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Th e e˜e ct ive solito n velo cit y in the presence of a perio dic background

di˜ers from that when a soliton propagates alone . U sing appro ximate rela-
tions for the Riemann- theta functions , the e˜ective soliton velo city is derived
and discussed . General relations are illus trated by examples of K ortew eg de

V ries and sine- Gordon equations because of the appli catio n in the Josephson
j unction theory .
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1. I n t rod uct io n

There exi sts a lot of physi cal pro blems whi ch can be m odeled by the sol i to n
pro pagati on on a periodic background. In such a situa ti on sol i to ns pl ay a ro le of
local ized exci tem ents and periodi c phasesm imic a phonon, latti ce or magneti c Ùeld
background. As a rul e, the background of thi s typ e is periodi c or quasi-periodi c.
Thi s pro blem has a long tra di ti on, starti ng from the Rubi nstein paper [1], where
the perturba ti ve metho d for the sine-Gordo n (sG ) parti al di ˜erenti al equati on was
considered in order to determ ine a mutua l intera cti on. The Ûuxon propagati on in
the ring Josephson juncti on in the presence of defects [2, 3] or in the juncti on
polari zed either by the dc current or dc externa l magneti c Ùeld [4] m ake another
exam ples.The latti ce of defects in the Ùrst exampl eor dc background in the second
one can be considered as a periodi c phase and the propagati on of disti ngui shed
exci tem ents is m odi Ùed by the presence of these backgrounds. The problem of
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Ùndi ng thi s e˜ecti ve velocity app ears also in other physi cal situa ti ons, where lo-
cal ized exci tati ons appear to gether wi th delocal ized background perturba ti on and
the pri nci ple of superpositi on cannot be appl ied.

2. \ Mi x ed " so lu t io n of sG equ at ion

As i t is com monl y kno wn from the sol i to n theo ry, due to the intera cti on of a
local ized sol i ton wi th a periodi c pro cess,onl y the phase shi ft appears (see Fi g. 1).
The same concl usion rela tes to an intera cti on wi th periodic process since the sim -
pl est periodic pro cessemerging from sG equati on (sG e) form al ly can be considered
as a sum of an inÙni te num ber of sol i to ns shi fted equidi stantl y in space [5]. The
relevant relati on has the fol lowi ng form :

u ( x ; t ) =

1X

n = 1

2i ln

˚
1 À i expa n

1 + i expa n

Ç

+

À1X

n = 0

2i ln

˚
i expa n À 1

i expa n + 1

Ç

; (1)

where a n = k x À ! t + 2 ¤ in b , and the b consta nt is roughly speaki ng proporti onal
to its period. (Unf ortuna tel y thi s interpreta ti on is val id onl y for a sing le phase
periodi c soluti on.)

Fig. 1. The 3-phases solution of sine-Gordon equation, i.e. one antisoliton interacts

w ith the quasi- perio di c phase. I ts e˜ective velo city has the form of Eq. (10 ).

As a consequence of the periodi cal ly repeated phaseshi fts, the vel ocit y of the
sol i to n is changed. Thi s m eans tha t i ts vel ocity (whi ch is equal to ! =ç , when the
sol i to n propagates alone), due to the series of phase shifts induced by a periodic
pro cess, is changed and the sol i to n tra vels wi th another vel ocit y whi ch we denote
as the \ e˜ecti ve vel ocit y" .

W e rel ate these general sta tem ents to the sG equati on, just because of
the R ubi nstein paper, al tho ugh al l considerati ons are val id also for the other
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sol i to n- typ e equati ons. The form al ism bases on the extra cti on of the sol i to n phase
from a soluti on whi ch represents a mul ti phase quasiperiodic pro cess.

The Ùrst attem pt to thi s pro blem one can Ùnd in the above-m enti oned R u-
bi nstein paper [1]. Since at tha t ti m e (1982) an exact soluti on was unkno wn, the
autho r analyzed the intera cti on of the sol i to n wi th a smal l , perturba ti ve periodic
pro cess and found a phase shi ft and dispersion param eters of the local ized sing le
ki nk soluti on of the sine-Gordon equati on.

