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A r ev iew of recent theoretic al studies on a single-electron tunnelin g in
quantu m dots is presented . This e˜ect underlie s the transp ort spectroscop y
p erformed on the vertical gated quantum dots and the capacitance spec-

troscopy on the self-assembled quantum dots. The condition s of the single-
-electron tunnelin g are formulated in terms of electro chemical potentials of
the electrons in the leads and in the quantum dot. T he electro chemical po-
tentials for the electrons conÙned in the quantum dots can be calcula ted

by solving the many- electron Schr�odinger equation. T he results obtained
by the H artree { Fock metho d are presented. For the vertical gated quan-
tum dot , the realisti c conÙnement potential is obtained from the Poisson

equation. The applicati on of the self- consistent pro cedure to the solution of
the Poisson- Schr�odinger problem is discussed. T he calculated position s of
the current p eaks at zero bias and b oundari es of the C oulomb diamonds
for non- zero bias are in good agreement w ith exp eriment. T he inÛuence of

an external magnetic Ùeld on the single- electron tunneling is also discussed.
T he spin- orbi tal conÙgurati ons of the electrons conÙned in the quantum
dots change w ith the magnetic Ùeld, w hich leads to features observed in the

current{voltage and capacitance{voltag e characteristics.

PACS numb ers: 73.22. {f , 73.63. {b

1. I n t rod uct io n

Excess electrons conÙned in quantu m dots (QDs) form atom ic-l ike states
wi th discrete energy levels. The QD wi th the conÙned electrons can be trea ted
as an arti Ùcial ato m [1]. The potenti al tha t bounds electrons in the QD (conÙne-
m ent potenti al ) is created by the band o˜sets at the interf aces of the QD and the
externa l electri c Ùelds appl ied. Thi s al lows for a modell ing of the electron energy
spectrum of the arti Ùcial ato ms. The energy levels of the arti Ùcia l ato ms can be
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detected in single-electron tunnel ing processes tha t form a basis of new spectro-
scopic to ols: tra nsport spectro scopy [2] and capacita nce spectroscopy [3]. In the
tra nsport spectro scopy, the single-electro n tunnel ing currents vi a the nanodevi ce
are observed [4], whi le in the capaci tance spectroscopy, the sing le-electro n charg ing
of QD s is detected as the changes of the di ˜erenti al capacita nce [3]. Recentl y, the
evi dence has been found for the hi gher-order tunnel ing, the so-cal led cotunnel ing,
in verti cal gated QD s [5]. The tra nsp ort experim ents are usual ly perf orm ed on
gated QD s [6, 7], i .e. three- term inal nanodevi ces wi th the gate electro de, whi ch al -
lows us to contro l the tunnel ing current. The experim ents of T arucha et al . [6]
pro vi de the beauti ful evi dence of the shell Ùll ing in the arti Ùcial ato m s. The
capacita nce-spect roscopy measurements were done on self-assembl ed QD s [3, 8]
in a m agneti c Ùeld. These measurements [8] also yi elded inform ati on about the
electronic spectrum of the QD s.

In the present paper, we discuss theoreti cal metho ds appl ied to a descrip-
ti on of the tra nsport spectroscopy on the verti cal gated QD s [6, 7] and capaci tance
spectroscopy on the self-assembled QD s [8]. In spite of the facts tha t the verti -
cal gated and self-assembled QD s are fabri cated by di ˜erent nanotechnologies and
the current and capaci tance m easurements are perform ed in di ˜erent exp erimenta l
setups [6, 8], they have the fol lowing com mon features: (i ) the sing le-electro n tun-
nel ing is the basic physi cal pro cess underl yi ng the tra nsport and capacita nce spec-
tro scopy , whi ch al lows us to determ ine the spectra of the arti Ùcial ato ms form ed
in both the typ es of QD s; (i i ) the condi ti ons for the observati on of current and
capacita nce peaks as functi ons of the gate vol ta ge are determ ined by the energeti c
balance between the electrochemical potenti als of the electrons in the leads and the
electrons conÙned in the QD s; (i i i ) both the typ es of the QD s possessthe cyl indri -
cal ro ta ti onal sym metry (thi s symm etry is almost perfect for the verti cal gated QD
and is a fai rl y good appro xi mati on of the shape of the self-assembled QD ); (i v) the
arti Ùcial -ato m states form ed in both the typ es of the QD s can be described by the
Ha rtree { Fock m etho d wi th the su£ cient accuracy. In the present paper, we wi l l
expl oi t these com m on features to discussthe theo ry of the sing le-electro n tra nsport
thro ugh the gated QD s [6] and the single-electron charg ing of the self-assembled
QD s [8].

In the m ajorit y of theoreti cal papers [9{ 13], a two -dim ensional m odel of
the verti cal gated QD was used wi th a parabolic conÙnement potenti al assumed.
Thi s m odel pro vi des onl y a qual i tati ve descripti on of the experim ents [6, 7]. The
theo reti cal m etho ds [14{ 16], presented in thi s arti cle, are ful ly three- dim ensional
and appl y m ore real istic conÙnement potenti als. In parti cul ar, for the verti cal
gated QD we wi l l discuss the soluti ons of the Poisson{ Schr�odinger probl em for
the enti re nanodevi ce and show how they al low us to obta in the electro n energy
spectrum of the QD s in good agreement wi th experim ent. W e wi l l also discuss the
e˜ect of an externa l m agneti c Ùeld on the energy spectrum of QD s.



Transpor t and Capacit ance Spect roscopy . . . 147

The present paper is organized as fol lows: in Sec. 2 condi ti ons of the sin-
gle-electron tunnel ing are form ulated; in Sec. 3 the probl em of accuracy of the
Ha rtree{ Fock m etho d is bri eÛy di scussed; in Sec. 4 the self-consi stent procedure
of the soluti on to the Poisson{ Schr�odinger probl em is presented for the verti cal
gated QD ; the computa ti onal resul ts for the gated QD s are given in Sec. 5; in
Sec. 6 the inÛuence of the externa l m agneti c Ùeld is discussed f or both the gated
and self-assembled QD s; in Sec. 7 we di scussthe resul ts of other theo reti cal m eth-
ods; Sec. 8 conta ins concl usions, and Sec. 9 | a summary .

