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Th e breakd ow n of the inte ger quantu m H all e˜e ct at high current s

sometimes occurs as a series of regular ste ps in the dissipati ve voltage drop
measured along the H all bar . T he steps were Ùrst seen clearl y in two H all
bars used to maintain the U S Resistance Standard , but have also been re-

p orted in other devices. I t is prop osed that the origin of the steps can b e
understo od in terms of an instabi li ty in the dissipa tion less Ûow at high elec-
tron drif t velo cities. T he instabil i ty is induced by impurity- or defect- related
inter- Landau level scattering pro cesses in local microscopic regions of the

H all bar. Electron {hole pairs (magneto- excitons ) are generated in the quan-
tum H all Ûuid in these regions and that the electronic motion can be envis-
aged as a quantum analogue of the von K arman vortex street which forms

w hen a classical Ûuid Ûows past an obstacle.

PACS numb ers: 73.43.Jn, 73.43.C d, 73.61.Ey

1. I n t rod uct io n

In the integ er quantum Ha l l ẽ ect (QH E) [1], a two -dim ensional electron
Ûuid carri es an almost di ssipati onless current and the rati o of the current to the
Ha l l vo l ta ge is quanti sed in uni ts of e2 =h . Thi s quanti sati on is so preci se tha t i t is
used to deÙne the uni t of electri cal resistance. Above a cri ti cal value of current,
the di ssipati ve vol ta ge, Vx , m easured along the di recti on of current Ûow, increases
rapi dly, leading to quantum Hal l e˜ect breakdo wn. The microscopic m echanism,
or mechanisms, responsible for breakdown have been a to pi c of interest and con-
tro versy f or almost twen ty years [2].
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In two sam ples used to m aintai n the US Resistance Standa rd [3, 4], Ca ge and
co-workers observed a st a i r case of ten or m ore steps in the longi tudi na l vol ta ge, V x ,
at breakdo wn as shown in Fi g. 1. The steps have a regular height, Â V x ¤ 5 m V and
are accompanied by hysteresi s and interm i tten t noise. The data were obta ined by
m easuri ng V x wi th a largecurrent I Ûowi ng along the length of a bar-shaped sampl e
(see Fi g. 1a, inset) m ade from a GaAs / (Al Ga)As semiconducto r hetero structur e.
The Ùgure shows sweeps of the appl ied m agneti c Ùeld B over an extended range
around 12 T at whi ch the La ndau level Ùll ing factor ¡ = 2 . D espite the extensi ve
l i tera ture on QHE breakdo wn, revi ewed in Ref. [2], the preci se ori gin of the steps
has rem ained uncerta in. In parti cular, they are not readi ly expl icable in term s of
the properti es of the magneto-conducti vi ty tensor com ponents, ¥ x x and ¥ x y , whi ch
describe successful ly most of the m acroscopi c properti es of the quantum Ha l l Ûuid
(QHF).

Fig. 1. QH E breakdow n in one of the H all bar samples used to maintain the U S Re-

sistance Standard at the N ational Institute of Standards and Technology , Gaithersburg.

(a) Plots of longitud ina l voltage V x versus magnetic Ùeld B at T = 1 : 3 K , in the region

of the ¡ = 2 Ùllin g factor, I = 21 0 ñ A . T he arrow s show the hysteresis for various sweeps

of B . (b) A detail of the breakdow n curve, show ing the large numb er of steps in V x (b oth

Ùgures from Ref . [3], courtesy of N I ST).

