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PAC S numb ers: 71.10.Pm, 74.25.Dw

1. I n t rod uct io n

At integ er Ùll ing factors and under quantum Ha l l condi ti ons the resistance
of a 2-dim ensional electron gas (2D EG ) is vani shing ly smal l and intui ti vely the
electri cal pro perti es resemble tho se of a superconducto r. The analogy wi th super-
conducti vi ty is rather naive and not wi tho ut probl ems; pri ncipa l ly no Mei ssner
e˜ect is observed and the resisti vi ty is exponenti al ly smal l ra ther tha n zero. Nev-
erthel ess, som e theo reti cal works exist l inki ng the fracti onal quantum Ha l l e˜ect
(F QHE) to superconducti vi ty [1{ 4]. Theo ry l inki ng the integ er quantum Ha l l ef-
fect (IQHE) to superconducti vi ty is more scarce. It has been suggested tha t the
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backscatteri ng between edge states at breakdown is equivalent to the weak l ink
in a Josephson juncti on, so tha t in su£ cientl y narrow quantum Ha l l system s i t
should be possibl e to observe Josephson typ eoscillati ons in the IQHE regim e[5, 6].

In the quantum Hal l regim e the \ dissipati onless" conducta nce can be de-
stro yed by ei ther appl yi ng a su£ cientl y large current or changing the m agneti c
Ùeld so as to move away from integer Ùll ing factor. The breakdo wn of the IQHE
has attra cted consi derabl e exp erimenta l and theo reti cal interest [7{ 17]. W hi le the
exact m echani sm for the breakdo wn rem ains contro versial , wha t is clear is tha t
the breakdo wn is dri ven by the largest electri c Ùeld present in the system , nam ely
the electri c Ùeld resul ti ng from the Ha l l vo l tage V H = I h =¡ e 2 for a current I at
integ er Ùll ing factor ¡ .

In thi s paper, rather tha n focusing on the micro scopic model, we show tha t i t
is possible to map out a phase diagram (cri ti cal current or cri ti cal magneti c Ùeld
versus tem perature) for the breakdown of the QHE. W e Ùrst revi ew our earl ier
wo rk [18] for even integer Ùll ing facto rs where we show tha t the measured phase
di agram bears a stri ki ng resemblance to the phase diagram for the coercive Ùeld
in a superconduc to r. In addi ti on, the phase diagram s for di ˜erent Ùlling factors
are al l related by a rem ark ably sim ple scal ing law. Thi s work is then extended to
incl ude odd and fracti onal Ùll ing factors.

The sampl es investigated here are modul ati on doped heteroj uncti ons or sin-
gle quantum wells grown by m olecul ar beam epi ta xy. Hal l bars were patterned to
have a wi dth d = 2 5 0 ñ m wi th 7 5 0 ñ m between vol ta ge pro bes. For the m easure-
m ents the sampl e was m ounted in vari abl e tem perature insert or di rectl y in the
m ixi ng chamber of a di luti on refri gerato r. The m agneti c Ùeld was generated using
ei ther a superconducti ng magnet (0{ 15 T) or one of the 20 MW resistive magnets
(0{ 28 T) at the Grenoble Hi gh Ma gneti c Fi eld Laborato ry.

2. Ev en Ùl l ing f act or s

In order to investigate even Ùll ing factors an 8.2 nm quantum well sampl e
wi th a mobi l it y of 11 m 2 V À 1 sÀ 1 and carri er density of 7 : 3 È 1 0 1 1 cm À 2 was used.
The hi gh carri er density gives access to a large num ber of even Ùll ing factors.
A typi cal m agnetoresistance tra ce measured at 2.0 K is shown in Fi g. 1a. The
cri ti cal current I c wa s determ ined by measuri ng four term inal I { V characteri stics
for m agneti c Ùelds at 10 mT interv als in such a way as to sweep thro ugh the
parti cul ar Ùll ing factor [18]. A plot of I c versus m agneti c Ùeld gives a slightl y
asym m etri c Gaussian (Fi g. 1b) wi th the maxi mum corresp ondi ng to the m agneti c
Ùeld f or whi ch ¡ i s integer. The cri ti cal current f or a given Ùll ing f actor is ta ken
to be the m axi mum of the Gaussian.

