = ¿ . To reach ful l vi sibi l i ty we requi re tha t i t
is possibl e to Ùnd a relati ve-phase shif t such tha t the numb er of parti cl es in the
detecto r m odes reaches zero. Thi s is seen from the deÙniti on of vi sibi l i t y

=
n̂ n̂

n̂ + n̂
; (20)

whi ch becomes uni ty only i f n̂ = 0 . Thi s means tha t the fol lowing relati ons
m ust be sati sÙed i f we wi sh to separate two states generated by a relati ve-phase
shi ft using tw o detecto rs:
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Û gbs Û rps ( ¢ 1) j ¿ i = ei±
j ˆ i ¨ j 0 i ; (21)

Û gbs Û rps ( ¢ 2) j ¿ i = ei± 0

j 0 i ¨ j ` ; (22)

where ± and ± are possibl e global phase factors. The scalar pro duct of the left
hand sides of Eqs. (21) and (22) becomes

¿ Û rps ( ¢ ) Û gbs Û g bsÛ rps ( ¢ ) ¿ = ¿ Û rps ( ¢ ) Û rps (¢ ) ¿

= ¿ Û rps ( ¢ ¢ ) ¿ ; (23)

where the uni ta ri ty of the general ized beam spli tter has been used. The deÙniti on
of the relati ve-phase shi ft operato r has also been used. The scalar pro duct of the
ri ght hand side is

ei ± ± 0 ˆ ` 0 = ei ± ± 0; 0 ¿ ¿ 0; 0 = ei ± ± 0; 0 ¿ 2 ; (24)

whi ch fol lows from the lossless operati on (parti cle numb er conservati on) of the
uni ta ry beam spli tter. Combini ng the results of Eqs. (23) and (24) gives a condi ti on
for uni t vi sibi l i ty

¿ Û rps ( ¢ ) ¿ = 0; 0 ¿ 2 : (25)

Thi s is di ˜erent f rom the deÙniti on of wel l-deÙned rela ti ve-phase given by Eq. (4).
The reason is as f ollows: If the ini ti al sta te ¿ has a vacuum com ponent we see
tha t any state obta ined from i t by a relati ve-phase shift also wi l l have a vacuum
component since Û rps ( ¢ ) 0; 0 = 0; 0 . If the photo n counters see no photo ns (de-
tecti ng the vacuum ) i t is im possibl e to tel l di ˜erent relati ve-phase shi fts apart.
Ho wever, the vacuum component does not change the vi sibi l it y.

3. 1. T he two-mode coherent stat e, an example

Let ¿ be a two -mo de coherent state wi th equal com pl ex am pl itudes in the
two m odes

˜ ; ˜ = e ˜

n ; m

˜ n ˜ m

n ! m !
n; m :

Then the relati ve phase shif t g ives

Û rps ( ¢ ) ˜ ; ˜ = e ˜

n ;m

( ei¢= 2 ˜ ) n ( e i¢= 2 ˜ ) m

n ! m !
n; m

= ei¢= 2 ˜ ; e i¢= 2 ˜ :

W e see tha t thi s state does not have a well -deÙned relati ve-phase since

˜ ; ˜ ei¢= 2˜ ; e ¢= 2˜ = e 2 ˜ 1 cos ¢= 2 ; (26)

whi ch is greater tha n zero f or al l ¢ and ˜ , in contra st to wha t is requi red by Eq. (4).
The pro babi l i ty to Ùnd the coherent state in the vacuum state is 0 ; 0 ˜ ; ˜ =

e ˜ . Thi s means tha t the condi ti on for uni t vi sibi l i t y, Eq. (25), is sati sÙed for
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Fig. 3. A plot of h ˜ ; ˜ j Û r p s( ¢ ) j ˜ ; ˜ i . A t ¢ = ¤ the condition for unit visibi l ity is sat-

isÙed, but the condition for w ell- deÙned relative- phase is never satisÙed. H ence, the

classical coherent state is an example of a state w hich may exhibit unit visibil i ty in

interf erometry but lacks a w ell- deÙned relative- phase.

¢ = ¤ even i f the relati ve-phase between the two modes is not well -deÙned. Thi s is
pro babl y easiest to understa nd when the coherent state is vi ewed as a sup erpositi on
of binomia l sta tes, wi th a v acuum component. Thi s property is i l lustra ted in Fi g. 3.

4. Co n cl usion s

W e have i l lustra ted som e properti es of the relati ve-phase operato r. A state
wi th wel l -deÙned relati ve phase is deÙned operati onal ly by Eq. (4). T o resolve
changes in relati ve-phase well i t is argued tha t relati ve-phase states [13] are op-
ti m al because of thei r highl y enta ngled nature. Using ta ilored quantum states in
interf erom eters enhances thei r resolvi ng power beyond wha t is possible using cl as-
sical l ight. Unf ortuna tel y, such states are hard to pro duce and requi re very special
detecti on techni ques since the comm only used vi sibi l i t y di ˜ers from the concept
of well -deÙned relati ve-phase.

W e tha nk A. Tri fonov, S. Ino ue, and F. Bretena ker for many frui tf ul di scus-
sions on the to picsof thi s paper. B.H. tha nks EOS f or the invita ti on to EOSAM2 001
where thi s work was presented.
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