QHE breakdown corresp onds to the disrupti on of dissipati onl ess electron
Ûow along the vol ta ge equipotenti als and to an abrupt increase in V x f rom a very
low value. The di ssipati ve current, i ( § I ), Ûowi ng perpendicul ar to the equipo-
tenti als is given by 2 e2 V x =h . Such a current can ari se from inter- Landau level tun-
nel l ing [5{ 10]. In thi s pro cess, an electron in the lower Ùlled Landau level scatters
elastical ly (or quasi-elasti cal ly wi th the emission of a low energy acousti c phonon)
into the empty state of the upp er unÙlled Landau level. Since the wa ve functi ons
of the Landau states are strongly local ised along the di recti on perpendicular to
the equipotenti als and have strongly decayi ng Gaussian ta i ls, a large electri c Ùeld
is requi red for signiÙcant spati al overl ap between the ini ti al and Ùnal states of
the sam e energy, i.e. the electri c Ùeld E m ust be ¿ ñh ! c =e ‘ B , where ! c = eB =m
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is the cycl otro n frequency, m i s the electron e˜ecti ve mass (= 0 : 0 7 m e for GaAs)
and ‘ B = (ñh= eB ) 1 = 2 i s the magneti c length. Al terna ti vel y, thi s condi ti on can be
expressed in the form m v d

2
¿ ñh! c , where v d = E =B i s the dri ft speed of the

cycl otro n orbi t centre. For the exp erimenta l condi ti ons of Fi g. 1, the average value
of the component of the electri c Ùeld E along y (the average Hal l Ùeld) is rel ati vel y
smal l , E y = V H =w ¤ 7 È 1 0 3 V m À 1 , almost two orders of magnitude to o small
to produce signi Ùcant wa ve functi on overl ap.

The essence of the m odel pro posed here is tha t E and hence v d can be much
larger in l ocal ise d m icro scopic reg ions of the Ha l l bar. These large values of E can
ari se due to the presence of charged impuri ti es and/ or the proxi m it y of the edges
of the Hal l bar. In these regions the QHF is unsta ble against inter- Landau level
tunnel l ing. Thi s e˜ect can be envi saged as a quantum analogue of the generati on
of vortex- pai rs in a von Ka rm an vortex street, when a classical Ûuid Ûows past an
obsta cle at su£ cientl y hi gh speed at Reynold 's numb ers Re Ñ 1 0 2 , and m ay also
be analogous to vortex pai r f orm atio n in superÛuids.

2. Mo d el an d co m par i son wi t h exp er im ent

For sim pl icit y, let us assume a quadra ti c dependence of the electron poten-
ti al energy ¢ in the local region, as shown schemati cal ly in Fi g. 2a. Outsi de thi s
reg ion, the Ha ll Ùeld is smaller. Over the distance s along the y -di recti on, we
wri te e¢ ¤ m! 2

0
y 2 =2 . Thi s model potenti al is a functi on of only one unkno wn

parameter ! 0 , and corresp onds to a large local velocity gradient ¨ = dvx =dy =

( d 2 ¢ / dy 2 ) =B = ! 2
0 = ! . The equipotenti als shown in Fi g. 2b give ri se to thi s typ e

of veloci ty gradi ent. D ue to the character of electron m oti on in cro ssed electri c
and m agneti c Ùelds, they also correspond to the di recti ons of dissipati onl essÛow
in thi s region. A potenti a l distri buti on of thi s ki nd, where E i s local ly much larger
tha n E y , can ari se from the com bined e˜ect of a charged donor im puri ty located
current cl ose to the QHF, and the large Ha l l Ùeld due to the charge distri buti on
near the edge of the sampl e [9, 11{ 13]. These charges are essential ly unscreened
by the presence of the dissipati onl essQHF [13, 14].

Fi gure 2a also shows the wave functi on of a state ˜ 0 in the lowest Ùlled
La ndau level (n = 0 ) and of a state Ù 1 in the n = 1 level. The two states have the
sam e energy (the dispersion of the Landau level energies is due, of course, to the
spati al vari ati on of ¢ ). For simpl icity, we neglect spin. The orbi t centres of ˜ 0 and
Ù 1 are separated by a distance Â y = s , given by

m! 2
0 s 2 =2 ¤ ñh! c : (1)

