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U si ng th e densit y functi onal theo ry , the phonon disp ersion relations,
the phonon density of states, mean square displacements, and thermo dy-

namic functions of superconductin g Mg B2 crystals have been calculated .
T he modes of graphite- l ike b oron netw ork belong to optic phonon branches,
w hich are rather indep endent of the Mg vibration s.
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R ecently, the discovery of superconducti vi ty (T c ¿ 39 K) in hexa gonal m ag-
nesium dibori de Mg B 2 has been anno unced [1]. It is believed [2] tha t thi s materi al
becomes superconducti ng by the classical BC S m echanism proposed by Bardeen,
Co oper, and Schiẽ er. Thi s m echanism assumes tha t the intera cti on between the
electrons whi ch give ri se to superconducti vi ty is mediated by therm al phonons in
the underl yi ng latti ce.

Fi rst pri nci ples FLMT O{ GGA electroni c structure calcul ati ons [3, 4] showed
tha t in superconduc ti ng Mg B 2 the hi gh energy valence band is m ade predom i-
nantl y of boron 2 p -sta tes whi ch determ ine the electro nic density of sta tes in the
vi ci ni ty of the Ferm i surface. It has been al ready shown tha t the electronic density
of sta tes at the Fermi level [3, 4] and the conducti vi ty in the boron plane [3] are
qui te substanti al .

Mo dern ab intio determ inati on of phonon dispersion relati ons is the way
to help the understa ndi ng of the ro le pl ayed by the electron{ pho non coupl ing.
R ecently a num ber of contri buti ons related to the latti ce dyna mics of Mg B2 have
been publ ished, [3, 5{ 8]. Som e inv estigati ons were restri cted to phonon m odes for
the À point onl y [3, 5]. In others, the phonon dispersions for Mg B 2 have been
determ ined [6, 7]. Present calcula ti ons o˜er addi ti onal inform ati on fol lowing f rom
the knowl edge of the latti ce dyna m ics of Mg B 2 .

The ab ini tio calcul ati ons are carri ed out usi ng the density f uncti onal theory
wi th the generalized gradi ent appro xi m atio n (G GA) as impl emented in VASP
package [9, 10], and wi th Vaderbi l t- typ e ul tra soft pseudopotenti als provi ded wi th
thi s program . VASP solves the general ized Kohn{ Sham equati ons by an i tera ti ve
m atri x diagonal izati on based on the minim izati on of the norm of the residuum
vecto r to each eigenstate and an opti mized charge-density m ixing routi ne. The
pseudopotenti als for B and Mg ato m s are representi ng s2 p 1 and s 2 p 0 electron

(767)



768 K . Par l inski

conÙgurati ons, respectively. The summ ati on over k wa ve vecto rs wa s l imi tted to
1 2 È 1 2 È 1 2 Mo nkhurst{ Pack mesh. T o opti mize the crysta l structure we used
a pri m iti ve hexagonal uni t cell , space group P 6 =mmm wi th 3 ato m s at positi ons
Mg : ( 0 ; 0 ; 0 ) , B: ( 1

3
; 2

3
; 1

2
), and B: ( 2

3
; 1

3
; 1

2
) . Thi s structure consists of layers of

two -dim ensional tri angular latti ce of either Mg , interca lated by a tw o-dimensional
pl anar graphi te- like network of boron. The calculated structura l param eters are
a = 3 : 0 6 5 1 ¡A and c = 3 : 5 1 7 6 ¡A, whi le the experim enta l values are a = 3 : 0 8 6 ¡A
and c = 3 : 5 2 4 ¡A [1].