The temperature dependence of I c i s shown in Fi g. 2a. For a given Ùll ing
facto r I c has an alm ost constant value at low tem peratures before decreasing and
then vani shing at a cri ti cal tem perature T c . The tem perature dependence of I c i s
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Fig. 1. (a) Magnetoresistanc e measured at T = 2: 0 K for the 8.2 nm QW sample.

(b) Dep endence of the critical current on magnetic Ùeld in the vicini ty of ¡ = 4.

Fig. 2. (a) C ritical current ( I c) as a function of temp erature for even Ùlling factors for

the 8.2 nm QW sample. T he solid lines are calcula ted using Eq. (1) as describ ed in the

text. (b) I c (40 mK ) versus inverse Ùlling factor (1 =¡ ). T he solid line is a least squares

Ùt to the data.

rem ark ably simi lar to the phase di agram f or the coerci ve Ùeld of a sup erconduc-
to r (f or superconducto rs and are equivalent since the superconducti vi ty is
also quenched when the current is su£ ci ent to pro duce its own cri ti cal m agneti c
Ùeld). The sol id l ines are generated using an expression sim i lar to tha t for the
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phenom enological Gorter{ Casimir [19] two -Ûuid m odel for superconducti vi ty

I c ( T ; ¡ ) =
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where I c 0 = 314 ñ A and ¡ 0 = 3 0 are obta ined from the stra ight l ine Ùt to I c ( T ¤ 0 )

versus 1 =¡ shown in Fi g. 2b. The value of ¡ 0 has the physi cal signiÙcance tha t thi s
is the largest Ùll ing f actor for whi ch the conducti on is expected to be dissipati on-
less at zero temperature. From the m agneti c Ùeld at whi ch Shubni kov{ de Ha as
oscil lati ons are Ùrst observed thi s corresp onds to the condi ti on ! c § ¤ 2. The onl y
rem aining param eter T c0 = 31 K is found by Ùtti ng Eq. (1) to the tem perature
dependence of I c for the Ùlling f actor ¡ = 6 . The tem perature dependence of I c

can then be generated using Eq. (1) for the other Ùlling facto rs wi th no adj ustable
parameters. The agreement between the data and the m odel f or al l Ùll ing factors
is rem arkabl e and an equal ly good agreement has been found in al l sam ples. W e
note tha t the cri ti cal current and the cri ti cal temperature scale as the cycl otro n
energy (ñh! c / 1=¡ ).

It is interesti ng to com pare the observed scal ing wi th the predi cti ons of the
quasi-elasti c inter Landau level scatteri ng (QUILLS) model f or the breakdown [14].
Exp erim ental ly, the cri ti cal Hal l electri c Ùeld at T = 0 ,

F c = V H =d ¤

I 0

¡

h= e2

¡

1

d
/

1

¡ 2
:

In the QUILLS m odel breakdo wn occurs when quasi-elastic scatteri ng to lowest
uno ccupied Landau level can occur. The cri ti cal Hal l electri c Ùeld is estim ated
usi ng the classical turni ng points of the sim pl e harm onic oscil la tor states to be