2. Co nd i t ions of si ng le-elect ro n t u nn elin g

In order to observe either the sing le-electron currents vi a the QD or the
change of the QD capacita nce, we have to atta ch the leads to the nanodevi ce.
The condi ti ons of the sing le-electron tunnel ing are determ ined wi th the help of
electrochemical potenti als of the electro ns in the leads and in the QD . The elec-
tro chemical potenti al of electro ns in electro de a of the nanodevi ce is deÙned as
fol lows:

ñ a = ñ 0
a

À e V a ; (1)

where ñ 0
a i s the chemical potenti al of electro ns in lead a and V a is the vol tag e

appl ied to a . For a m etal electro de at zero tem perature and zero vo l ta ge, the
chemical potenti al deÙnes the Fermi energy, i .e. F a = ñ 0

a
. The chemical potenti al

of the QD tha t bounds N excess electrons is deÙned as the energy needed to
increase the numb er of electrons by one, i .e.

ñ 0
Q D = ñ 0

N + 1
= E N +1 À E N ; (2)

where E N i s the ground- state energy of N electrons conÙned in the QD .
In the gated QD , i.e. the nanodevi ce wi th the source (s), dra in (d), and

gate (g) electro des atta ched, the single-electron tunnel ing from the source to
dra in thro ugh the QD is energeti cal ly al lowed i f the fol lowing inequal i ti es are
ful Ùlled [17, 18]:

ñ s Ñ ñ 0
N +1 Ñ ñ d ; (3)

where ñ s and ñ d are the electro chemical potenti als of the source and dra in, respec-
ti vel y. In the gated QD , the source (V s) and dra in (V d ) vol ta ges di rectl y determ ine
the corresp ondi ng electrochemical potenti als (cf . Eq. (1)), whi le the gate vol t-
age (V g) a˜ects the conÙnement potenti al, whi ch changes the energy levels of the
N -electron arti Ùcial ato m , i .e. the chemical potenti al . Thi s m eans tha t the gate
vo l tage has an indi rect, but essential inÛuence on the sing le-electron tunnel ing.
In thi s pro cess, the num ber of electrons bound in the QD changes as fol lows:
N À ! N + 1 À ! N . . . . Then, we speak about opening-up the t ransport wi ndow.
If F s = F d , then | accordi ng to condi ti on (3) | the single-electron tra nsp ort is
determ ined by the dra in{ source vol ta ge V ds = V d À V s . D ue to the weak inequal -
i ti es in condi ti on (3), the sing le-electro n tunnel ing current can Ûow even at zero
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bi as, i .e. at V ds = 0 . For the reverse bi as the electrons Ûow from the dra in to the
source. In thi s case, the signs of inequal i ti es in condi ti on (3) have to be opposite.
If condi ti on (3) is not fulÙlled, the num ber of electro ns bound in the QD rem ains
uncha nged and we speak about the quant um C oulom b blockade [15]. The quan-
tum Coulomb bl ockade results from the discreteness of the arti Ùcial-ato m energy
spectrum , whi ch originates from the space quanti zati on as well as the Coulom b
repul sion between the electrons.

The electrons conÙned in self-assembled QD s are usual ly studi ed by the
capacita nce spectroscopy [8]. The capacita nce spectro scopy is based on an appl i -
cati on of a superpositi on of a dc vo lta ge and small -ampl itude ac vo lta ge between
the to p and substra te conta cts [8]. The condi ti on for the sing le-electron tunnel ing
can be form ulated in term s of the electrochemical potenti als as f ol lows:

ñ b Ñ ñ N +1 ; (4)

where ñ b and ñ N +1 are the electrochemical potenti als of the substra te (back)
conta ct and ( N + 1 ) -electrons conÙned in the QD . Inequa l i ty (4) pro vi des the
condi ti on f or the single-electron tunnel ing from the substra te conta ct to the QD
tha t conta ins N excesselectrons. If the sign of inequal i ty (4) is opposite, the sing le
electron can jum p back from the QD to conta ct b. In the capacita nce spectro scopy,
the electrons do not reach the opposite (to p) conta ct. Thi s process, cal led the
sing le-electro n charg ing, leads to the oscil lati ons of the charge conÙned in the QD ,
i .e. the change of the di ˜erenti al capacita nce of the QD . These smal l changes of
the capacita nce can be detected by a high-resoluti on capacita nce bri dge [8].

3 . H ar t r ee{ F ock m et h od

The N -electron arti Ùcial ato m is a quantum -mechani cal system . Theref ore,
the ground- state energy of thi s system shoul d be calcul ated by the quantum -mecha-
ni cal m etho ds. Usual ly, the autho rs apply either the density- functi onal metho d
in the local density appro xi matio n (LD A) [10, 13, 19] or the Hartree{ Fock (HF)
m etho d [12, 20]. For few-electro n system s, the conÙgurati on intera cti on (CI) m eth-
od can be used [9, 11, 21] (cal led \ exact di agonalizatio n" ). In the LD A m etho d,
the electro n{ electro n correl ati on is incl uded in the local appro xi m ati on, whi le in
the HF m etho d the correl ati on is neglected. The CI metho d al lows for an incorpo-
rati on of the correl ati on vi a the coupl ing between al l al lowed electron conÙgura-
ti ons. In R ef. [22], the probl em of correlati on was studi ed for tw o-electro n system s
in QD s wi th the harm onic-oscil la tor conÙnement potenti als of both the spheri -
cal and cyl indri cal symm etry . It wa s shown [22] tha t | in smal l QD s | the HF
m etho d provi des rel iable results for the N -electro n ground state. Onl y in large
QD s, the HF results exhi bi t a few-percent relati ve error. For the QD s considered
in thi s paper the estim ated inaccuracy of the HF m etho d is about 1 m eV, whi ch
is less tha n the exp erimenta l uncerta inty [6{ 8].
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The HF equati ons were solved [14{ 16, 23] wi th the use of one-electro n wa ve
functi ons

ê ¡ ( r ) =
X

n

cn gn ( r ) (5)

expanded in the cyl indri cally- symm etri c Gaussian basis

g n ( r ) = x p n y qn exp[ À ˜ n ( x 2 + y 2 ) À Ù n z 2 ] ; (6)

where cn ; ˜ n , and Ùn are the variatio nal param eters, p n and q n are integ ers
(p n + q n ç 4 ). It was checked [22, 23] tha t basis (6) yi elds accurate resul ts for the
spheri cal [23] as well as cyl indri cal [14{ 16] QD s.