For small ! 0 , spati al overl ap between the wave functi ons is negl igible. How-
ever, i f ! 0 i s su£ cientl y large, overl ap occurs (see Ùgure) and an electron in state
˜ 0 can underg o a quantum tra nsiti on to the unÙl led state Ù1 . Thi s e˜ecti vely cre-
ates a m agneto -exci to n [ 1 5 ] in the QHF. The electron (upp er Landau level) and
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Fig. 2. (a) Mo del for spatial variation of energy of the tw o low est Landau levels, n = 0

and n = 1 in a localised region of QH E breakdow n. T he eigenf unction s ˜ 0 and Ù 1 are

in the n = 0 (Ùlled) and n = 1 (empty) Landau levels respectively , at Ùlling factor

¡ = 2. T hey ha ve the same energy and spatially overlap each other. T he length s is the

distance over which the cyclotron orbit centre j umps in an inter- Landau level tunnell in g

transition . T he inset show s schematically the geometry of the H all bar sample. V x is

measured betw een prob es 1 and 3. (T he H all voltage V H is measured across 1 and 2 or 3

and 4.) The small cross-hatched region indica tes schematically a breakdow n region near

the edge of the sample. The di˜erence b etw een chemical potentials at the two edges,

ñ 1 À ñ 2 = e V H . (b) Plot of the voltage equip otential s in the plane of the quantum Ûuid

for a region of large velo city gradient in w hich breakdow n occurs. T he energy variation

of the Landau levels show n in b ox (a) above corresp onds to that along the line PQ .

hole (l ower Landau level) whi ch form the m agneto -exci to n can break apart and
scatter in opposite di recti ons along the di recti on of the Ha l l electri c Ùeld. Thus an
inter- Landau level tra nsiti on of thi s ki nd leads to the dissipati ve breakdown cur-
rent, i . The scatteri ng pro cess requi res a jum p of orbi t centre positi on whi ch can
be induced by the presence of the charged im puri ty whi ch destro ys tra nslati onal
sym m etry .

T o com pare our m odel wi th the data , in parti cul ar wi th the measured value of
Â V , we must determ ine the size of dissipati ve current i generated by inter- Landa u
level tunnel l ing. In pri ncipl e, the tunnel l ing rate could be calcul ated using Ferm i 's
golden rul e. The probl em is tha t inter- La ndau level tunnel l ing creates an electron
in the upper, previ ously empty , Landau level and an empty state, or hole, in the
previ ously Ùlled lower Landau level. The two parti cles experience a Co ulom bic
attra cti ve intera cti on and also tend to screen the local potenti al whi ch generated
them , thereby perturbi ng the dri ft m oti on of other electrons in adjacent states
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of the lowest Landau level. Since the intera cti on between the electron{ hole pai r
(or m agneto -exci to n) and the QHF is qui te com pl icated, even in the absence of
im puri ty or edge charges [15], we cannot mak e a calcul ati on based on a simpl e
independent parti cle picture. T o avoid thi s di£ culty , let us consider the fol lowi ng
semiclassical descripti on, whi ch seems to account for the essential features of the
breakdo wn m echanism. The descripti on draws on an analogy wi th vo rtex sheddi ng
in classical hydro dyna m ics and e˜ecti vel y uses a di mensional argum ent to estim ate
the rate of electro n{ hole pai r form ati on at a given breakdo wn site.

At the cri ti cal breakdo wn values of current and m agneti c Ùeld, we assume
tha t the electri c Ùeld in the local breakdown region is just large enough to in-
duce inter- Landau level tunnel l ing. Thi s pro cess can be envi saged as electron{ hole
pai r form ati on, the electro n occupyi ng state Ù 1 and the hole corresp ondi ng to the
electron missing from state ˜ 0 in the otherwi se Ùlled lower La ndau level. The pres-
ence of the electron{ hole pai r acts to screen the local ly stro ng electri c Ùeld, thus
tem porari ly inhi bi ti ng further generati on of pairs by tunnel l ing. However, due to
the presence of the local electri c Ùeld, the electron{ hole pai r dri ft away from the
region in whi ch they are f orm ed. For the potenti al distri buti on shown in Fi g. 1,
assuming an independent parti cle descripti on, the hole left in state ˜ 0 has a high
E È B dri ft veloci ty , wherea s the electro n in Ù1 has a lower dri ft velocity , each
given by the local value of the electri c Ùeld. W e account qual i tati vel y for the e˜ect
of the Co ulombi c attra cti on between the electro n and hole by assuming tha t the
pai r dri ft at a speed determ ined by the m ean electri c Ùeld, whi ch is m! 2

