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An iterative procedure of calculation of reflectivities and transmission
coeflicients of light rays for an uniaxial film with a lapse rate of an index
of refraction on a uniaxial substrate was gained by orienting the axis of
anisotropy along the normal to the boundary. With its help the dependences
of ellipsometric angles A and # for a linear, quadratic, and sine-shaped pro-
files of refractive indices of a uniaxial immersing film with optic axis oriented
along the normal to the boundary were analyzed. The dependences of angles
A and ¥ on quantity of an uptake and anisotropy of the film were also ex-
amined. The numerical modelling for ZnO films and Langmuir—Blodgett-like
films on a melted quartz was carried out, and this allowed to draw conclu-
sions of practical importance for the ellipsometric investigations of the film
structures.

PACS numbers: 78.20.—e, 44.30.+v

1. Introduction

The modern technology of production of thin-film materials for microelec-
tronics and integrated optics sets great demands to the properties of created struc-
tures and methods of controlling them [1]. One of perspective methods of control-
ling is ellipsometry [2, 3], providing great accuracy of measurements and allowing
to held investigations of film systems during their production (in situ) [3]. Nowa-
days anisotropic films, widely used in different optical and acoustoelectronic [4]
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devices, are of great interest. For effective control of anisotropic layered structures
the knowledge of dependences of ellipsometric angles A and ¢ on parameters of
the film and substrate, such as complex indices of refraction Ny, N, the angles of
orientation of optical axes ¢, @ to boundary are required. Thus parameters of the
film and the substrates in the main case are functions of coordinates. In particular,
film refractive indices and orientation of optical axis depend on the thickness of
the film.

The purpose of the given paper is the development of algorithms for finding
the ellipsometric angles of uniaxial immersing films for arbitrary gradients of re-
fractive indices, stating the dependences between them for different thicknesses of
films and the analysis of opportunities of definition of refractive index gradients
on ellipsometric measurements.

2. Theory

When modelling reflection and transmission of a plane electromagnetic wave
on a boundary of media with gradients of refractive index, the method of dividing
of a non-homogeneous medium into homogeneous flat layers is used. Let us consider
some concepts at reflection of light on a plane boundary of semi-infinite anisotropic
media and at reflection from an anisotropic layer.

In the ellipsometry of anisotropic media reflection and refraction of light
on the plane boundary of semi-infinite media can be characterized by matrices of
reflection R and transmission 7. Let us imagine that an electromagnetic wave hav-
ing two orthogonally related components of complex amplitudes (A, As) (Fig. 1a)
impinges on a plane boundary isotropic medium—uniaxial crystal with complex
refractive indices N1, = Nie = N; and Na,, Nae, respectively, under angle «.
Component A is situated on the plane of incidence of the wave, and component
Ag 1s perpendicular to the planes of incidence. In a uniaxial crystal there arise or-
dinary and extraordinary waves with amplitudes A,, A. respectively, that have in
the general case arbitrary orientation concerning the plane of incidence. The field
of reflected (A, Af) and past (Ae, A,) waves at arbitrary orientation of optical
axes of the film and of the substrate are featured by 2 x 2 matrices of reflection
and transmission [2]:

() =n() (5)=r()

where

Rpp Rps Tep T
= T = . 1
R’ ( Rsp R ’ Top Tos ( )

The diagonal elements Ry, s of reflection matrix R characterize the transformation
of p- and s-polarized radiation of the same type, and non-diagonal Rpss, — the
transformation of s-polarized wave to p-polarized and back. For the transmission
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matrix 1" elements T, Tes characterize the transformation of p- and s-polarized
waves to extraordinary, and elements 75, 155 characterize the transformation of
p- and s-polarized waves to an ordinary wave.

(b)

@)

Reflection Index

external film substrate

medium

(air)

Fig. 1. (a) The reflection of light on the isotropic medium-uniaxial crystal boundary:
o — angle of incidence, ¢ — the angle between optical axis ¢ and the normal to the
boundary ¢, @ — azimuthal angle measured from the normal to the plane of incidence,
m, m' — vectors of refraction of incident and reflected waves; Ay, A}, — complex
amplitudes of incident and reflected waves, respectively, p — corresponds to parallel, s —
to perpendicular component to the plane of incidence, Ao, Ae — complex amplitudes of
past ordinary and extraordinary waves in a uniaxial chip. (b) Lateral views of refractive
index of non-homogeneous film, defined by Egs. (7). The curves (7a)—(7d) correspond

to a lateral view of refractive index of the anisotropic film.

