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Th e quantu m H all e˜e ct is a set of phenomena obser ved at low tem -
p erature in a tw o-dimensional electron gas subj ect to a strong p erp endicul ar

magnetic Ùeld. I t manif ests itself as a quanti zation of the nondiagon al ele-
ments ( £ x y ) of the resistivi ty tensor accompanied by simultaneous vanishing
£ xx for ranges of the magnetic Ùeld. For the integer quantum H all e˜ect
£ xy = h = ¡ e2 , w here h is the Planc k constant, e | charge of an electron and

¡ is an integer, w hile for the fractional quantum H all e˜ect ¡ is a simple
fraction. In spite of similar phenomenolog y deep and prof ound di˜erences
exist betw een these two e˜ects. I n the lecture the precisio n of the H all quan-

tization in the integer quantum H all e˜ect and brie Ûy new typ es of quantum
Ûuids observed in the fractional quantum Hall e˜ect are discussed. Some re-
cent theoretical and experimental disco veries connected w ith quantum H all
liqui ds are also mentioned.

PACS numb ers: 73.43. {f , 73.40.{c, 73.50.Fq

1. I n t rod uct io n

The phenom enon kno wn as the Hal l e˜ect has been discovered in 1879 by
Edwi n Herb ert Hal l | at tha t ti m e the graduate student at John Hopki ns Uni ver-
sity in Ma ryl and. One considers a m etal l ic slab of thi cknessd and appl iesm agneti c
Ùeld B perpendicul arly to it in the presence of current I Ûowi ng along the slab
(see Fi g. 1). As a result the vo l ta ge V H appears across the sampl e. It is due to
the Lorentz force F = qE + qv B acti ng on a charge q m ovi ng wi th vel ocit y v
in a m agneti c Ùeld B . The Hal l resistance R deÙned as a rati o of vol ta ge VH

acro ss the sam ple (y -di recti on) to the current I Ûowi ng along the sam ple (i .e. in
x -di recti on) is found

R =
B

q N
; (1)

where N = nd i s the num ber of carri ers per uni t area and n | thei r concentra ti on.

e.m ai l: kar ol @ty t an .um cs.l ub l in. p l

(287)
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Fig. 1. T he standard geometry used in the studies of the H all e˜ect in 3-dimensi onal

samples and quantum Hall e˜ects in 2-dimension al electron (or hole) gas.

Mea surements of the Ha l l resistance (or more often the Ha ll coe£ cient R H =

R x y =B ) give inf orm ati on on the carri er density n and thei r sign q = Ï e. For a given
m ateri al (as characteri zed by n; d , and q ) the m easured value of R x y does depend
on a magneti c Ùeld acti ng upon a sam ple. Thi s simpl e fact is a basic pri nci ple
of recentl y constructed quantum Hal l probe m icroscopes [2] successful ly used to
m easure m agneti c Ùeld distri buti on around vorti ces in typ e I I superconducto rs.

The quantum Ha l l e˜ect (QHE) is a set of phenomena observed in a two- di -
m ensional electron (or hole) gas. Sim ilarly as in the Hal l e˜ect (whi ch is purel y
cl assical phenom enon) one m easures a vol ta geacrossthe sampl epl aced in a stro ng
m agneti c Ùeld. Ag ain the vol ta ge arises in response to the current Ûowi ng along
the sampl e. The low tem perature m easurem ents [3] of the Hal l resistance of a
two -dim ensional electron gas as a functi on of m agneti c Ùeld have unexp ectedl y re-
vealed stro ngly nonl inear behavi or of R x y ( B ) for high enough Ùelds. It m ani fests
i tsel f as a series of pla teaux, extendi ng over a range of m agneti c Ùelds in devi ces
in whi ch carri er concentra ti on is kept constant (as in GaAs / Al GaAs hetero struc -
tures). T o very hi gh accuracy on a pl ateau one m easures

R x y =
h

n ¡ e2
=

2 5 8 1 2 : 8 07 [ ¨ ]

n ¡

; (2)

where h is Planck constant, e | electron charge and n ¡ i s a numb er.
W e disti ngui sh integ er QHE (IQHE) when n is an integer 1, 2, 3. . . and frac-

ti onal QHE (FQHE) when the measured Hal l resistance corresponds to n = p= q ,
and p and q are relati vel y pri m e integ ers. The appearance of the pl ateaux in R

i s in both cases accompanied by vani shing (i n low enough tem peratures) the lon-
gi tudi na l resistance R = I =V , where V is the vol ta ge drop along the sam ple.