In contra st to thi s appro ach we consider the exact, mixed soluti on of sine-
-Gordon equati on [6]. As a starti ng point, the soluti on, in a f orm of the ki nk on a
periodi c background (of sG equati on), can be wri tten as

u ( x ; t ) = 2i ln
R Ê ( z ; B )

R ( z ; B )
; (2)

where R ( z ; B ) = È ( z p j B pp ) + exp( i2 ¤ z s) È ( z p + B sp j B pp ) ; z = ( z s; z p ) ; z s =

k sx + ! t + z ; z = k x + ! t + z ; z and z are arbi tra ry consta nts. Indi ces
s and p refer to sol i to n and periodic processes, respectively. È i s the Riemann- theta
functi on (or Jacobi # f uncti on) of the argum ent z and param eter B [7]

È ( z j B ) =

1

À1

exp [i¤ (2 z n + B n ) ] : (3)

The propagati on constants k ; k and angul ar velociti es! ; ! of the sol i to n
and periodi c phases are determ ined by a system of relevant algebra ic di spersion
equati ons [8]. In the case of the two -phase soluti on of sG equati on i t has the
fol lowi ng form of a four- equati on system :

( k k À ! ! )
@

@w @w
W (w ) +

1

4
(£ À £ ) = 0 ; (4)

for " = (0 ; 0 ) ; (1 ; 0 ) ; (0 ; 1 ) ; (1 ; 1) , where e = (1 ; 1 ) ; £ i s the Kro necker sym bol and
W ( w ) are the known coe£ ci ents [9]. As the Ùrst step, one obta ins param eters of
the periodic process and these are independent of the existence of sol i to n phase. In
contra st, the sol i to n param eters depend on param eters of periodi c phase.From the
di spersion equati ons (4) i t is seen tha t the periodic pro cesschanges the param eters
(k ; ! ) of the coexisti ng sol i to n process.

R elati on (2) can be derived as a l imi ting pro cedure appl ied wi th respect to
the two -phase quasi-periodi c soluti on when the im aginary part of som e B -matri x
di agonal element tends to inÙnity

R ( z ; B ) = lim
!1

È
z À D d

z

iD + ~B B

B B
; (5)

where D : = diag ( ImB ) . W hen the tri ck (5) is repeated wi th respect to both
phases, R (z ; B ) = 1 + i ( exp ± + exp ± ) À exp (± + ± + Ù ) and we arri ve at the
fam ous doubl e-sol i to n form ul a [10].
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In our case the mixed exact soluti on of sG equati on has the fol lowi ng form :

u ( z ; B ) = 2i ln
[ È ( z p j B pp ) + exp( i2¤ z s ) È (z p + B sp j B pp )] Ê

È ( z p j B pp ) + exp( i2 ¤ zs ) È ( z p + B j B )
: (6)

W hen we are looki ng for a sol i ton propagati ng on the background of an oscil la-
to ry periodic process, the requi rem ents of the real soluti ons of sGe are as fol lows:
z = 1=4 + i ² ; z = i¿ and B = À ib; B = 1= 2 + iÙ , where ² ; ¿; b, and Ù are
real. We neglect ini ti al positi ons given by z and z .

It is importa nt to note tha t the obvi ously kno wn relati on ! À k = 1 i s
true onl y for \ pure" sol i to n soluti ons of sG equati on. In our m ixed case of course
! À k 6= 1 .