The phonons are determ ined by the di rect m etho d [11{ 14]. For tha t we
opti mized the rhom bohedra l supercell wi th 36 ato m s and wi th basis vecto rs de-
Ùned as a s = 2a + c, bs = 2b + c, c s = À 2a À 2b + c, where a, b, c are the
pri mi ti ve tra nslati on vecto rs of the hexagonal uni t cell . The sym metry of the se-
lected rhombohedra l supercell breaks the two fold sym m etry axi s, and lowers the
P 6 =mmm ( D 1

6 h
) space group to R ñ3 m ( D 5

3 d
) . The Hellm ann{ Feynman forces are

computed for independent di splacements x , y , and z of metal and B ato m s. The
di splacement am pl itudes were vari ng between 0.03{ 0.30 ¡A, so tha t all the on-site
Hel lmann{ Feyman forces were of the same order of magnitudes. To rebui ld the
correct sym metry of the phonon dispersion relati ons we use the sam e m etho d as
for the hexagonal 2H{ GaN crysta l [13]. The correcti ons are so small tha t they are
not vi sible on the Ùgures. In thi s procedure we ta ke into account 17 coordi nati on
shells of the f orce constants whi ch requi red 64 independent param eters. The val -
ues of the force constants di mini sh wi th a di stance between the inv olv ed ato m s.
The largest ones are the on-site f orce constants (at a distance zero). However, at
the distance supercell center { supercell surface the largest elements are at least
two order of m agni tudes smal ler tha n the on-site force constants. Such a decrease
in the force constants is qui te su£ cient to obta in pho non frequenci es at al l wa ve
vecto rs wi th appreci ate accuracy. Mo reover, the present rho mbohedra l supercel l
pro vi des correct phonon frequenci es at comm ensurate wa ve vecto rs À : (0 ,0,0), M :
(0 ; 1

2
; 0 ), ( 1

6
; 1

6
; 1

3
) , and ( 1

3
; 1

3
; 1

3
) and symm etry equivalent points, even i f the force

constants wo uld not vani sh wi thi n the range of the supercell .
Let us return again to the di stance dependence of the force constants. In T a-

bl e I we show the three eigenvalues of the sym metri zed force constant m atri ces for
the coordi nati on shells of the shortest radius R around the metal and boron ato m s.
These force constants pro vi de the largest contri buti ons to the dyna m ical m atri ces.
From T able I one can see tha t the force constants between nearest neighbors of
boron B{ B are the largest. The f orce constants between boron and magnesium
B{ Mg and between m agnesiums Mg { Mg pro ve to be much smal ler. These f eatures
cause tha t the graphi te-l ike netwo rk of borons vi brates rather independentl y on
the magnesium sublatti ce.

In Fi g. 1, we show the pho non di spersion relati ons for Mg B 2 . In T abl e II the
À -point phonon frequenci es are col lected. They are in reasonabl e agreem ent wi th
other calcul ati ons [3, 5{ 7]. Far from the À -point the acousti c phonon di spersion
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T ABL E I

T he quantities ² i = ` ii , where ² i , i = 1; 2 ; are the eigenv alues of the
symmetrized part of the force constant matrices for the coordinatio n
shells of the radius expressed in terms of resp ective diagonal on-site
force constants ` of B atoms. T he values of the on- site force con-

stants of b oron are as follow s: ` ` N /m, and
` N /m. The Mg (0) denotes the on- site force constant of
the metal. Only quantities ` of the shortest radius are given.

C rystal Bond in ¡A

MgB Mg(0) .000 .390 .390 .612

B{B 1.770 {0. 123 {0. 232 {0. 246

B{Mg 2.495 {0. 062 .004 {0. 009

B{B 3.065 {0. 138 {0. 014 .038

Mg{Mg 3.065 {0. 044 .003 .009

T ABLE I I
C omparison of the À -p oint phonon frequencies (in

T H z) of MgB w ith those of Refs. [3, 5{7 ] denoted as
( I), (I I ), (I I I ), (I V ), resp ectively .