4. P oisson{ Schr �od in ger pr oblem for gat ed qu an tu m dot s

The tra nsp ort- spectro scopy exp eriments were perform ed on the verti cal gated
QD s [6]. The nanodevi ce [6] was m ade of the mul ti -layer GaAs/ Al 0 : 22Ga0 :78As =

In 0 :05Ga0 : 95As hetero struct ure, whi ch was etched to form a cyl indri cal pi l lar
(Fi g. 1a). The QD region wi thi n the InG aAs layer is deÙned by the tw o Al GaAs
barri ers tha t create the verti cal conÙnement, and the ring-shaped Schottky gate
tha t leads to the latera l conÙnement of the electrons. The nanodevi ce is term i-
nated by the dra in (to p) and source (substra te) electrodes. The real nanostruc-
ture is asymm etri c wi th respect to the inv ersion of the cyl inder axi s (cf . Fi g. 1a).
Neverthel ess, the experim enta l data [6, 7] are nearly perf ectly sym m etri c when re-
versing the polari ty of the bias. Theref ore, the (a lm ost) sym metri c model (Fi g. 1b)
of thi s nanostructure was appl ied in the papers [14, 15, 24]. The slightl y di ˜erent
wi dths of the Al GaAs barri ers are the only devi ati on from the inversion sym me-

Fig. 1. (a) Schematic of the vertical gated QD fabricated by Tarucha et al. [6] .

(b) Mo del nanostructure used in calculati ons [14, 15, 24] . Dotted line displays the cross

section of the cylindri cal surf ace, on w hich w e put the boundary condition s for the

Poisson equation. R and R is the inner and outer radius of this surf ace, resp ectively .
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try wi th respect to the cyl inder (z ) axi s. On each side (source and dra in) of the
nanostructure (Fi g. 1b), the n -GaAs layers are atta ched to the GaAs spacers. The
appl icati on of the m odel nanostructure wi th the layers expandi ng up to inÙnity
al lowed us to put the boundary condi ti ons for the Poisson equati on [14, 15, 24].

In the gated QD , the excesselectrons are conÙned by the conÙnement poten-
ti al being the sum of the doubl e-barri er verti cal-conÙnement potenti al , whi ch stem s
from the conducti on-band o˜sets, and the electrostati c potenti al ' 1 (r ) , whi ch is
responsibl e f or the latera l conÙnement of the electrons in the QD . Potenti al ' 1 ( r )

i s a soluti on of the Poisson equati on

r
2 ' 1 ( r ) = À %D ( r ) = " 0" s ; (7)

where %D ( r ) i s the space charge density ori ginati ng from the ioni zed donors in
the n -GaAs layers and " s i s the stati c dielectri c constant of GaAs [24]. In order
to determ ine the to ta l electrostati c Ùeld in the enti re nanodevi ce [6] we have to
ta ke into account the addi ti onal electrostati c potenti al ' 2 ( r ) , whi ch resul ts f rom
the presence of N excess electro ns in the QD . Since these electrons form the
arti Ùcial -ato m states, they exert outsi de the QD the electro stati c Ùeld wi th the
Ha rtree- typ e potenti al of the form

' 2 ( r ) = À

e

4 ¤ " 0 " s

NX

¡ =1

Z

d 3 r 0
j ê ¡ ( r 0 ) j

2

j r À r 0 j

; (8)

where the sum runs over al l the occupi ed one-electron states wi th wa ve functi ons
ê ¡ ( r ) . Theref ore, the to ta l electrostati c potenti al in the nanodevi ce is the sum

` t o t (r ) = ' 1 ( r ) + ' 2 (r ) : (9)

In Eq. (7), the space charge density is associated wi th the ioni zed donors.
At low tem perature, we can neglect the therm al ionizati on of the donors; then
the ioni zati on of the donors is only caused by the electrostati c Ùeld wi th potenti al
` to t ( r ) . In the nanodevi ce [6], the source and dra in Ohm ic conta cts are made of
the heavi ly doped n -GaAs lay ers. Theref ore, in each part of the nanodevi ce, the
donor energy level is al igned wi th the electro chemical potenti al o f the source (ñ s )
and dra in (ñ d ). In the n -GaAs layer, the ionizati on of the donor center at positi on
r occurs i f the to ta l potenti al energy of the electro n

U to t ( r ) = À e` to t ( r ) (10)

exceeds the energy of the electron bound to the donor center, i .e. the corresp ond-
ing electrochemical potenti al . Thi s leads to the fol lowing donor ionizati on condi -
ti on [24]:

U to t ( r ) > ñ s( d ) (11)

for the source (s) and dra in (d) side of the nanodevi ce. Condi ti on (11) al lows us
to determ ine the space charge density as fol lows: i f condi ti on (11) is ful Ùlled, then
%D ( r ) = en D ( r ), and %D ( r ) = 0 otherwi se. Here, we assume the donor concentra -
ti on n D ( r ) to be homogeneous in each n -GaAs layer.
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The bounda ry condi ti ons for Poisson equati on (7) are put on to ta l potenti al
(9) [14, 15, 24] and the boundary values of potenti al ' 1 are calcul ated from Eq. (9).
For the source and dra in Ohm ic conta cts [6] the corresp ondi ng boundary condi ti ons
have the fo llowi ng form :