Thus the basic equation of reflective ellipsometry for the boundary of two
media looks like this [2]:

~ R R
p = tan(p)e' = L2 T e 2)
R + 14 Rsp
where A and ¢ — ellipsometric angles that are measured experimentally. Here
p® = A,/As — polarization relation for the incident wave. In experiments one

usually takes A, = A5 and then p° = 1.

The case when the optic axis of the second medium is directed along the
normal to the boundary [5] represents the practical concern. In this case the ma-
trices of reflection R and transmission T have a diagonal view (Rps = Rep = Tes =
Top =0, Rpp = Ry, R = Ry, Ty = T, Tos = Ts), and the basic equation of
ellipsometry at p® = A,/As = 1 will look like

p= tan(1/))eiA = &. (3)
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Let us consider single-layer system, in which Nj, = Ny = Ny, Nao(z),
Nae(#), Nso, Nze are complex indices of refraction of ordinary (o) and extraor-
dinary (e) waves of environment, film, and substrate, respectively. The indices of
refraction of film Noo(x), Nae(z) depend on the thickness of the explored film
(Fig. 1b).

For a homogeneous film (Nao(2) = const, No.(2) = const) with arbitrary
orientation of optical axis along the boundary, the reflectivities and transmissions
can be written in a matrix form [2]:

R = R(12) L 7(21) p(23) (1 n X<21>R<21>X<23>R<23>)‘1 702)

7 — (21) x (21)(23) (1 i X(zl)R(21)X(23)R(23)) -t T012) (4)
where R(12) RV R(23) — reflection matrices on boundary air—film, film—air,
and film-substrate, respectively, 712 721 7(23) __ transmission matrices on

boundary air-film, film-air, and film-substrate, respectively; X(23) X (1) — phage
progression matrices of waves in an anisotropic layer at the motion from boundary
air—film to boundary film—substrate and back, respectively.

The case when optical axes of the film and the substrate are oriented along
the normal to the boundary represents the practical concern. In this case the
expressions for reflectivities and transmissions are considerably simplified [6]:

12 23
oo AN, (D)4 )X, (1)
pe T (02) By, 0 PSS (12) (23) v ’ a
+ Tps Tps Xp,s 1+7°p,s Tp.s Xp,s
where ngsz), rl(fs?’) — reflectivities of p- and s-polarized waves on the boundary

air-film and film-substrate, respectively, X, s = eXp(—QiTﬂ]oyed/ANll/z) — phase
progression of electromagnetic waves on thickness of the film, A — wavelength in
air, d — the thickness of the film.

The reflectivities 7“1(;]5) (¢, = 1,2, 3) are equal to
szonei - Nizonej T(”) _ TNoi — Toj (5)
szonei + Nizonej ’ ° B Noi + Noj .

Here no; = (N2% — E)Y2 ne = (N4 — NAE2/N2)Y? € = Ny cos(a) — normal
and tangential components of refraction vectors [7] of ordinary and extraordinary

ri) =

waves in the film.

Now we shall transfer to viewing a non-homogeneous uniaxial film, whose op-
tical axis is directed along the normal to the boundary, on an isotropic substrate.
Such systems are typical at manufacturing of organic films such as Langmuir—
Blodgett type [6]. For non-homogeneous film, as follows from expressions (4a), the
reflectivity depends on thickness of the film: R, s = R s(d). Unfortunately, it was
impossible to receive analytical expression for reflectivities of non-homogeneous
films. Therefore we will use the following operations for finding the reflectivities:
let us divide a non-homogeneous layer d into k equal parts so that it is possible
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to consider each of partial layers as homogeneous. Thus on the basis of expres-
sions (4a) we shall make an iterative procedure permitting to find reflectivities of
system of k& homogeneous layers

rd T RO ) (e PO
L BT REDORTR T L B R R

Here j = k—1, k—2..., 2,1 is the number of viewed boundary of partial layers.