Mo de I I I I I I IV O urs

.8 .6 10.0 .7

11.6 11.7 12.0 11.8 10.9

19.9 14.1 17.6 16.1 15.0

20.4 20.7 20.8 20.9 20.8

Fig. 1. Phonon disp ersi on relations of MgB crystal.

relati ons reÛect the vi bra ti ons of the metals Mg . The opti c branches describe the
vi bra ti ons of the graphi c-l ike boron netwo rk. Mo reover, the branches of sym m etry
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A 2u and B 1g at the À -point corresp ond to out- of-plane boron vi brati ons, whi le
four rem aini ng curves wi th sym metry E 1u and E 2g at the À -point determ ine the
in-plane boron m oti on. The out- of-plane and in-plane polari zati ons are appro xi -
m atel y kept along the sam ebranches al l over the Bri l louin zone. Thi s feature could
justi fy a constructi on of a simpl e two -dim ensional model for ei ther out- of-pl ane, or
in-plane pho non boron vi brati ons. Noti ce tha t the in-plane boron modes E 2g and
E 1u exhi bi t a considerable dispersion over the Bri l louin zone. The E 2g m ode shows
an excepti onal ly strong coupl ing to electroni c states at the Ferm i level [7]. The de-
coupl ings of the m agnesium and boron vi bra ti ons to acousti c and opti c modes,
respect ively, are caused by the large m assdi ˜erence of the consti tuent ato m s.

Fi gure 2 shows the to ta l and parti al phonon density of sta tes. The parti al
phonon density of sta tes is separated to m odes wi th vi bra ti onal po lari zati on wi thi n
the graphi te- l ike netwo rk pl ane, and out of i t.

Fig. 2. T otal and partial phonon density of states of MgB 2 crystals. T he magne-

sium and b oron partial phonon density of states corresp ond to in- plane (solid line)

and out- of-plane (dotted line) vibratio ns.

g ( ! ) al lows us to determ ine the m ean square displ acements of ato ms
B i j = h u i u j i ; B i j deÙnes, in turn, the D ebye{ Wall er f actor reÙned duri ng the
structura l analysis. W e have calculated these values and f or two tem peratures



A b Ini tio Latt ice Dynami cs of MgB 2 771

T ABLE I I I

The calculated mean square displacements B i j = h u i u j i are in
units of 1 0

À 2 ¡A 2 . Exp erimental data are taken from Ref. [15].

Temp. C alculati ons Exp eriment

Mg B Mg B

K

0. 29 0. 36 0.33 0.44

K 0. 56 0. 37 0.55 0.45

0. 61 0. 53 0.56 0.65

they are l isted in T able I I I. Al so a com parison of the calcul ated and the mea-
sured [15] data is given there. For Mg the agreem ent is perf ect, whi le for B the
m easured values are slightl y hi gher, whi ch m ight m ean tha t a smal l sta ti c di s-
pl acement of the B atom s persists in the crysta l .

Fi gure 3 shows the temperature dependence of interna l energy, free energy,
entro py, and heat capacity at a consta nt volum e in harm onic appro xi mati on. The
l im it of the interna l energy, and the free energy at are equal to the mean

Fig. 3. Internal energy , free energy , entropy , and heat capacity at a constant volume

as a function of temp erature for MgB 2 in harmonic approximation .
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energy of zero mode frequenci es. At hi gh temperatures the interna l energy tends
to k B T behavi or. The heat capacity tends at hi gh tem peratures to 9 k B , where 9 is
the num ber of degree of freedom in the uni t cell of Mg B 2 . Thi s regim e is atta ined
above 1600 K.

W e have perf orm ed structura l calculati ons for Mg B 2 crysta l , and deri ved
the phonon dispersion relati ons, phonon density of sta tes, mean-square di splace-
m ent f actors, and therm odyna m ic functi ons. W e f ound tha t B ato ms appear to
be stro ngly bounded wi thi n the graphi te-l ike netwo rk suggesting a substa nti al
two -dim ensionali t y of these com pounds. General ly, the m agnesium vi brati ons are
l im ited to a low frequency interv al.

The autho r would l ike to tha nk S. Ka przyk and A. M. Oleƒ for frui tf ul di s-
cussions. Thi s work was parti al ly supported by the State Co mm ittee for Scienti Ùc
R esearch, grant No. 5 PO3 B 069 20.
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