Even tho ugh the m acroscopi c mani festati ons of both e˜ects is to a large
extent the sam e, the physi cs behind them seem to be very di ˜erent as wi l l be seen
in the fol lowi ng.
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In Sec.2 a numb er of issuesrelated to IQHE, in te r a l ia i ts understa ndi ng and
preci sion of resisti vi ty quanti zati on wi l l be di scussed.These incl ude the im porta nce
of tw o-dimensional it y, impuri ti es, and the ro le of temperature and other aspects
to gether wi th the breakdown of the e˜ect. The fracti onal QHE is bri eÛy intro duced
in Sec. 3. A short summary is given in Sec. 4.

2. T he int eger qu an t um Ha l l e˜ ect

The integer quantum Ha l l e˜ect wa s discovered in 1980 by von Kl i tzi ng,
D orda, and Pepper [3]. Fi gure 2 shows a series of wel l -developed platea us in the
Ha l l resistance of the two -dim ensional electro n gas form ed in the GaAsÀl GaAs

Fig. 2. The measurements on the very high mobility 2D E G show ing integer and frac-

tional quantum H all steps repro duced from Ref . [19] with the author p ermissio n (upp er

part) and the oscill atio ns of the longitud in al resistance (low er part).
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hetero struc ture . R emark ably the value of the Hal l resisti vi ty on the pl ateau is
to hi gh accuracy given by (2). In the ori gina l paper [3] the preci sion of 1 0 À 5 of
quanti zati on was observed. Shortl y after the di scovery of IQHE i t turned out tha t
the absolute preci sion of quanti zati on of R x y i s of the order of 1 0 8 or better [4] and
the agreement between m easurements on di ˜erent devi ces is of the order of 1 0 1 0 [5].
As a resul t the Hal l resistance has been adopted as an interna ti onal standard of
resistance [6].

T o understa nd the high preci sion of the m easurement i t is im porta nt to
rea lize tha t in tw o di mensions the Ha l l resistance R x y and Hal l resisti vi ty £ x y

coincide (no ta ti on as in Fi g. 1)

R H =
V H

I
=

V H =L y

I =L y

=
E y

j x

= £ : (3)

Thi s means tha t a single and potenti al ly very accurate \ electri c m easurem ent"
of R su£ ces for the determ inati on of resisti vi ty £ . T o get the inf orm ati on on
the other com ponent of the tensor, i .e. the longi tudi na l resisti vi ty £ , both the
kno wl edge of R and sampl e dim ensions L ; L are necessary as

R =
V

I
=

E

j

L

L
= £

L

L
: (4)

The measurements of L and L , however, are never very preci se. No te, in two
di mensions the resistances and resisti vi ti esare expressed in the sam euni ts, nam ely
ohm s.

No te also tha t in two -dim ensional system under considerati on the sym me-
tri es ¥ = ¥ ; ¥ = ¥ hold and the m atri x elements of resisti vi ty tensor
£ are proporti onal to the corresponding elements of conducti vi ty tensor ¥ ,
e.g. £ = ¥ ( ¥ + ¥ ) .

Three broad subjects connected wi th the IQHE wi ll be discussedhere. These
incl ude (i ) the preci sion of the quanti zati ons, i .e. the app earance of the Ûat pl ateaux
for a range of m agneti c Ùelds, (i i) the tra nsiti on region between the consecuti ve
pl ateaux in whi ch £ ta kes on non-zero values and (i i i ) the breakdown of the
IQHE.