Rl =

The calculations start for the boundary of the k-th partial layer and the substrate.
The obtained reflectivity Rgfs_l) at j = k — 1 corresponds to reflection from the
k-th partial layer on the substrate, rl(fs_l’k) — reflectivity on the boundary of
(k—1)-th partial layer and k-th partial layer. The obtained reflectivity Rgfs_l)

be used for calculation of reflectivity Rgfs_z) of a system of two partial layers on the

will

substrate, etc. At j = 1 on the basis of the iterative procedure (6) the reflectivity
Ry s = RI(D?S) of the system of k partial layers, that is reflectivity from non-homogene-

ous layered system will be calculated. The calculations of transmission 7, s = TI;OS)
for non-homogeneous system are similar.

The obtained iterative procedure at great values of k allows to find elements
of matrices of reflection (1) and with their help on the base of major equation of
ellipsometry (2) to define ellipsometric parameters A and ¢ of a non-homogeneous
anisotropic layer on the substrate. Let us also notice that expressions (4a)—(6) are
to be used only for the special case of orientation of optical axis along the normal
to the boundary, when matrices of reflection and the transmission are diagonal.
In the general case it is necessary to use matrix recursions relations on the basis
of expression (4), and to discover reflectivities and transmissions on the boundary
of partial layers on the basis of the boundary problem solution for anisotropic

media [7].

3. Numerical modelling of a non-homogeneous anisotropic layer

While examining anisotropic non-homogeneous films we were interested in
the influence of three factors on A—v diagrams:

a) type of the inhomogeneity of the film;

b) absorbance of the film;

¢) degree of anisotropy of the film.

It was shown for isotropic non-homogeneous transparent films [8] that the
linear gradient of refractive index essentially influences A—1 diagrams, constructed
depending on the thickness of the film.

Let us use the iterative procedure (6) for the modelling of dependence of
ellipsometric angles A and ¢ at reflecting of light on the non-homogeneous film,
whose optical axis is directed along the normal to the boundary. Let us consider
the following systems: a ZnO film on the substrate of melted quartz Si04, and also
a film of Langmuir-Blodgett’s type (LB) on the substrate of melted quartz SiOs,
which are widely applied in integrated optics and acoustoelectronics.
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It was supposed that the measurements are carried out at a wavelength A =
632.8 nm for films, whose thickness d is ranged between 0-300 nm. At modelling
the number of dissections reached k& = 50 with the thickness of a partial layer
6 nm. As an environment we took air (N3 = Ni, = Nie = (1.000,0.000)), and
as a substrate — melted quartz (N3, = Nz = (1.460,0.000)). The change of
the film refractive indices depending on the thickness was taken not greater than
3%. Let us suppose that during cultivation of the film, refractive indices on the
boundary with the substrate have values N2 Nz(z), and on the boundary with the

20
surrounding medium Nz(é), Nz(é). Then on the air—film boundary for ZnO we took
the values N{») = (1.990,0.000), N} = (2.067,0.000), and NS = (1.470,0.000),
Nz(é) = (1.490,0.000) [9] for the Langmuir-Blodgett’s film. On the film—substrate
boundary for ZnO we took the values Nz(z) = (2.050,0.000), Nz(z) = (2.129,0.000),
and for the Langmuir—Blodgett’s film N2 = (1.514,0.000), N{*) = (1.524, 0.000)

were taken. The imaginary part in a complex refractive index corresponded to an
absorption index.

3.1. Modelling for different types of non-homogeneity of the film

Let us set the laws of changing of the film refractive indices in the following
way (Fig. 1b):

Noj(z) = Nz(l»l) = const, i = (e, 0), (7a)
Nai(z) = N5+ (N5 = N§ e /d, i = (e,0), ()
Nai(z) = N5 + (N5 = N{DY(e/d)?, i = (e,0), (7¢)

Noi(z) = 0.5 |(NSD + NPy — (N3P = N3Py cos(15mz/d)| , i = (e,0). (7d)

Here z is the distance from the border of the film to the surrounding medium,
0<z<d.

The expression (7a) corresponds to a homogeneous film, (7b) — to the linear
increase in indices of refraction of the film from Nz(l»l) up to Nz(l»z), (7¢) — quadratic,
(7d) — periodical change on thickness of the film.