F c =
ñh! c

e ‘ B

È
(¡ À 1 =2 ) 1 = 2 + ( ¡ + 1 =2 )1 = 2

Ê;

where ñh! c / 1 =¡ i s the cycl otro n energy and ‘ B = (ñh= e B ) 1 = 2
/ ¡ 1 = 2 i s the

m agneti c length. The predi cted scal ing

F c /

1

¡ 3 = 2
È

( ¡ À 1 =2 ) 1 = 2 + ( ¡ + 1 =2 ) 1 = 2

agrees wi th the observed scal ing ¤
1

¡
to wi thi n 1% for the Ùll ing factors inv esti -

gated.
W enow turn our attenti on to the temperature dependence of the wi dth of the

di ssipati onlessregions in the magneto resistance tra ces. Pursui ng the analogy wi th
the Gorter{ Casimir m odel , we wi l l try to m ap out a B c versus T phase diagram for
the di ˜erent Ùll ing factors. Ma gneto resistance tra ces were m easured at di ˜erent
tem peratures and wi th a small current ¤ 1 0 { 100 nA usi ng low frequency (10.7 Hz)
phase sensiti ve detecti on. B c is deÙned as the half wi dth of the di ssipati onl ess
region at each Ùll ing factor. Such a pha se diagram for even integ er Ùll ing factors
is shown in Fi g. 3a. At Ùrst sight the data points bear l i ttl e resemblance to the
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Gorter{ Casim ir phase diagram . Ho wever, as indi cated by the solid and dashed
l ines, i t is possible to decompose thi s phase diagram into a low temperature (L T)
and high tem perature (HT) phase. The HT phase can be Ùtted usi ng

B c ( T ; ¡ ) =

˚
B H T

c0

¡ 2
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B H T
c 0

¡ 2
0

Ç "

1 À

˚
T

T H T
c 0

=¡

Ç2
#

; (2)

where ¡ 0 = 3 0 (as before) and B H T
c 0 = 6 : 7 T and T H T

c0 = 5 4 K are determ ined by
Ùtti ng to the data for ¡ = 8 . The curves for al l the other Ùll ing factors (dashed
l ines in Fi g. 3a) are then generated using Eq. (2) wi th no adjusta ble param eters.
For ¡ = 8 , 10, 12 the agreement is good whi le for lower Ùll ing facto rs there is a
devi ati on wi th the data dippi ng below the predi cted curve for a substa nti al part
of the phase diagram.

Fig. 3. (a) Critical magnetic Ùeld (B c ) versus temp erature for the 8.2 nm QW sample.

Even Ùlling factors ( , 6, 8, 10, 12) are show n and reveal the existence of tw o phases.

T he dashed (H T phase), solid ( LT phase), and dotted (melting) lines are calcula ted using

Eqs. (2){(4), resp ectively . (b) 40 mK ) versus . The solid line is a least squares

Ùt to the data.

The LT phase in Fi g. 3a can be Ùtted using

B c ( T ; ¡ ) =
B L T

c0
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¡ 2
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2

; (3)

whi ch is identi cal to Eq. (2) except tha t Tc = T L T
c0 no longer scales as the cycl otro n

energy i .e. in the LT phase the cri ti cal tem perature is the same for al l Ùll ing
facto rs. In contra st to the behavi our of I c ( T ¤ 0 ) , for both the LT and HT phases,
B c ( T ¤ 0 ) scales as the cycl otro n energy squared (1 = ¡ 2 ) as shown in Fi g. 3b. From
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the slope B L T
c 0 = 1 3 :4 T. The sol id l ines in Fi g. 3a are generated by Ùtti ng to the

low tem perature ¡ = 4 data to determ ine T LT
c 0 = 1 : 6 K wi th ¡ 0 = 3 0 as before.