2.1. On a plateau: preci sion of the quant izat ion

As i t is seen in Fi g. 2 each pl ateau in £ is accom panied by vanishi ng lon-
gi tudi na l resistivi ty £ . The absolute value of longi tudi nal resistance R mea-
sured in the Hal l plateau is as low as 1 0 ¨ = . Thi s is a lower value tha n in
any non-superconducti ng m ateri al . The IQHE has been observed in various sys-
tem s conta ining two -di mensional gas of carri ers. The results do not depend on
a m ateri al , geometry of the sam ple, etc. The IQHE, however, is a low tempera-
ture e˜ect. W i th increasing temperature the quanti zati on accuracy is lowered, the
pl ateaus becom e narro wer and eventua l ly vani sh, the longi tudi na l resisti vi ty ta kes
on non-zero values.
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Bef ore we start wi th theo reti cal expl anati on of the IQHE we have to note
another aspect connected wi th the preci sion of quanti zati on. Assum ing a typi cal
electron concentra ti on in 2DEG of the order of 2 È 1 0 1 1 cm À 2 and typi cal di -
m ensions of the sampl e 2 6 0 ñ mÈ 4 0 0 ñ m [7] we Ùnd the numb er of electro ns in
a two -dim ensional channel N ¤ 2 È 1 0 8 . Thus the preci sion of quanti zati on is of
the order of 1 =N instead of expected, on stati sti cal grounds, m uch lower preci sion
1 =

p

N ¤ 1 0 À 4 connected wi th Ûuctua ti ons of physi cal param eters in the many
body system.

2.1. 1. T wo-dimensi onal elect rons i n crossed E and B Ùelds

It turns out tha t the IQHE can be understo od solely in term s of sing leparti cle
considerati ons. Thus we start wi th the ideal 2DEG in perpendicul ar magneti c B

and electri c E Ùelds. Consi der a typi cal Ha l l sam ple, as shown in Fi g. 1 of area
L L placed in perpendicul ar m agneti c Ùeld = (0 ; 0 ; B ) . The Hal l vol ta ge V

acro ss the sampl e is a source of the electri c Ùeld = (0 ; E ; 0 ) . The single electron
Ha mi l to nian is given by

H =
1

2 m
iñh

@

@x
+ eA +

1

2 m
iñh

@

@y
+ eA

+ eE y + V ( x ; y ) + V ( x ; y ) ; (5)

where V ( x ; y ) i s the conÙni ng potenti al , whi le V (x ; y ) represents the electro n-
- impuri t y scatteri ng potenti al. The Schr�odi nger equati on H ê = E ê wi th V (x ; y )

and V ( x ; y ) can be solved only num erical ly. W i tho ut these two potenti als the
pro blem is exactl y solvable. Using the Landau gauge for a vector potenti al =

( B y + £ A ; 0 ; 0 ) (so = ro t = (0 ; 0 ; B ) f or £ A = const) and wri ti ng the
electron wa ve functi on in the f orm of ê ( x ; y ) = (1 = L ) exp( ik x ) ' ( x ) we get
equati on

1

2 m
(ñhk eB y + e£ A )

ñh

2 m

@

@y
+ eE y ' ( x ) = " ( k ) ' ( y ) ; (6)

whi ch is an equati on f or the di splaced one-dim ensional harm onic oscil lator. Its
soluti ons are expressed in term s of Herm i te polyno m ials H as

' (y ) =
1

2 n ! ¤ l
exp

(y y )

2 l
H

y y

l
; (7)

where n = 1 ; 2 ; . . . ; H ( x ) = ( ) exp( x )( d/ dx ) exp ( x ) i s the n - th Herm i te
polyno mial and l = ñh= eB denotes m agneti c length. The wa ve functi on ' ( y ) i s
seen to be centered around y = y , whi ch in turn depends on the wa ve vecto r k .
Expl icitl y

y = l k
eE l

ñh !
+

1

B
£ A (8)

and the eigenenergies become
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" n ( k ) =

˚

n +
1

2

Ç

ñh! c + eE l 2

˚

k +
£ A x

B l 2

Ç

À

1

2

(eE l ) 2

ñh! c

: (9)