The results of calculations of ellipsometric quantities at the angle of incidence
a = 50° are given in Fig. 2: (a) for a ZnO film, (b) for an LB film. The numerical
modelling shows that for films with the indices of refraction considerably different
from the substrate refractive index (Fig. 2a), it is impossible to reveal the type
of non-homogeneity of the film — the curves of different types of gradient are
close to each other. Let us also notice that for anisotropic films varying from
isotropic (Naog = Nae) A—1 diagrams have spiral view with self-crossings, i.e. that
with increase in thickness of the film there is no recurrence of ellipsometric angles
depending on the thickness of the film.
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Fig. 2. Dependences of ellipsometric angles A and % on the width d of the film
(0-300 nm). Angle of incidence o = 50°. The curves calculated with Eqs. (7a)—(7d)

correspond to a lateral view of refractive index of the anisotropic film: (a) ZnO film;

(b) LB film.

For films with indices of refraction close to the index of refraction of the
substrate, the change of film refractive index caused by thickness change leads to
considerable changes of ellipsometric angles. Figure 2b shows that for a homoge-
neous film the changes of angles A and ¢ are negligible (curve 1), while for films
with lapse rates of refractive indices they can make up to ten degrees. Thus for
films with periodically varying indices of refraction, spirals with self-crossings are
brightly expressed. The spiral dependence is characteristic of immersing film sys-
tems [5], but a self-crossing of curves is possible only if there is a lapse rate of
index of refraction. The calculations show that for films with indices of refraction
close to index of refraction of the substrate, the differences of ellipsometric angles
on A—1 diagrams, which can be experimentally measured, start to be visible from
thicknesses of approximately 10-20 nm. It allows to develop solutions of inverse
problems of ellipsometry for non-homogeneous layers and to define the type of the
lapse rate of the film refractive index.

It 1s evident that the largest information about the quantity of a non-homoge-
neity of the film can be obtained at conditions, when the influence of the substrate
on ellipsometric angles is reduced to minimum. Therefore the greatest information
about the film can be obtained at angles of incidence close to the Brewster angle.
If the substrate represents a uniaxial chip with indices of refraction N3o, N3. and
with optical axis oriented along the normal to the boundary, then the Brewster
angle for the uniaxial chip—uniaxial chip boundary is defined by the formula

. NeaNes N2 — N2
Sln(aBI‘) = = - B 023 022 9 (8)
Noz NOSNeS_NOZNeZ
For an air-isotropic substrate system we easily gain the known expression
N3

sin(apy) = —F/—,
(one) = 727
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from which we find ag, = 55°,95 for the air-melted quartz system.

Now we take films with indices of refraction close to the index of refraction
of a substrate. As can be seen from Fig. 3, in such cases the responsiveness of
measurements of ellipsometric parameters i1s the largest for angles close to the
Brewster angle. For angles greater than ag,, the reflectivity 2, changes the phase
into 180°, therefore curves on the diagram are of different type, transferring from
closed to unclosed.

@
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Fig. 3. Dependences of ellipsometric angles A and % on the width d of the film
(0-300 nm) for a linear change of refractive index at different angles of incidence: (a) ZnO

film; (b) LB film.

3.2. Modelling for different uptake degree of the film and for a different degree
of the film anisotropy

Further we will examine the films such as LB type, with refractions close to
refraction of the substrate. We will be restricted to modelling of layered systems
with a linear dependence of refractive index of (7b) type and we will consider the
influence of absorption and anisotropy of the film on ellipsometric angles A and
1. The results of modelling, depending on an uptake of the film are represented
in Figs. 4a, b and the ones depending on the degree of the film anisotropy — in
Fig. ba, b.