0
s= 2 e . The

m ean dri ft speed is theref ore h v d i ¤ ¨ s= 2 and the pai r m ove a di stance ¤ s f rom
the form atio n region in a ti m e § = 2 =¨ Û , where Û i s a num erical factor, ¤ 1 . At
thi s separati on, they no longer screen e˜ecti vely the stro ng local electri c Ùeld, so
thi s is restored, leadi ng to the creati on of another electro n{ hole pai r. Assum ing
tha t the ti m e § i s the contro l l ing factor in the form atio n of electron{ hole pai rs,
we can ta ke the rate of generati on to be ¤ Û¨ =2 . On a longer ti m escale, given
by the intra -La ndau level energy relaxa ti on ti me § " ¤ 1 0 À 1 0 s, we assume tha t
the electron{ hole pai r breaks up, the two parti cles di ˜usi ng away f rom each other
wi th velocity com ponents perpendicul ar to the equipotenti als [16]. Thi s pro cess
can occur for each parti cle by emission of low energy acousti c phonons thro ugh
intr a -Landau level scatteri ng pro cesses. The dissipati ve backscatteri ng current
i ¤ eÛ ¨ =2 causes an increm ental increase in Vx given by

Â Vx = hi= 2 e2 = hÛ ¨ =4 e: (2)

The steps shown in Fi g. 1 would then corresp ond to successive contri buti ons
to the dissipati ve current of other breakdo wn regions wi th a sim i lar local potenti al
di stri buti on, each adding ¤ eÛ ¨ =2 to the di ssipati ve current as B is swept away
from the ¡ = 2 value. If we assume tha t the background impuri t y density in the
NIST sam ple is ¤ 1 0 2 0 m À 3 , we can estim ate the num ber, N c , of charged impuri ti es
whi ch occupy the hi gh electri c Ùeld region close to the edge of the Ha l l bar. The
two vo lta ge pro bes whi ch measure Vx are separated by 1 m m. Let us also assume
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tha t the high electri c Ùeld region close to the edge is ¤ 1 0 À 7 m wi de and tha t the
charged scatteri ng centres are wi thi n 5 nm of the centra l pl ane of the QHF. W e
then obta in N c ¤ 50, whi ch is roughl y consistent wi th the to ta l numb er of steps
observed in the NIST exp eriment.

T o test the m odel , we now com pare the observed value of Â Vx wi th the
value of ! 0 requi red to generate inter- Landau level tunnel l ing. Using Eq. (1) and
recal l ing tha t ¨ = ! 2

0 = ! c , we wri te Eq. (2) in the form

e Â V x = ¤ Ûñh 2 =ms 2 : (3)

Thi s equati on relates the observed value of Â V x = 5 m V to the orbi t centre sepa-
rati on, s , ra ther tha n to ! 0 . Setti ng Û ¤ 1 , we then obta in s2 = ‘ B

2
¤ ¤ ñh! c =e Â V x ,

whi ch gives s ¤ 3 : 5 ‘ B , where ‘ B = (ñh= eB ) 1 = 2 . Thi s value of s agrees qui te well
wi th the condi ti on for al ignment of the classical turni ng points of the wave func-
ti ons ˜ 0 and Ù 1 , namely when s T P = (

p

3 + 1) ‘ B . Thi s condi ti on corresp onds to
the thresho ld of the stro ng increase in the matri x element for inter- Landau level
tra nsiti ons [10].