The spectrum has a l inear di spersion. It consists of narro w bands separated by
energy gaps ñh! = ñh eB =m , where m i s the e˜ecti ve m ass of electrons in the
system . For typi cal values of param eters ñh! 1 m eV. No te tha t for the van-
ishing electri c Ùeld (E = 0 ) the spectrum consi sts of degenerate Landau levels.
T o Ùnd the degeneracy g we assume the periodic bounda ry condi ti ons in x di -
recti on; ê (0 ; y ) = ê ( L ; y ) . Thi s l im i ts the al lowed values of k to k = (2 ¤ =L ) r ;

r = 0 ; 1 ; 2 ; . . .. The di stance Â k between neighbori ng k states is (2 ¤ =L ). Be-
cause the center of wa ve functi on wi th the wa ve vecto r k located at y as given
by (8) has to fal l inside the sampl e wi dth, i .e. 0 y L , the to ta l degeneracy
g of the n - th La ndau level is found to be

g = g =
L

l Â k
=

L L

2 ¤ l
=

L L eB

h
=

¢

¢
; (10)

where ¢ = L L B i s the m agneti c Ûux thro ugh the sampl earea and ¢ = h= e i s the
Ûux quantum . The rati o between the electron density N =L L and the degeneracy
g i s cal led the Ùlling factor ¡ = N h= eB .

2.1. 2. T he appearance of a plat eau: the rol e of disorder

Im agine now tha t a num ber of Landau levels, say n , is ful ly occupied. It
m eans tha t the electron density N = g n= L L = neB = h . If thi s is pl ugged into
Eq. (1) then we get

R =
E

eN
=

B h

e neB
=

h

ne
(11)

in agreement wi th (2). Unf ortuna tel y, thi s does not yet expl ain the QHE, because
we have onl y shown tha t for a very special density of electro ns the Ha l l resistance
ta kes on a very special value. Ha d one changed the electro n density so the num ber
of current curryi ng states wo uld increase and R would also change linearl y wi th
B in compl ete d i s agreement wi th exp eriment.

In a real , impure system som e states are local ized and the numb er of current
carryi ng states is smal ler tha n the one found above. Mo reover, al l other states are
scattered by impuri ti es and there is no reason for the quanti zati on. If however we
observe quantum values of £ , as experim ents show, i t is so only because of some
lucky compensati on, whi ch ta kes place. It turns out tha t the im puri ty potenti al
whi ch local izes some states, changes other states in such a way tha t they carry
m ore current | exactl y compensati ng for tho se tha t do not. Thi s fol lows f rom
the exact soluti on of the Ham i lto nian (5) wi th the sing le short range im puri t y
potenti al [8] and the scatteri ng theo ry for general class of im puri ty potenti als [9].

Somewha t di ˜erent and in fact even more general expl anati on of the integ er
Ha l l plateaux and thei r independence of disorder has been pro posed by Laugh-
l in [10]. Let us im agine a two- dimensional system bent into a loop of circum fer-
ence L (see Fi g. 3) wi th magneti c Ùeld piercing i ts surface and current I Ûowi ng
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Fig. 3. The geometry used to explain the app earance of the quantum H all plateaux.

around i t. A long thi n solenoid at the center of a loop is a source of Ûux ¢ . By
changing the Ûux ¢ one induces an electrom oti ve f orce Vi nd = À d¢ =dt , acti ng on
the electrons at the cyl inder surface. The work done, V ind = I d t , equals the change
in the interna l energy dU of the system

I = À

dU

d¢
; (12)

and we Ùnd tha t the Ha l l current is given by the deri vati ve of interna l energy wi th
respect to the Ûux thro ugh the solenoid. In the nota ti on of the previ ous sections
the change of the Ûux by £ ¢ i s equivalent to the change of the vecto r potenti al
by £ ¢ =L x . T o see thi s note tha t £ ¢ =

R
B dS =

R
rot £A dS = £ AL x . For local ized

states a change of the vecto r potenti al from A to A + £A has no consequences,
but for extended states of the typ e considered previ ously, thi s changes the wa ve
functi on ˆ n ; k ( x ; y ) wi th a center of m assy = yk = k l eE l =ñh! + £ A (c. f.
Eq. (8)) into the one centered at y = k l eE l =ñh! + £ A + £ ¢ =B L = y for
£ ¢ = h= e (a Ûux quantum ). The net e˜ect of the pro cedure is a tra nsfer across the
sam ple of one state (electron) per each occupi ed La ndau level. The change of the
interna l energy is a product of the numb er of tra nsferred electrons, thei r charge
( e) and the vo l tage di ˜erence V H . The Hal l current thus is