The cri ti cal m agneti c Ùeld B c i s determ ined sim ply by the numb er of local ised
states in the relevant Landau level (LL). It is easy to show tha t the norm alised
density of local ised states in the LL n loc =n L L = 2 ¡ B c =B F ( ¤ 2 0 % for ¡ = 4 at
T ¤ 0 wi th the funda m enta l Ùeld B F = 30:3 T). As B c / 1=¡ 2 thi s im pl ies tha t
the density of local ised states wi thi n a LL is proporti onal to the m agneti c Ùeld
( / 1 =¡ ). The cri ti cal current whi ch is determ ined wi th the Ferm i level centred
in the local ised states between LLs app ears to be insensiti ve to the exact num -
ber of delocal ised states since only one phase is observed. It is not clear why two
phases are observed for B c but thi s m ust be l inked to increased local isati on at
low temperatures. In the usual scal ing theo ry pi cture of the IQHE thi s increased
local isati on is interpreted as being due the quantum interf erence of coherent elec-
tro ns [20, 21]. The electro ns are consi dered to be local ised when the local isati on
length ¿( E ) ¿ j E À E Ê

j
À ñ i s larger tha n the e˜ecti ve sam ple size whi ch in general

is given by the phase coherence length L ¢ ¿ T À p= 2 . Here E Ê i s the energy at the
centre of the Landau level, ñ ¤ 2 : 3 4 i s uni versal and p = 1 in tw o di mensions.
Using scal ing theory a reasonabl e Ùt (not shown) to the low tem perature phase in
Fi g. 3a can be obta ined further supp orti ng the hyp othesi s coherence is responsible
for the observed increased local isati on at low temperatures.

W e noted above tha t for lower Ùll ing factors in Fi g. 3 the data di ps below
the high temperature Ùtti ng curve for a substa nti al part of the phase di agram.
A sim i lar devi ati on is observed in the phase diagram of high tem perature (HT c )
superconduct ors and is associated wi th the mel ti ng curve of the Abri kosov vo rtex
latti ce [22]. In the l iqui d phase, when a current is appl ied, the vorti ces are free
to m ove under the inÛuence of the Lorentz force whi ch leads to dissipati on and
the superconducti vi ty is quenched. In typ e II superconducto rs the cri ti cal Ùeld
can be enhanced by the addi ti on of im puri ties whi ch pi n the vo rti ces and prevent
Ûux j um ping whi le in the QHE disorder increases the numb er of localised states
and hence enhances B c . For the IQHE the \ melti ng" woul d corresp ond to a de-
local isati on of cyclotro n orbi t centres. It is theref ore natura l to m ake an analogy
wi th typ e I I sup erconducto rs and in parti cular HT c superconducto rs wi th weak
interl ayer coupl ing whi ch show a 2D behavi our. The m elti ng behavi our suggested
by the devi ati on of the data points from Eq. (2) can be Ùtted to the functi onal
form of the Abri kosov latti ce melti ng curve

B m ( T ; ¡ ) =

˚
B m

¡
À

B m

¡ 0

Ç ˚

1 À

T

Tm =¡

Ç 2

: (4)

A good Ùt for the lower ¡ values can be obta ined wi th B m = 1 : 6 T, ¡ 0 = 3 0

and Tm = 90 K. Here the 1 =¡ scal ing law has been determ ined empiri cal ly.
The predi cted m elti ng curves for ¡ = 8 , 10, 12 (no t shown) l ie above the usual
phase bounda ry and hence these Ùll ing factors are una˜ected. For ¡ = 6 , the
data fol lows the melti ng curve to join the HT pha se near T c whi le for ¡ = 4 ,
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the data dips below the m elti ng curve cl ose to the predi cted T c and app ears to
have a cri ti cal tem perature ¤ 2 K lower tha n expected. Thi s is sim i lar to the
Berezi nski i { Ko sterl i tz{ Tho uless (BKT) behavi our observed in 2D sup erconduc-
to rs [23{ 25] due to intri nsic vo rtex{ anti vortex exci ta ti ons whi ch destro y the to po-
logical order and lead to a cri ti cal tem perature T B KT whi ch is typi cal ly ¤ 1 K
smal ler tha n T c . Al tho ugh the com parison of the HT c and QHE pha se diagram s is
cl earl y intri gui ng such an interpreta ti on of our data would neverthel essbe highl y
speculati ve.