The appro xi mate f orm ula for the Ùrst order È functi on (Ja cobi functi on)
val id for our appro ach when Ù § 1 i s

È ² + i¿
§

2
+ iÙ

¿=
1

2
p

Ù
exp À i¤

2² ¿

Ù
exp

¤

Ù
( ¿ À ² ) 1 + exp i¤

§

2
; (7)

whi ch when ² = § = 0 reduces to the com monl y kno wn relati on [11].
Substi tuti ng (7) into (6), after simpl e m anipula ti ons, our m ixed soluti on of

sGe in case of a sing le sol i to n intera cti ng wi th a (si ngle) periodic (oscil lato ry)
phase has the appro xi mate form

u ( ¿; ² ; b; Ù ) = ¤ + 2i ln
1 À i exp À 2 ¤ ( Ù ² + b ¿) À ¤ b

1 + i exp [ À 2 ¤ ( Ù ² + b ¿) À ¤ b ]

= ¤ + 4 arcta n exp À 2 ¤ (Ù ² + b¿) À ¤ b : (8)

It is seen tha t i t represents a sing le sol i to n soluti on of sGe, but wi th a new ve-
loci ty and shifted by À b =2 Ù . Since argum ents are l inear in the space and ti m e
coordi nates ¿ = k x + ! t; ² = k x + ! t , then

Ù² + b¿ = x ( Ùk + bk ) + t ( Ù ! + b! ) ; (9)

whi ch m eans tha t the e˜ecti ve velocity v of thi s sol i ton is

v =
!

k
=

Ù ! + b!

Ùk + bk
; (10)

where ! , k are ascribed to the sol i to n process and ! , k | to the periodic one.
It is seen tha t thi s vel ocity di ˜ers from the (\ phase") soli to n vel ocity

v = ! =k . Since b stands for the coupl ing between a sol i to n and periodic pro-
cesses, the stro nger coupl ing | the bigger changes k and ! . On the other
side, Ù i s roughly speaki ng proporti onal to the period of periodi c process. Then
when thi s period is bigger, v i s closer to v .
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Al tho ugh the di spersion relati ons give the expression f (b ; k p ; ! p ) = 0, but un-
fortuna tel y also k s = k s ( b; Ù ; k p ; ! p ) and ! s = ! s( b; Ù ; k p ; ! p ) and thus the change
of Ù in (10) gives ri se to changes of k s and ! s to o, and only k and ! re-
m ain uncha nged. Theref ore (10) have to be read as v = [ Ù ! ( b; Ù ; k ; ! ) + b! ] =

[ Ùk ( b; Ù ; k ; ! ) + bk ] .
Simi lar relati ons can be achi eved for sol i to n pro pagati ng on the background

of rota ti onal periodic pro cess where the phase is growi ng monoto nical ly in ti m e.
Equa ti on (6) is sti l l v alid, but now z = 1=4 + i² ; z = 1=4 + i¿ and B = ib;

B = iÙ , where ² ; ¿; b , and Ù are real . R epeati ng the pro cedure as above, we
have

u ( ¿; ² ; b; Ù ) = 2 ¤
¿

Ù
+ 2i ln

1 i exp[ 2¤ ( Ù ² + b¿ s ) ]

1 + i exp[ 2¤ ( Ù ² + b ¿ s)]
: (11)

Thi s represents, once more a sing le sol i to n soluti on but wi th a term l inearl y
growi ng in ti me (or space) 2 ¤ ¿=Ù , shi fted by s = ( b=2 )( b i=2) . Note tha t besides
the compl ex shif t the whole appro xi mate sing le sol i ton soluti on rem ains real . The
e˜ecti ve velocit y is given by (10), as before.

Ano ther exampl e, even sim pler tha n sGe, is the Korteweg de Vries (KdV)
equati on. Starti ng from the m ixed soluti on of KdV equati on, we obta in a sim i lar
sing le sol i to n- like soluti on wi th a constant background

u ( x ; t ) = ln[ È ( z B ) + exp[ i¤ (2 z )] È ( z + B B )]

=
¤ Ù

Ù
k + ln[ 1 + exp(2 ¤ [ ( Ùk + bk )x + ( Ù ! + b! ) t b =2 ] )] (12)

wi th the meaning of sym bols and al l com ments as before.
The sameapproach can be appl ied to a singlesol i to n processon the two- phase

quasi-periodi c background. For sim pl icit y we conÙne oursel ves to the KdV equa-
ti on.