I =
dU

d¢
=

Â U

h= e
= n

e

h
V H : (13)

The quanti zati on is exact whenever the Ferm i level l ies in a m obi l it y edge.
The above expl anati on works also for im pure system s. T o see thi s i t is enough to
consider the system in whi ch edge regions are free from im puri ti esand the interi or
is im pure. By the above to ken one shows tha t a change in Ûux inj ects states into
the di sordered region on one side of the system and ta kes them away on the other.
By charge conservati on the end result is the tra nsfer of electrons across the im pure
region.
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In fact i t is the disorder in the system whi ch breaks tra nslati onal sym m etry
and leads to the quanti zati on of Ha ll conducta nce. The change of the numb er of
electrons in a system or changes of the m agneti c Ùeld changes the positi on of the
chemical potenti al but as long as i t l ies in the region of local ized states the Hal l
current is constant and the free electron value of the resisti vi ty rem ains inta ct
£ x y = h= ne 2 . Thi s is consistent wi th experim ent.

Mo reover as long as the chemical potenti al lies in local ized states the longi -
tudi na l resistivi ty is zero at zero tem perature, because electro ns from the current
carryi ng states cannot be scattered across the gap, and there is no vol ta ge drop in
the di recti on of current Ûow. The longi tudi nal resisti vi ty £ x x thus vani shes. Thi s
expl ains the data.

The high preci sion of the quannti zati on in thi s appro ach is understo od in
the fol lowing way. The change of the Ûux in a system wi th a gap in the spectrum
pum ps a numb er of carri ers across the sam ple. The Ha ll conducta nce resul ti ng in
thi s process essential ly m easures the num ber of carri ers tra nsferred.

2.2. Bet ween plateaux: localizat ion{del ocali zat ion t ransi tion

The standard scal ing theory of local izati on predi cts tha t in two dim ensions
al l sta tes are localized in therm odyna mic l imi t no m atter how weak the disorder
is [11]. These results are evidentl y in conÛict wi th the quantum Ha l l e˜ect, whi ch
as we have seen requi res the existence of extended states below the Fermi energy
for i ts expl anati on. The energy whi ch separates extended and local ized states is
cal led a mobi li t y edge. In analogy wi th bul k system s the states in ta i ls of Landau
bands are local ized. If the Fermi energy lies in a m obi li ty gap the system is in the
quantum Ha ll sta te wi th £ x x = 0 and £ x y quanti zed. If i t is between lower E c 1

,
and upper E c 2

m obi l it y edges then £ x x ta kes on a non-zero value and £ x y changes
from a given quanti zed value to the next one (c. f Fi g. 4).

Al ready from the earl y experim ents i t has been tha t wi th decreasing tem per-
ature the wi dth of £ x x peak (Â B ) decreased and slope of £ increased pointi ng
out tha t the region of extended states is very narro w i f not of zero wi dth. Mo re
deta i led exp erim ents have shown tha t Â B T wi th ç = 0 : 4 2 0 : 0 4 signal ing
tha t extended states do exist at the single energy value. The m axi mal slope of £

as m easured by d£ =dB has been found to increase wi th the sam e exponent ç ;
d£ = dB T (Fi g. 4). Al l thi s is consistent wi th the idea tha t lower and upper
m obi l it y edges coinci de and extended states exi st at a single energy. At al l other
energies the states are local ized, i .e., thei r spati al extensi on ¿ i s Ùnite. The param -
eter ¿ i s cal led a local izati on length. It depends on energy and f or energies close
to m obi l it y edge is expected to diverg e as ¿ ( E E ) . The m easured value of
¡ 2 : 3 4 0 : 0 4 agrees qui te well wi th theoreti cal estimati ons (see [12] for a revi ew
of vari ous theo reti cal appro aches and [13] for a classical calculati on of the netwo rk
m odel ).
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Fig. 4. Sketch of the transitio n region betw een two consecutive Landau levels. T he

slop e of £ xy scales w ith the same exp onent as the w idths of £ xx .