3. Od d Ùl l in g fact or s

A system ati c investigati on of odd Ùll ing factors in the 8.2 nm quantum well
sam ple is not possible due to the l im ited numb er of odd Ùll ing factors whi ch
are di ssipati onless and in the avail able magneti c Ùeld range. For thi s reason a
hetero juncti on sam ple(carri er density 1 : 3 È 1 0 1 1 cm À 2 and m obi li t y 50 m2 V À 1 sÀ 1 )
wa s chosen to investigate odd Ùll ing factors. The num ber of Ùll ing factors whi ch are
di ssipati onless( ¡ = 1 , 3, 5) is l imi ted due to the cri ti cal col lapse of spi n spli tti ng
[26, 27]. The scal ing for odd Ùll ing factors is compl icated by the m any-body nature
of the spin gap whi ch is in general dom inated by the exchange energy [28, 29]. W e
dem onstra te tha t the data for odd Ùll ing factors can be Ùtted reasonabl y well wi th
the phenom enological model developed for the even Ùll ing factors pro vi ded thi s is
m odi Ùed to ta ke into account the m any-b ody nature of the gap.

Fig. 4. T ypical magnetoresistan ce traces for the n = 1 :3 È cm hetero j unction

sample measured at temp eratures 0.05{1. 1 K .

Typi cal magneto resistance tra cesm easured for temperatures between 50 mK
and 1.1 K are shown in Fi g. 4. The pha se di agrams for the breakdown are deter-
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m ined as for the even Ùll ing factors. The tem perature dependence of the cri ti cal
current, I c , is shown in Fi g. 5a for Ùll ing factors ¡ = 1 , 3, 5. For a given Ùll -
ing factor I c has a constant value at low temperatures before decreasing rapidl y
and then vani shing at a cri ti cal temperature T c . In contra st to the case for even
Ùll ing factors i t is not possibl e to Ùt thi s dependence wi th the phenomenologi -
cal Gorter{ Casim ir [19] two- Ûuid model for superconducti vi ty . Instea d a m odi Ùed
form wi th a T 4 power dependence is requi red to correctl y Ùt the rapid decrease as
T c is appro ached

I c ( T ; ¡ ) =

˚
I c 0
p

¡
À

I c 0
p

¡ 0

Ç "

1 À

˚
T

Tc 0 =
p

¡

Ç
4
#

; (5)

where I c0 = 4 9 : 2 ñ A and ¡ 0 = 5 : 1 are obta ined from the stra ight l ine Ùt to
I c ( T ¤ 0 ) versus 1 =

p

¡ shown in Fi g. 5b. As for the even Ùll ing factors the value of
¡ 0 has the physi cal signi Ùcance tha t Ùlling factors larger tha n ¡ 0 are not expected
to be dissipati onless at zero tem perature. The scal ing (1 =

p

¡ ) between di ˜erent
Ùll ing facto rs in Eq. (5) has also been modiÙedto ta ke into account the many-body
nature of the spi n gap. For even Ùll ing factors the cri ti cal current and cri ti cal
tem perature scales as the cycl otro n gap, i .e. 1/ ¡ . Assum ing tha t the spin gap
is dom inated by the exchange energy the spin gap should scale roughl y as the
Co ulomb energy e 2 ="‘ B / 1 =

p

¡ (here ‘ B =
p

ñh= eB i s the m agneti c length). The
rem aining parameter T c0 = 1 :4 3 K is found by Ùtti ng Eq. (5) to the tem perature
dependence of I c for the Ùlling f actor ¡ = 1 . The tem perature dependence of I c

can then be generated using Eq. (5) for the other Ùlling facto rs wi th no adj ustable

Fig. 5. (a) Critical current as a function of temp erature for the cm

heteroj unction sample. T he dissip atio nl ess odd Ùllin g factors , 3, 5 are show n. T he

dotted lines are Ùts generated using Eq. (5) as describ ed in the text. (b) versus