` to t (r s ( d ) ) = V s( d ) ; (12)

provi ded we ta ke on the com mon Ferm i energy of the leads (F s = F d = F ) as the
ref erence energy, i .e. F = 0 . The m etal gate adheres to the undo ped semiconducto r
layers; theref ore, we have to ta ke into account the Schottky barri er of height ¢ B ,
whi ch leads to the fol lowi ng bounda ry condi ti on at the gate surface:

` to t (r g ) = V g À ¢ B =e; (13)

where Vg i s the gate vol ta ge.
The num erical soluti on to Poisson equati on (7) in the cyl indri cal coordi nates

(£; z ) for the m odel nanostructure (Fi g. 1b) yi elds the values of potenti al ' 1 on
the mesh, i .e. ' 1 ( £ i ; z j ) . The to ta l conÙnement potenti al is the sum of ' 1 and
the doubl e-barri er potenti al wi th the thi n potenti al well , whi ch determ ines the
extensi on of the QD in the verti cal (z ) di recti on. Since potenti al ' 1 ( £; z ) very
weakl y changes wi th z wi thi n the QD , i t can be appro xi mated [14, 24] by i ts
values at z = 0 . For the further appl icati on in the HF metho d, i t is conveni ent
to adjust an analyti cal form ula to num erical soluti ons ' 1 ( £ i ; 0 ). It was found [14]
tha t the six- order polyno m ial

f' 1 ( £ ) =

3X

k =0

vk £ 2 k (14)

pro vi des the accurate Ùt requi red.
The calculated conÙnement potenti al energy U 1 = À e' 1 of the electron is

depi cted in Fi gs. 2 and 3. Fi gure 2 shows the resul ts for N = 1 2 electrons conÙned
in the QD , Vds = 0 , and V g = À 1 V. Six- order polynom ia l (14) (sol id curve) has
been adj usted to the num erical soluti ons (f ul l circl es) in the interv al 0 ç £ ç R ,
where R i s the inner radi us of the gate. The dashed curve shows the parabol ic
Ùt to the num erical soluti ons. Thi s Ùt is val id below the Ferm i level (sol id hor-
izonta l stra ight l ine in Fi g. 2). The charge density of the electro ns conÙned in
the QD is shown by the thi n sol id curve. W e note tha t the latera l conÙnement
potenti al energy U 1 ( £ ) can be fai rl y well appro xi ma ted by the parabola below
the Ferm i level, i .e. in thi s reg ion of the QD , in whi ch the electrons are local -
ized. The non-parabol ic correcti ons start to play a ro le near and above the Fermi
energy. Ho wever, the incorporati on of the non-parabol icity of the latera l conÙne-
m ent potenti al is importa nt for the accurate quanti ta tiv e descripti on [14, 24] of
the tra nsport- spectroscopy data [6, 7]. The properti es of the one- and two -electro n
energy spectra in the non-parabol ic (G aussian) conÙnement potenti al were studi ed
in R ef. [25].
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Fig. 2. Potential energy U 1 = À e' 1 (dots | numerical solution s of the Poisson equa-

tion, solid curve | Ùtted six- order polynomia l, dashed curve | parab ola Ùtted to the

numerical solutions below the Fermi energy) and charge density (thin solid curve) for

12 electrons conÙned in the QD as functions of cylindri cal coordinate £ . Solid horizontal

line corresp onds to the Fermi energy . T he curves are plotted for V g = À 1 V and .

Fig. 3. Quasi- three- dimen sional plot of the potential energy in the nano de-

vice of Tarucha et al. [6]. and are the cylind rical coordinates.

In Fi g. 3 the quasi- three- dim ensional proÙle of the potenti al energy
is displayed for the enti re nanodevi ce. The conÙned electrons are local ized in the
centra l region of the nanodevi ce, i .e. near and . W e note tha t potenti al
energy is stro ngly dependent on the gate vol ta ge and num ber of electrons
conÙned in the QD [14, 24].
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5. Th eor et i cal int erp ret at io n of t r an spor t sp ect r osco py r esul t s
for cyl in dr ical gat ed qu an t u m d ot s

The soluti ons of Poisson equati on (7) pro vi de the real isti c conÙnement po-
tenti al , whi ch to gether wi th the doubl e-barri er potenti al was used [14, 15, 24] in
the HF m etho d as an externa l potenti al in order to calcul ate the ground- state
energy (E N ) for N electro ns bound in the QD . Since the relevant quanti ti es, i .e.
potenti al ' 1 and one-electron wa ve functi ons ê ¡ , are coupl ed thro ugh Eqs. (8) and
(9), the Poisson and Hartree{ Fock equati ons have to be solved by a self-consistent
pro cedure [14, 24]. As a result, we obta in [14, 24] the chemical potenti al for the
N -electron arti Ùcial ato m as a functi on of the gate vol ta ge (Fi g. 4). In Fi g. 4 the

Fig. 4. C alculated chemical potential ñ N as a function of the gate voltage and num-

b er N of QD- conÙned electrons for V d s = 0. T hin vertical lines mark the positio ns of the

single- electron tunneling current p eaks measured [6] at V . The zero on the energy

scale is set at the common source{drai n Fermi level (horizontal line).

zero on the energy scale corresponds to the com m on Ferm i energy of the source and
dra in (F = F = F ). For V = 0 the single-electron tunnel ing occurs if ñ 0

N +1
= F

(cf . condi ti on (3)). Theref ore, in Fi g. 4 the cro ssing points of the chemical-potentia l
pl ots wi th the abscissa determ ine the positi ons of the tunnel ing-current peaks [6]
on the gate- vol ta ge scale. In Fi g. 4 the thi n verti cal l ines mark the positi ons of
the current peaks m easured by T arucha et al . [6] at V 0 . The agreement be-
tween the theo reti cal [14, 24] and exp erimenta l results [6] is very good. Each peak
of current results from the tunnel ing of the sing le electrons vi a the QD , whi le
the lack of current (i nterv als between the peaks) corresp onds to the Ùxed num -
ber of the electrons conÙned in the QD , i .e. the quantum Co ulomb blockade [15].
The spacings between the current peaks are not equal to each other, whi ch is a
quantum -mechanica l e˜ect, caused by the Ùll ing of the subsequent electro nic shells
of the arti Ùcial ato m s.