The starti ng soluti on in thi s case has the form

u ( x ; t ) = ln È
z

z

B B

B B

+ exp ( i2¤ z ) È
z + B

z + B

B B

B B
; (13)

wi th z = i¿ ; B = iÙ ; (¿ ; Ù ) R ; i; j = 1 ; 2 ; 3 . Indi ces 1, 2 relate to periodic
phases and index 3 to the sol i to n one.
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Using the appro xi mate relati on for the second order È functi on wi th the
im aginary matri x B and argum ents, sim i larl y as before, in case of the Jacobi
functi ons (7), we obta in

È

ê "
i¿1

i¿2

# Ù
Ù
Ù
Ù
Ù

"
iÙ 11 iÙ 12

iÙ 12 iÙ 22

# !

¿=

Z
1

À1

Z
1

À1

exp[ À ¤ (2 ¿1 n + 2 ¿2 m + Ù 1 1 n 2 + 2 Ù1 2 nm + Ù2 2 m 2 )] dn dm

=
1

p
Ù1 1 Ù 2 2 À Ù 2

1 2

exp

ç
¤ (Ù 1 1 ¿2

2 + Ù 2 2 ¿2
1 À 2 Ù1 2 ¿1 ¿2 )

Ù 1 1 Ù 2 2 À Ù 2
1 2

Ñ

(14)

for Ù1 1 Ù 2 2 À Ù 2
1 2 § 1 , and next

u ( x ; t ) =

(

ln

"
1

p
Ù1 1 Ù2 2 À Ù 2

1 2

exp
¤

À
Ù 1 1 ¿2

2
+ Ù2 2 ¿2

1
À 2 Ù 1 2 ¿1 ¿2

Â

Ù 1 1 Ù 2 2 À Ù 2
1 2

+ exp ( À 2 ¤ ¿3 )
1

p
Ù1 1 Ù 2 2 À Ù 2

1 2

È exp
¤

È
Ù 1 1 ( ¿2 À Ù2 3 ) 2 + Ù2 2 ( ¿1 À Ù1 3 ) 2

À 2 Ù 1 2 ( ¿1 À Ù 1 3 )( ¿2 À Ù 2 3 )
Ê

Ù1 1 Ù 2 2 À Ù 2
1 2

#)

x x

: (15)

Ano ther version of an appro xi mate relati on was reported in [12].
Since ¿ j = k j x + ! j t; j = 1 ; 2 ; 3 , then

u = À + [ ln (1 + exp Û) ]
x x

; (16)

where

À = 2 ¤ ( Ù 1 1 k 2 + Ù2 2 k 1 À 2 Ù1 2 k 2 k 1 ) =Â ; Â = Ù 1 1 Ù 2 2 À Ù 2
1 2 ;

Û = À 2 ¤ [ ( pk 2 + qk 1 + k 3 ) x + (p! 2 + q ! 1 + ! 3 ) t + s ] (17)

and

p = (Ù 1 1 Ù2 3 À Ù1 2 Ù1 3 ) =Â ; q = ( Ù1 3 Ù 2 2 À Ù1 2 Ù2 3 ) =Â ;

s = (2 Ù 1 2 Ù 1 3 Ù 2 3 À Ù 1 1 Ù 2
2 3

À Ù2 2 Ù 2
1 3

) =2 Â :
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5. Co n cl usion s

It is seen once m ore tha t the expression (16) represents a sing le sol i to n
soluti on wi th m odiÙed k e˜ and ! e˜ . Thus, the e˜ecti ve vel ocity of a sol ito n on the
two -phase periodic background is equal to

v e˜ =
! e˜

k e˜
=

! 3 + ( q ! 1 + p! 2 )

k 3 + (q k 1 + pk 2 )
; (18)

where the term s in parenthesi s appeared due to the intera cti on wi th the back-
ground. One can discuss of course whether and when thi s contri buti on is small or
large.

The analogous appro ach can be appl ied to other sol i to n- typ e equati ons.
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