, the solid line is a least squares Ùt to the data points.
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parameters (do tted lines in Fi g. 5a). The agreement between the data and the
m odel for al l Ùll ing factors is reasonably good. W hi le i t is possibl e to obta in a
reasonable Ùt to I c ( T ¤ 0 ) assuming a 1 =¡ dependence of the gap the cri ti cal
tem perature can onl y be Ùtted by assuming a 1 =

p

¡ behavi our.
The reason for the T 4 dependence is lessevident. In the QUILLS m odel [14],

the breakdown of the IQHE breakdo wn occurs when the Ha l l vol ta ge is su£ cientl y
large to al ign states of the ful l and empty Landau levels in the vi cini ty of the Fermi
energy over a spati al distance for whi ch there is signiÙcant overl ap of the wa ve
functi ons. Breakdo wn then occurs vi a quasi-elastic scatteri ng processes between
the La ndau levels. The Ha l l vo lta ge is proporti onal to the current and thus the
cri ti cal current is exp ected to scale as the gap. Thi s suggests tha t the rapi d decrease
in I c (T 4 dependence) m ight be due to a col lapse of the exchange enhanced spin
gap wi th increasing tem perature. W hi le thi s interpreta ti on is speculati ve, we stress
tha t al l sam ples studi ed show the same T 4 behavi our for the cri ti cal current at
odd Ùll ing factors.

W e now turn our attenti on to the tem perature dependence of the wi dth
of the di ssipati onless regions in the m agnetoresistance tra ces. The m easurem ents
(Fi g. 4) were perform ed wi th a smal l current ¤ 1 0 { 100 nA usi ng low frequency
(10.7 Hz) phase sensiti ve detecti on. The tem perature dependence of B c f or odd
integ er Ùlling factors is shown in Fi g. 6a. The phase diagram is very sim i lar to
tha t for even Ùll ing f actors. No ta bly, two phases are observed: a HT phase wi th a

Fig. 6. (a) Critical magnetic Ùeld B c as a function of temp erature for the n =

1 : 3 È cm heteroj unction sample. T he dotted and dashed lines are Ùts gener-

ated using Eq. (6) and Eq. (7) as describ ed in the text. (b) versus , the

solid lines are a least squares Ùt to the data points plotted with and .
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cri ti cal tem perature whi ch scales as 1 =
p

¡ and a LT phase whi ch by analogy wi th
even Ùlling factors is exp ected to have a T c whi ch is independent of Ùlling factor.
In contra st to the cri ti cal current the tem perature dependence is wel l Ùtted by a
conventio nal [ (1 À ( T =T c )2 ] Gorter{ Casimir phenom enological m odel (do tted and
dashed l ines in Fi g. 6a).

B c i s a di rect m easure of the numb er of local ised states (n lo c = 2 ¡ B c =` 0 )
between spi n Landau levels whi ch shoul d be independent of the gap in the high
Ùeld l im it in whi ch spin La ndau level mixing can be neglected. It is not possibl e to
unam biguously determ ine the correct scaling of B c ( T ¤ 0 ) as can be seen in Fi g. 6b
in whi ch 1 =¡ and 1 =¡ 3 = 2 dependence give equal ly good Ùts. B c (T ¤ 0 ) / 1 =¡ woul d
im ply tha t n lo c was independent of Ùll ing factor (or gap). On the other hand,
B c ( T ¤ 0 ) / 1 =¡ 3 = 2 wo uld im ply tha t n lo c / 1 =

p

¡ scales as the spin gap whi ch
wo uld im pl y a constant (energy independent) background of local ised states. For
even Ùll ing factors n lo c / 1 = ¡ can be interpreted as scal ing as the cycl otro n energy
(i .e. a constant background of local ised states) or as scal ing wi th the numb er of
the La ndau levels (i .e. the local ised states at B = 0 col lapse onto ¡ La ndau levels
in a m agneti c Ùeld). The dotted and dashed l ines in Fi g. 6a are generated using