Ko uwenho ven et al . [7] also reported the m easurem ents of the di ˜erenti al
conducta nce of the nanodevi ce as a functi on of the dra in{ source vo l ta ge and
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Fig. 5. Stability diagram w ith C oulomb diamonds on the gate voltage{drain{sou rce

voltage plane. Shaded (w hite) areas corresp ond to non-zero (zero) di˜erential conduc-

tance [7]. Solid curves show the calculated [14, 24] boundari es of the single- electro n

tunneli ng via the N -electron ground state, dashed curves show these boundari es for the

Ùrst excited state of the 8-electron artiÙcial atom. I n white, diamond- shap ed regions,

the numb er of electrons conÙned in the QD is Ùxed and equal to N .

gate vo l ta ge and obta ined the stabi l ity diagram wi th the di amond- shaped regions,
whi ch are the signatures of the quantum Coul omb blockade. In Fi g. 5 the whi te
(sha ded) areas correspond to the zero (non-zero) conducta nce, determ ined in the
exp eriment [7]. The boundari es of the Coulomb diam onds, calculated accordi ng
to condi ti on (3), are shown by solid l ines. The curves of the positi ve and neg-
ati ve slope result from the condi ti on: ñ 0

N +1
= ñ s and ñ 0

N +1
= ñ d , respectively.

In Fi g. 5 the sol id curves have been obta ined for the single-electro n tunnel ing vi a
the N -electron ground state and the dashed curves have been calcul ated under as-
sumpti on of the tunnel ing vi a the Ùrst exci ted state of the eight- electron arti Ùcial
ato m [24]. Fi gure 5 shows tha t the calcul ated [24] positi ons, sizes, and shapes of
the twel ve Coul omb di amonds very well agree wi th the exp erimenta l results [7].

6 . S ing le-elect ron t u nn elin g in a m ag net ic Ùel d

6.1. Ver tical gated quantum dot s

In Refs. [14, 15, 26] the appro ach presented in Sec.4 was appl ied to a descrip-
ti on of the m agneti c-Ùeld behavi or of the verti cal gated QD s. The results [14, 15]
are depi cted in Fi g. 6, on whi ch sol id (dashed) curves show the calcul ated (m ea-
sured) gate vol ta ge, for whi ch the N -th electro n tunnel s thro ugh the QD at zero
bi as in the magneti c Ùeld appl ied in the verti cal di recti on. The num ber of electrons
conÙned in the QD is constant in the regions between the curves in Fi g. 6. In these
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Fig. 6. C alculated [14] (solid curves) and measured [6] (dashed curves) gate voltage,

at w hich the single electron tunnels via the gated Q D at zero bias as a function of

the magnetic Ùeld. T he numb er N of electrons conÙned in the QD is Ùxed in the areas

b etw een the curves. Occupied one-electron orbitals are denoted by the symb ols describ ed

in the text. Thin dashed lines connect the cusps that corresp ond to the ground- state

transf ormations in the N -electron artiÙcial atom.

reg ions, the quantum Co ulomb bl ockade occurs [15]. In Fi g. 6 the one-electro n or-
bi ta ls occupi ed by the electro ns are denoted by the symbols s; p

Ï
; d

Ï
; f

Ï
, and

g
Ï

, whi ch corresp ond to the m agneti c quantum num ber m = 0 ; Ï 1 ; Ï 2 ; Ï 3 ,
and Ï 4 , respecti vely. The results of calcula ti ons [14, 15] fai rl y wel l agree wi th the
exp erimenta l data [6, 7].

In Fi g. 6 the cusps, connected by the thi n dashed l ine, corresp ond to the
m agneti c-Ùeld induced ground- state tra nsform ati on in the N -electron arti Ùcial
ato m . Thi s doubl e observati on of the ground- state tra nsform ati on results f rom
condi ti on (3) of the single-electron tunnel ing, whi ch is determ ined by the chemi-
cal potenti al , being the di ˜erence of the ground- state energies of the ( N + 1 ) - and
N -electron system s. Theref ore, each ground- state tra nsform ati on is observed twi ce
as the cusps of the curves, whi ch correspond to the tunnel ing of the ( N + 1 ) -th and
N - th electro n thro ugh the QD . For each N the sam e ground- state tra nsform ati on
app ears at di ˜erent m agneti c Ùelds, because the conÙnement potenti al changes
wi th the gate vol ta ge [14, 15] appl ied to the gated QD . For the larger gate vol tag e
the N -electro n system is more local ized as the e˜ect of the stronger conÙnement.
Theref ore, the change of the electroni c conÙgurati on, whi ch is associated wi th the
occupati on of the hi gh-orbi ta l mom entum states, requi res the weaker m agneti c
Ùeld.
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6.2. Self-assembled quant um dots

The capaci ta nce-spectroscopy m easurements were perform ed by Mi l ler
et al . [8] on the self-assembled QD s in an externa l magneti c Ùeld. The InAs QD s
were grown on the GaAs substra te in a Stra nski { Kra stanow growth m ode. The
QD s obta ined [8] were nearl y uni form in size wi th an avera ge radius 10 nm and
height 7 nm . The nanostructure [8] consists of the back (substra te) conta ct, made
of the heavi ly doped GaAs, the undoped GaAs tunnel barri er, the InAs wetti ng
layer wi th InAs self -assembled QD s, the Al As/ GaAs bl ocking barri er, and the

Fig. 7. (a) Layer sequence in the nano device of Miller et al. [8] . T he self- assembled I nA s

Q Ds are distribu ted on the InA s w etting layer (not show n) betw een two GaA s layers.