The absorption to occurrence of spiral dependences, and the tendency of
increasing the total amplitude of the spiral on A—1 diagram with increase in ab-
sorption can be observed. At small absorption the curves are nearly closed curves,
but with increase in the coefficient of absorption the spiral-like dependences with
self-crossing occur. A self-crossing 1s an idiosyncrasy of uniaxial non-homogeneous
films. For angles of incidence greater than the Brewster angle (o = 60°, Fig. 4a)
the sizes of the spiral will increase monotonically. The absorption essentially influ-
ences the dependences at an absorption coefficient > 0.01. Thus the position and
the total amplitude of the curve for an immersing film differs from a transparent
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Fig. 4. Dependences of ellipsometric angles A and % on the width d of the
film (0-300 nm) for linear change of refractive index of an LB film at differ-
ent coefficients of absorption of the film. Curves: I — Im(Nzo) =Im(Noe) =
0.000; 2 — Im(Nzo) =Im(Nze) = 0.001; & — Im(Noo) =Im(N2e) = 0.010; 4 —
Im(N2o) = Im(N2e) = 0.100. Angles of incidence: (a) o = 60°, (b) o = 50°.
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Fig. 5. Dependences of ellipsometric angles A and % on the width d of the film
(0-300 nm) for linear change of index of refraction of an LB film at different coeffi-
cients of an uptake of the film. Curves: 1 — NEN;ON" = —20%; 2 — NEN;ONO = —10%;
8 — N%ONO =0%; 4 — N%ONO = 10%; 5 — N%ONO = 20%. Angles of incidence: (a)
a =60°, (b) a = 50°.

film on quantities, which can be experimentally measured. However for angles of
incidence smaller than the Brewster angle ap: (o« = 50°, Fig. 4b) the anomaly
appears. First, the total amplitude of the curve on the diagram decreases, and
then it increases. This behaviour of the curve can be explained by competition
of anisotropy and absorption. The existence of the anisotropy of the film cancels
the increase in ellipsometric angles at particular quantities of absorption. Sec-
ond, the absorption starts to predominate and influences the view of the diagrams
more essentially. It means that at an experimental research of non-homogeneous
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anisotropic immersing films the uptake in the film will be seen first of all.

In Figs. ba, b the dependences of ellipsometric angles for different coeffi-
cients of anisotropy of the transparent film such as LB for the linear lapse rate of
refractive index (7b) are represented. The coefficient of anisotropy of the film

AN _ N.—N,
N, N,
varied from —20% (optically negative uniaxial film) up to +20% (optically positive

uniaxial film). Thus everywhere in calculations the ordinary index of refraction on
air—film boundary Nz(i) = (1.470,0.000) was taken, and on film-substrate bound-

ary Nz(z) = (1.514,0.000), i.e. that the coefficient of the lapse rate was 3%. For an
angle of incidence o = 60° (Fig. ba) with the change of anisotropy from —20% up
to +20% the transition from unlocked curves to closed happens, and also changes
the protuberance of the curves. The view of curves is similar to calculated in [8] for
different coefficients of the film gradient, however in this case the reason of change
of view of curves on A— diagram is anisotropy. For an angle of incidence smaller
than the Brewster angle (o = 50°, Fig. bb) for optically negative films the closed
curves can be observed. With the decrease in anisotropy the total amplitude of
curves decreases, and at

AN N.—N, _
No N,

it does not exceed 0.5°. For optically positive films an increase in anisotropy leads to

0

a transition from closed to unlocked curves in A— diagram. Thus, the anisotropy
of the film makes a great contribution to elipsometric parameters, similar to contri-
bution of the gradient of the film refractive index. Hence, in order to differentiate
between the anisotropic and isotropic contributions to the composite character of
the diagrams, which are obtained in course of ellipsometric investigations of the
films structures, during the process of their growth, the additional investigations
are required.

4. Conclusion

On the base of the obtained iterative formula for calculation of reflectivities
from system “a non-homogeneous uniaxial film on a uniaxial substrate with optical
axis, directed along the normal to the boundary” and numerical modelling of
system 1t 1s possible to make the following conclusions:

e the non-homogeneity of the film is in the best way shown for refractive index
close to that of the substrate;

e the type of non-homogeneity of the film with low refractive index gradients
can be determined for thicknesses greater than 20 nm by the form of a curve
on A—y diagram;
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e the measurements of ellipsometric parameters are expected to be conducted
at angles of incidence, close to the Brewster angle for the air—substrate sys-

tem;

e the influence of uptake of anisotropic films on ellipsometric angles leads to

spiral dependences with self-crossings;

e the influence of the coefficient of anisotropy for films with low gradients of
index of refraction on elipsometric angles is similar to influence of the large
gradient of index of refraction for isotropic films.
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