B c ( T ; ¡ ) =

˚
B H T

c0

¡ ˜
À

B H T
c 0

¡ ˜
0

Ç "
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˚
T
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p

¡
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#

(6)

and

B c ( T ; ¡ ) =

˚
B LT

c 0

¡ ˜
À

B LT
c 0

¡ ˜
0

Ç "

1 À

˚
T

T L T
c0

2

(7)

for the HT and LT pha ses,respectivel y, wi th ˜ = 3 =2 altho ugh ˜ = 1 woul d give an
equal ly good Ùt but wi th slightly di ˜erent parameters. Cl earl y, further m easure-
m ents on hi gh density and high m obi li t y sampl es in order to have accessto a large
num ber of odd Ùlling factors are requi red in order to determ ine unam biguously
the correct scal ing law.

For the inv estigati on of fracti onal Ùll ing factors a hi gh m obi lit y hetero junc-
ti on sam ple (carri er density 1 : 6 È 1 0 1 1 cm 2 and m obi l it y 500 m 2 V 1 s 1 ) was
used. Ma gneto resistance tra ces m easured for tem peratures between 50 m K and
1 K are shown in Fi g. 7. W hi le mini ma in the resistance are cl earl y observed for a
large numb er of fracti onal occupanci es only Ùll ing factors 1/ 3, 2/ 3, and 2/ 5 show
di ssipati onless conducti on. The gap for fracti onal Ùll ing factors is appro xi matel y
two orders of magnitude smaller tha n the cycl otro n gap for even Ùll ing facto rs so
tha t the cri ti cal current for the fracti onal sta tes wa s to o small to allow a system ati c
study .

W e theref ore concentra ted on measuri ng the phase di agram for the cri ti cal
m agneti c Ùeld whi ch is shown in Fi g. 8. Once again it is possible to decom pose the
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Fig. 7. T ypical magnetoresistan ce traces for the n = 1 :6 È 10
11 cm À 2 heteroj unction

sample measured at temp eratures 0.05{1. 0 K .

phase diagram into a low and hi gh tem perature phase (as indi cated by the dashed
and dotted l ines) al tho ugh the tra nsi ti on to the low tem perature phase occurs
at ¤ 1 5 0 m K appro xi matel y an order of m agnitude smal ler tha n the tra nsi ti on
tem perature for integ er Ùll ing facto rs. D ue to the non- tri vi al dependence of the
fracti onal gaps on Ùlling factor no simpl e scal ing law between di ˜erent fracti onal
Ùll ing factors is expected. From an experim enta l point of vi ew the l im ited num ber
of dissipati onl ess fracti ons does not al low to determ ine i f a sim ple scal ing law
exi sts.

For integ er Ùll ing factors the low tem perature phase can be interpreted us-
ing scaling theo ry in whi ch the increased local isati on at low temperatures is a
resul t of the quantum interf erence of electrons [20, 21]. Such an e˜ect requi res
phase coherence, whi ch is responsibl e for a numb er of wel l -known e˜ects such as
weak local isati on, Aha ronov{ Bohm oscillati ons or uni versal conducta nce Ûuctua -
ti ons. In the currentl y accepted picture f or the FQHE [30], the f racti onal states
can be understo od as the IQHE of composite ferm ions (an electron wi th two Ùcti-
ti ous Ûux quanta atta ched). In a m ean Ùeld appro xi m ati on the com posite ferm ions
m ove in a zero e˜ecti ve m agneti c Ùeld at Ùll ing facto r ¡ = 1 =2 . However, Ûuctua -
ti ons in the electron density give ri se to Ûuctua ti ons in the e˜ecti ve m agneti c Ùeld
whi ch are su£ ci ent to destroy ti m e reversal sym metry and thus suppress weak
local isati on. Aha ronov{ Bohm oscil lati ons do not requi re ti m e reversa l sym m etry
and as such should be m ore resistant to magneti c Ùeld Ûuctua ti ons. Neverthel ess,
Aha ronov{ Bohm oscil lati ons are not observed for com posite ferm ions [31]. The
observati on of a low tem perature phase for the fracti onal Ùll ing factors is theref ore
surpri sing and if interpreted as being due to quantum interf erence thi s woul d be
to the best of our knowl edge the Ùrst observati on of a physi cal e˜ect related to
coherence for com posite ferm ions.
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Fig. 8. C ritical magnetic Ùeld B c as a function of temp erature for di˜erent fractions