(b) Sketch of the vertical- conÙnement p otential energy along the grow th direction for

gate voltage V g , for w hich the QD is empty . t b and t tot denote the distance betw een the

Q D and the back contact and the total thickness of the nano devi ce, resp ectively .

GaAs gate (to p) conta ct (Fi g. 7a). The sing le-electro n charg ing of the QD was
tuned wi th the vol ta ge (V g) appl ied between the to p (gate) and back conta ct
(Fi g. 7b). The vol ta ge, measured along the growth di recti on, l inearl y changeswi th
the distance from the substra te (Fi g. 7b). If t b i s the distance f rom the back con-
ta ct to the QD layer and t to t i s the distance between the back and gate conta ct,
fracti on Ñ = t b= t to t of the gate vol ta ge is di rectl y appl ied to the QD , changing the
electrochemical potenti al of the QD . For the self-assembled QD s [8] the condi ti on
of the single-electron charg ing of the QD has the form (cf . Eq. (4))

F b = ñ 0
N +1 + Ñ(¢ B À eV g) ; (15)

where F b i s the Fermi energy of the back conta ct and ¢ B i s the Schottky barri er
at the gate/ bl ocki ng barri er interf ace (cf . Fi g. 7b). Equati on (15) determ ines the
positi ons of the capaci ta nce peaks and addi ti onal ly enables us to conv ert the energy
into the gate-vo l tage scale.

In the self-assembled QD s, the conÙnement potenti al ori ginates from the
band-edge di sconti nuiti es.The shape of the QD can be appro xi mated by the cyl in-
der. Accordi ngly, in the calcul ati ons [16], the electron conÙnement potenti al energy
wa s assumed to have the fol lowing cyl indri cal ly sym metri c form :
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U ( £; z ) =

(
U 0 for £ < R and j z j < H =2 ;

0 otherwi se;
(16)

where U 0 i s the conducti on-band o˜set at the GaAs/ InAs interf ace, R i s the radius
of the QD , and H i s i ts height. For the self -assembled QD s [8] the assumpti on
of the conÙning potenti al to be independent of the gate vo l tage as well as the
num ber of electrons in the QD is well justi Ùed. Using (16) as the externa l potenti al
energy, the N -electro n Schr�odinger equati on was solved [16] by the unrestri cted HF
m etho d wi th the Gaussian basis (6). Thi s al lowed us [16] to determ ine the chemical
potenti al (ñ 0

N ) o f the electrons conÙned in the QD . The chemical potenti al was
converted into the gate vo l ta ge wi th the help of Eq. (15).

The m easured [8] and calcul ated [16] gate vol ta ge corresp ondi ng to the ca-
pacita nce peaks is pl otted in Fi g. 8 as a functi on of the magneti c Ùeld. In Fi g. 8
each pai r of curves (sol id and dashed) corresp onds to N electro ns conÙned in the
QD . The cusps on the curves are the signatures of the m agneti c-Ùeld induced
phase tra nsi ti ons [16]. For exampl e, the cusp f or N = 5 resul ts from the change
of spin-orbi ta l s2 p 2

À
p + wi th the to ta l m agneti c quantum numb er M = À 1 into

s 2 p 2
À

d
À

wi th M = À 4 . The low-Ùeld phase tra nsi ti ons (at ¿ 1 T) were not detecte d
in experim ents [8]. Neverthel ess, the theo reti cal [16] and exp erimenta l plots [8] as
wel l as the positi ons of the high-Ùeld phase tra nsiti ons agree very wel l wi th each
other.

In the capacita nce spectroscopy on the self-assembl ed QD s [8] | sim i larl y
as in the gated QD s | the N -electro n ground- state tra nsform ati on can also be
observed on the two plots correspondi ng to N and N + 1 electro ns conÙned in the
QD (Fi g. 8). Since in the self-assembled QD s the conÙning potenti al is indep endent
of the gate vol ta ge, the corresp ondi ng cusps are located at the sam e m agneti c
Ùeld, denoted by arrows in Fi g. 8. Because the experim ental data (da shed curves
in Fi g. 8) have been extra cted from rather bro ad capacita nce peaks [8], thi s e˜ect
is weakl y vi sibl e in experim ent [8 ].

The quanti ta ti ve discussion of the appl icabi l it y of the quasi-tw o-dimensional
m odel of the self-assembled QD was another interesti ng outco m e of R ef. [16]. It
wa s shown [16] tha t the self-assembled QD s of the com parabl e height and radius
cannot be trea ted as quasi- tw o-dim ensional wi th electrons frozen in the ground
state, whi ch is associated wi th the space quanti zati on of the electron moti on in the
z di recti on. If the height of the dot exceeds the dot radius, the excited one-electro n
states, associated wi th the verti cal space quanti zati on, start to play a ro le, whi ch
changes the sym metry of the N -electron wa ve functi on and stro ngly a˜ects the
m agneti c-Ùeld behavi or [16]. The theoreti cal predi cti ons [16] have not yet been
conÙrmed by experim ents.

7. D iscu ssio n

Several theo reti cal papers [9{ 15, 20, 27, 28] were addressed to the electro nic
pro perti es of verti cal gated QD s [6]. The autho rs of R efs. [9{ 13, 28] assumed the



158 J. Adamow ski , S. Bednarek, B. Szafran

Fig. 8. C alculated [15] (solid curves) and measured [8] (dashed curves) gate voltage,

at w hich the self-assembled QDs are charged by the N -th electron, as a function of

the magnetic Ùeld. T he arrow s show the magnetic Ùelds, at w hich the ground- state

transf ormation occurs in the N -electron artiÙcial atom.