Each tra nsiti on region between two consecuti ve IQHE steps in f act represents
a quantum pha se tra nsiti on from local ized to delocal ized states. Qua ntum phase
tra nsiti ons ta ke place at T = 0 K. Exp eri menta l ly they are studi ed at low but Ù-
ni te tem peratures and mani fest them selves as a narrowi ng down of regions, where
£ x x 6= 0 and growi ng of the slopes (d£ x y =dB ) . The scaling theo ry of phase tra n-
siti ons quali ta ti vely expl ains the local izati on{ delocalizati on tra nsiti on in stro ng
m agneti c Ùelds [14].

2.3. Breakdown of QH E

Soon after the discovery of QHE i t becam e evident tha t the increase in the
current passing thro ugh the sam ple beyond a certa in thresho ld value I c destroys
the quanti zati on [7]. R ecently, the breakdo wn of QHE has become the subj ect of
great interest and importa nce due to , al ready m entio ned, appl icati on of quantum
Ha l l devi ces to mainta in nati onal resistance standards. The subj ect wi l l be di s-
cussed in deta i l later at thi s conf erence, so onl y a general intro ducti on is given
here.

In a typi cal QHE exp eriment one records the longitudi na l vol tag e V x x as a
functi on of m agneti c Ùeld and Ùnds, at each plateau, a region of dissipati on- less
Ûow (characteri zed by vani shing V x x ) over the range of Ùelds Â B = 2 B c , where
B c i s cal led the cri ti cal Ùeld [15]. The breakdown of QHE mani fests i tsel f by
the (often sudden) appearance of longitudi na l vol ta ge and the resistance R x x for
I > I c . The values of I c and B c depend on the Ùll ing factor (i .e. the pl ateau) and
tem perature T . Interesti ngly enough the observed temperature dependence of both
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I c and B c could be Ùtted by a slightl y modiÙed form ula f or the cri ti cal current
in the Gorter{ Ca sim ir two- Ûuid model of superconducti vi ty [15]. Sweeping back
and forth the m agneti c Ùeld in som e sam ples reveals a hysteresis. The hysteresi s,
however, seems to disappear at elevated tem peratures and after i llum inatio n [16].
The breakdo wn of QHE often shows up as a series of non-monoto nic vol ta ge steps
recorded by changing B at consta nt T and for I > I c . These quantum steps have
been proposed to resul t from the \ turbul ent" Ûow of carri ers and are m ost pro babl y
due to thei r inter Landau level scatteri ng [17].

3 . Th e f ract ional qu an tu m Hal l e˜ ect

On phenomenological grounds FQHE looks l ike \ ordi nary" IQHE and is ra-
ti onal ized by Eq. (2) wi th ¡ being a fracti onal numb er. Ori gina lly the fracti onal
steps wi th ¡ = 1 = 3 and 2 =3 were discovered in 1982 [18], duri ng high Ùeld mea-
surements aim ed at the observati on of W igner crysta l lizati on of electrons.

The qual i ty and the num ber of fracti onal steps depend on the mobi l it y of
carri ers and tem perature. In Fi g. 2 a num ber of FQHE steps is vi sibl e [19]. The
pl ateux are seen to appear not only in the lowest Landa u level but also in a higher
one. As i t is easily seen m ost fracti ons have odd denom inato rs. A m ore deta i led
analysis of these and other data shows tha t som esequences are parti cul arly clearl y
devel oped. The sequences wi th ¡ = p= (2 p Ï 1 ) term inate at ¡ = 1 =2 . Thi s is one of
very special fracti ons wi th even denom inato rs. At thi s Ùll ing factor one observes
som e features in £ x x and none in £ x y .

Even tho ugh the FQHE app ears to be the sam e as the IQHE, i t shows
the quanti zati on of the Hal l resisti vi ty £ x y accom pani ed by vanishi ng longi tudi nal
resisti vi ty £ x x | i ts expl anati on is com pletely di ˜erent. The Ùrst successful theory
wa s publ ished in 1983 by La ughl in [20]. He has pro posed tha t the ground state of
N electrons in a parti al ly Ùlled Landau level is described by the many -body wa ve
functi on

ê m ( z 1 ; z 2 ; . . . ; z N ) =

N

(z z ) exp
1

4 l
z ; (14)

where m = 3 and z = z + iy i s the positi on of j -th parti cle in ( x ; y ) plane
expressed as a com plex numb er.