for the n = 1: 6 È 10
11 cmÀ 2 heteroj unction sample. The dotted and dashed lines are

guides to the eye generated using a Gorter{C asimir typ e expression.

5. D iscu ssion an d co ncl usion

The analogy between the dissipati onlessconducta nce in the fracti onal quan-
tum Ha l l e˜ect and superconduc ti vi ty has been discussed in a num ber of theo -
reti cal papers [1{ 3]. Gi rvi n and Ma cDonald [1] proposed an e˜ecti ve-Ùeld- theory
m odel analogous to the Landau{ Ginzburg theo ry of superconduc ti vi ty in whi ch
the FQHE can be vi ewed as a superconducti ng state of com posite bosons. Aro nov
and Mi rl in [4] dem onstra ted tha t the low temperature conducti vi ty of such an
ani on gas in the presence of impuri ty scatteri ng rem ains Ùnite but tends exp onen-
ti al ly to wards zero wi th decreasing temperature. A gauge tra nsform ati on to f orm
composite bosons and associated ani on superconducti vi ty would seem irrel evant
for the sing le electron descripti on whi ch wo rks so wel l for the IQHE. The sim i lari t y
between the pha se di agrams m ust have i ts ori gins in the sim i larit y of the Ha mi l -
to ni ans: the vo rtex term in the Ham i l tonia n of a 2D superconducto r is identi cal
to tha t of the Coulomb gas in two dim ensions [22].

In concl usion, the phase diagram for the breakdo wn of the IQHE is well
described phenom enologically by the equati ons of the two- Ûuid m odel for super-
conducti vi ty . The phase diagram for the cri ti cal current can be well Ùtted by the
Gorter{ Casim ir two -Ûuid m odel for typ eI superconducto rs. The phase diagram for
the cri ti cal m agneti c Ùeld is more com pl icated and is stri ki ngly simi lar to the phase
di agram for the coerci ve Ùeld in typ e I I superconducto rs. The observed \ m elti ng"
behavi our for the cri ti cal m agneti c Ùeld is intri guing and seems to be l inked to
di ssipati on induced by passing current thro ugh the sam pl e. Recent elasti c tun-
nel l ing m easurements on hi gh tem perature superconduct ors cl earl y dem onstra te
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tha t when a \ dissipati onless" measuri ng techni que is used the m elti ng behavi our
is not observed [32, 33].

For even Ùll ing facto rs a rem ark ably sim pl e scal ing law between di ˜erent
Ùll ing f actors is observed. Thi s scal ing law is m odi Ùed f or odd Ùll ing facto rs due
to the m any- body nature of the spi n gap. Al l Ùll ing factors (even, odd, and frac-
ti onal ) show a low tem perature phase whi ch is due to increased local isati on. Thi s
is interpreted wi thi n the fram ework of the scal ing theo ry of the QHE as being due
to quantum interf erence of coherent electrons. If thi s interpreta ti on is also correct
for the fracti onal Ùll ing factors thi s is possibl y the Ùrst observati on of coherence
for composite fermions. The sim ilari ty between the HT c and QHE phase di agrams
is a stri ki ng one. Cl early many questi ons rem ain to be answered.
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