The m odel can also be tested against the recentl y- reported vol ta ge steps for
QH breakdown of hole gases[17]. Here the typi cal step height is Â V x ¤ 1 mV for
breakdo wn at ¡ = 2 . Using Eq. (3) and the m easured value of the hole e˜ecti ve
m ass, m = 0 : 1 5 m [18], we obta in s = 2 : 3 ‘ , whi ch is also qui te close to the value
of s . The hole gas data therefore pro vi de further supp ort for the m odel .

R ecal l ing tha t ¨ = ! 2
0 = ! we can use Eq. (2) to conÙrm tha t the size of

! 0 requi red f or breakdo wn is consistent wi th tha t pro duced by an unscreened
charged im puri ty. For such an im puri ty located at a distance Â z from an ide-
al ised stri ctl y 2-dim ensional QHF, i t is easily shown tha t a step height of Â V x =

5 m V observed at B ¤ 1 2 T by Cage et al . corresp onds to a value of Â z given
by ( h= 1 6 ¤ " " 0 B Â Vx )1 = 3

¤ 1 3 nm , where " ¤ 12 is the perm i tti vi t y of GaAs.
Thi s value corresp onds very closely to the m ean di stance of the QHF f rom the
GaAs/ (Al Ga)As interf ace [19] and indi cates tha t charged im puri ti es close to the
interf ace can generate the local velocity requi red for our breakdo wn m odel .

The pro posed m echani sm for the dissipati ve current i i s closely analogous to
the form ati on of vortex{ anti vortex pai rs whi ch are created when a classical Ûuid
Ûows past an obsta cle, e.g. a cyl inder, above a cri ti cal Reynolds numb er, Re ¤ 6 0 .
The f orm ati on of an electron{ hole pai r in an almost di ssipati onless QHF due to
inter- Landau level tunnel l ing in the vi cini ty of a charged impuri t y then corresponds
to the gain of an electron (vo rtex) by the previ ously empty n = 1 Landau level
and the loss of an electro n (or, creati on of hole = gain of an anti vortex) by the
previ ously Ùlled lower Landau level. In thi s pi cture, the creati on of vorti ces of
opp osite sign, but equal m agni tude, in the upp er and lower La ndau levels can be
compared wi th the conservati on of circul ati on (vo rti city) in invisci d classical Ûuid.
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There are also obvi ous analogies wi th the creati on of vorti ces in quantum Ûuids
such as ato m ic Bose condensates and superÛuids.

R ecently, the autho r (L. E. ), in col laborati on wi th D r. A. M. Ma rti n and
D r. K. A. Benedi ct, has devel oped further the m odel pro posed here. W e have cal-
cul ated the m agneto -exci to n (a lso kno wn as m agneto -pl asmon) m odes of a QHF
in the presence of a strong electri c Ùeld. The m odel is based on early work of
Ka l l in and Ha lperin [15] and of Ma cDonald et al . [20]. W e have identi Ùed the
cri ti cal electri c Ùeld for breakdo wn, whi ch is close to the v alue obta ined using the
sim ple argum ents described in thi s paper. W e are also able to calcul ate the rate
of m agneto -exci to n f orm ati on at a given im puri t y site whi ch gives a value of the
di ssipati ve vo lta ge step height, whi ch is qui te close to tha t given by Eq. (3). Thi s
wo rk is currentl y subm i tted for publ icati on [21].

4. Sum m ar y an d fu t u re wo r k

A m odel has been pro posed to expl ain the vol ta ge steps observed in the
breakdo wn of the QHE in two sam ples used to m ainta in the US Resistance Stan-
dard. The m odel suggests tha t we can vi ew thi s typ eof breakdo wn as an instabi l i ty
in the Ûow of the QHF. Thi s instabi l i ty ari sesfrom the generati on of electron{ hole
pai rs by inter- Landa u level tunnel l ing in local regions of the Ha ll bar, where the
electri c Ùeld is large. Thi s typ e of pro cess has analogies wi th vortex pai r form ati on
in classical Ûuids and superÛui ds.
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