Some silent features of the Laughl in wa ve functi ons are as fol lows. D ue to
pro duct term s the wa ve functi on keeps electro ns apart and thus reduces thei r
Co ulomb energy maki ng thei r moti on highly correl ated. There exists a gap between
the ground state and exci ted states. The gap whi ch now app ears f or parti al ly Ùlled
La ndau levels is due to intera cti ons. The e˜ect of di sorder is presumabl y sim i lar
as in the IQHE. The di sorder wi l l local ize the quasiparti cles in the ta i ls of bands
al lowing f or a Ùnite wi dth of the platea us.
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Ti l l now there have been discovered more tha n 30 fracti onal Ha l l platea us,
and for m ost of them the appro pri ate wa ve functi ons can be deduced from Eq. (14).
Thi s wave functi on describes a new state of m atter | an incompressible quantum
l iqui d. The exci ta ti ons over i ts ground state carry a fracti onal electri c charge.
These are extended objects the properti es of whi ch are not related to the electron
pro perti es but are determ ined by the intera cti ons between electrons. In parti cul ar
the energy requi red to create the quasiparti cl e has been estim ated to be a fracti on
of the Co ulomb intera cti on energy e 2 = l of two electro ns being magneti c length
apart from each other. The experim ental search of fracti onal charge exci ta ti ons
started wi th the work of Cl ark and col laborato rs [21]. The m ost di rect observati ons
of these objects have been recentl y reported [22]. Note, however, tha t the fracti on
of the charge is di ˜erent from the Ùll ing factor ¡ as shown in recent exp erim ents [23]
whi ch m easure the charge 1

5
e on the Hal l plateaus wi th ¡ = 2 =5 .

4 . Su m m ar y

W e ha ve bri eÛy discussed the issues connected wi th the Ha l l e˜ects |
cl assic, quantum integ er, and f racti onal | pointi ng out thei r universa l aspects.
The classic Hal l e˜ect is m anif estly a uni versal phenom enon. The Hal l resisti vi ty
R H = B =qN s depends onl y on the charge of carri ers and thei r density per area. It
does not depend on the disorder or the sam ple shape. Even i f one punches holes in
a sam ple, the m easured parameters q and N s are the sam e. Thi s is not the case for
longi tudi na l resistivi ty whi ch depends on the im puri ties, thei r density , and other
deta i ls.

Thi s uni versa l character of the Hal l e˜ect has shown i ts ful l glory in the
preci sion of the von Kl i tzi ng e˜ect (i .e. the IQHE). D ue to a com plete freeze out
of the ki neti c energy of electro ns in the quanti zi ng m agneti c Ùeld the quantum
character of tra nsport shows up as a quanti zati on of the Ha l l resisti vi ty . The
increase in tem perature m asks quantum e˜ects and returns the classic behavi or of
resisti vi ty , i .e. i ts proporti onal i ty to the m agneti c Ùeld.

Each of the steps in FQHE signals form atio n of a new quantum l iqui d. Som e
of them are of parti cul ar interest as they do not show correl ati ons of the typ e
described by the La ughl in wa ve f uncti on.

The fracti onal charges have been di rectl y observed in shot noise experim ents.
These objects possessalso a f racti onal stati sti cs whi ch is related to topology of the
system [24]. The Ùeld theo ry of fracti onal charge and stati sti cs is a lovel y subj ect
intensi vel y studi ed on various levels [25]. The to pological aspect are very importa nt
in the understa ndi ng of the e˜ect and the to pology of the system s seems to play
an interesti ng role as i t has been shown in recent experim ents in whi ch a new
col lecti ve state, shari ng som e simi lariti es to ferrom agneti sm, Bose condensati on,
superÛui di ty and the Josephson e˜ect and resulti ng from the pha se coherence in
bi layer system, has been discovered [26].
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The readers interested in other aspects of these wonderf ul e˜ects are advi sed
to consul t ori ginal l i tera ture or one of the books on the subj ect [27].
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