m odel conÙnement potenti al , whi ch was independent of the gate vol ta ge and the
num ber of electrons conÙned in the QD . Usual ly, i t was the harm onic-oscil lator
potenti al in the two [9{ 10, 12, 13] and three [20] dim ensions. The anisotro pic
harm oni c-oscillator potenti al was used in Refs. [11, 19, 28]. The appl icati on of such
Ùxed conÙni ng potenti als led to a qual i ta ti ve descripti on of shell Ùll ing observed
at zero bias [6]. The results of papers [14, 15, 24] show tha t | below the Fermi
level | the real istic conÙnement potenti a l can be f ai rly wel l appro xi m ated by the
parabola (cf . Fi g. 2), whi ch expl ains why the sim pleparabol ic appro xi m ati on leads
to the qual ita ti vely correct results. However, the accurate quanti ta ti ve descripti on
requi res the electrostati cs of the enti re nanodevi ce to be ta ken into account. In
the papers [11{ 13, 19, 20, 28] an addi ti on energy was calcul ated. Thi s quanti ty ,
deÙned as the di ˜erence between the chemical potenti als, i .e. Â ñ N = ñ N +1 À ñ N ,
qui te well shows the e˜ects of shell Ùll ing, but cannot be di rectl y com pared wi th
exp eriment [6]. In order to compare the addi ti on energy wi th experim ent, one has
to kno w a factor tha t converts the energy scale into the gate- vol ta gescale [29]. As
shown in R ef. [24] (cf . also Fi g. 4), the conv ersion factor strongly depends on the
gate vol tag e and numb er of electrons conÙned in the QD . These dependences are
neglected when using the Ùxed conÙning potenti als [9{ 13, 19, 20, 28].

The Poisson equati on was solved for the conÙni ng potenti al in gated QD s in
R efs. [21] and [27]. Nagara ja et al . [27] intro duced a para l lelepiped model for the
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cyl indri cal nanostructure of T arucha et al . [6] and obta ined the addi ti on energy
in qual ita ti ve agreement wi th tha t energy extra cted from the exp eriment [6]. The
lack of the proper sym metry and the undeterm ined conversion facto r di sabled
the autho rs [27] to obta in the quanti ta ti ve agreement. Bruce and Ma ksym [21]
considered the another typ e of the nanodevi ce, m ade by Asho ori et al . [30]. These
autho rs [21] solved the Schr�odinger equati on for the Ùxed num ber (N = 3 ) of
electrons in the QD and the Poisson equati on for the m odel nanostructure using the
Green functi on metho d. The screening of the electro n{ electro n intera cti on wi thi n
the QD was ta ken into account wi th the help of image charges. Thi s appro ach is
equivalent to tha t presented in Sec.4 and Refs. [14, 15, 24]. The metho d elaborated
by the present autho rs [14, 15, 24] seems to be simpl er, whi ch al lows us to perform
m ore extensi ve calcul ati ons wi th a larger numb er of electro ns. In thi s metho d
(Sec. 4), al l the charges in the nanodevi ce are included vi a the ionized-donor
charge densi ty and bounda ry condi ti ons put on the to ta l electro stati c potenti al
(Eq. (9))] . Thi s leads to the screening, whi ch is dependent on the gate vol tag e and
num ber of electro ns conÙned in the QD , whi ch in turn gives rise to the real istic
conÙnement potenti al .

The verti cal gated QD s [6] are fabri cated by the techno logical processtha t in-
cl udes the combina ti on of wet and dry etchi ng of the layer Al GaAs/ InG aAs/ GaAs
hetero struc ture . The side surface of the cyl indri cal pi l lar, obta ined after thi s pro-
cess, can be rather rough and can conta in m any defects. These im perf ections give
ri se to a Ûuctua ti ng potenti al near the surface. It ari ses a questi on: how does the
Ûuctua ti ng potenti al of the surface a˜ect the electroni c properti es of the QD ?
A parti al answer to thi s question can be given on a basis of the recent theo -
reti cal study [31] of clean and di sordered QD s. It was shown [31] tha t the clear
pi cture of the shell Ùll ing is obta ined for the clean QD s, whi le the random ly di s-
tri buted im puri t y potenti als consi derabl y disturb the spectrum of the QD . The
tra nsport- spectro scopy results for the gated QD s [6, 7] are qui te regular wi th
sharp current peaks (cf . Fi gs. 4 and 5). Based on the regular pattern of the cur-
rent and conducta nce peaks [6, 7], we can state tha t the Ûuctua ti ng potenti als,
created by the defects on the cyl inder surface, have negl igibl e inÛuence on the
electronic pro perti es of QD s. The range of the Ûuctua ti ng potenti al tha t stem s
from the rem ote surf ace of the pi l lar is to o small to be e˜ecti ve in thi s reg ion of
the QD , in whi ch the conÙned electrons are local ized (cf . Fi g. 2).

An attem pt of a theoreti cal descripti on of the capaci tance-spectro scopy re-
sul ts [8] for the self-assembled QD s wa s underta ken by Warburto n et al . [32]
wi th the use of the two- di mensional parabol ic conÙni ng potenti al . The calcu-
lati ons [32] were perform ed wi th the two Ùtti ng param eters, i .e. the osci llato r
energy and oscil lato r length, whi ch were trea ted as independent of each other.
As a resul t, the autho rs [32] separatel y trea ted the energy and length scales in
the harm oni c-osci llato r problem, whi ch is com pletel y unj usti Ùed. As discussed
in Ref. [16], the two -dim ensional model is to o poor for the self -assembled QD s;
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m oreover, the breaki ng of the general ized Ko hn theo rem [33, 34], observed in
the self-assembled QD s [35], suggests tha t the conÙnement potenti al signi Ùcantl y
di ˜ers from the parabolic potenti al . For the self-assembled QD s, the m odel con-
Ùning potenti als in the form of the Ùnite rectangular potenti al well [15] and the
Gaussian potenti al [25] m uch better account f or the conducti on-band o˜set at the
InAs/ GaAs interf ace and the varyi ng com positi on wi thi n the InG aAs dots [36].

8 . Co n cl usion s

The tra nsport- and capacita nce-spect roscopy metho ds al low us to determ ine
the energy spectrum of QD -conÙned electrons wi th di ˜erent accuracy. The accu-
racy of the tra nsport spectro scopy perform ed on a single gated QD [6] is con-
siderably larger tha n tha t of the capacita nce spectro scopy made on random ly
di stri buted self-assembl ed QD s [8]. In the latter case, the accuracy is l imited by
the random distri buti on of the QD s, size Ûuctua ti ons, and interdo t coupl ing. In
the tra nsport spectro scopy, the tunnel ing current peaks detected as functi ons of
the gate vol ta ge at zero bi as are narro w [6], whi ch al lows us to extra ct from thei r
positi ons the energy levels of arti Ùcial ato ms wi th an uncerta inty of a few m eV.
On the contra ry , the peaks of the di ˜erenti al capacita nce [8] are rather broad and
the estim ated uncerta inty of these measurements is about 5 m eV [8].

The condi ti ons of the single-electron tunnel ing (Eqs. (3) and (4)) involv e the
chemical potenti al , whi ch wa s calculated in Refs. [14{ 16] by the HF metho d. The
HF m etho d is based on the quantum -mechanica l vari ati onal pri nci ple; theref ore, i t
pro vi des upper bounds on the true energy of the consi dered system. The system ati c
overesti m ati on of the energy in the HF calcul ati ons resul ts from the neglected
electron{ electron correl ati on. For the QD s of the smal l size [6, 8] the error of
the HF upp er bounds on the ground- state energy was estim ated [22] to be about
1 m eV. Theref ore, thi s error is smal ler tha n the estimated uncerta inty of both the
tra nsport [6] and capacita nce [8] spectroscopy experim enta l resul ts.

The HF estim ates can be impro ved when usi ng the CI metho d. D ue to
i ts com puta ti onal com plexi ty, the CI calcul ati ons were mainl y perform ed in the
fram ework of the two- di mensional m odel of the QD s [9, 11]. The LD A appro ach
pro vi des another possible metho d for ta ki ng into account the correl ati on in QD s
[10, 13, 19, 28].

The nanodevi ce [6] wi th the gated QD is a pro to typ e of a sing le-electron
tra nsistor (SET) [37]. Fi gures 4 and 5 i l lustra te the operati on of the SET at zero
and non-zero bias, respect ively. W hen varyi ng the gate vol ta ge the subsequent
tra nsport wi ndows are opened and closed, whi ch corresp onds to the SET being
ei ther in the on- or o˜- sta te. Co ntra ry to the conventi onal tra nsistor, the SET
can be swi tched on and o˜ at discrete gate-vo l tage values. At low tem perature,
the operati on of SET can be tuned by the externa l vo lta ges wi th a high preci sion.
Ho wever, at the present stage of the nanotechnology, the di rect appl icati on of the
gated QD [6] to the ro om-temperature SET operati on seems to be rather di£ cult.
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The resul ts of Refs. [14, 15, 24] are based on the stati onary trea tm ent of the
sing le-electro n tunnel ing vi a the QD s. W ewoul d l ike to com m ent on the appl icabi l -
i ty of thi s appro ach to thi s essential ly dyna m ic pro cess.The physi cal interpreta ti on
of single-electro n tunnel ing condi ti ons (3) and (4) is the fol lowing : these condi ti ons
determ ine the borders between the subsequent Coulomb blockade regions (Fi gs. 4
and 5). The quantum Coulom b bl ockade [15] is associated wi th the form ati on of
the stati onary quantum state of the N -electro n arti Ùcial ato m. If ei ther the gate
vo l tage or the dra in{ source vo lta ge crosses the borders determ ined by condi ti ons
(3) and (4), then | as a resul t of the sing le-electron tunnel ing | the N -electron
system m akesan abrupt tra nsiti on into the ( N + 1 ) -electron stati onary state. Thi s
al lows us to determ ine the positi ons of current and capacita nce peaks from con-
di ti ons (3) and (4). W e note tha t thi s appro ach to the sing le-electron tunnel ing
spectroscopy on the arti Ùcial ato m s is simi lar to tha t used in the interpreta ti on of
the opti cal -spectroscopy data f or the natura l ato ms. The sing le-electron tunnel ing
vi a the QD s is an analog of the ionizati on of the natura l ato ms. In parti cul ar,
the addi ti on energy (Â ñ N ) can be expressed as the di ˜erence between the ioniza-
ti on energy and electron a£ ni ty [29]. A possibl e ti m e-dependent appro ach to the
sing le-electro n tunnel ing in QD s shoul d result in a calcul ati on of the heights and
shapes of the current and capacita nce peaks.

9. Su m m ar y

In Refs. [14, 15, 24], a theo reti cal metho d has been proposed for a descrip-
ti on of basic stati onary electronic properti es of the verti cal gated QD [6, 7]. In thi s
appro ach [14, 15, 24], the conÙnement potenti al was not assumed as in the other
papers [9{ 13, 19, 20, 28], but calcul ated from the Ùrst pri nci ples of electrostat-
ics, whi ch led to a real isti c pro Ùle of thi s potenti al . Thi s calcul ated conÙnement
potenti al was used in the HF metho d as the externa l potenti al for the electrons
conÙned in the QD . Since the quantum states of the conÙned electro ns a˜ect
the ionized donor distri buti on, i .e. the externa l conÙning potenti al , the result-
ing Poisson{ Schr�odi nger pro blem had to solved in a self-consistent m anner. The
self-consistent pro cedure, elaborated in Refs. [14, 15, 24], enabled us to obta in
the com plete quanti ta tiv e descripti on of the spectacul ar tra nsport- spectr oscopy
resul ts [6, 7]. T o the best of our knowl edge, only in R efs. [14, 15, 24], the shapes,
sizes, and positi ons of the Coulomb diam onds on the stabi l i ty diagram [7] were
repro duced in the fram ework of the quantum -mechanical theo ry.

In the future the metho d [14, 15, 24] can be appl ied to QD s of arbi tra ry
geometry and m ay be extended to a descripti on of the recentl y observed cotunnel -
ing [5] and Ko ndo e˜ect [38].
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