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W e st udy t he super conduct i ng prop erties of a model of coexisting itin -
erant carriers and lo cal pairs with Ùnite bindin g energy , ta king into account
the e˜ects of C oulomb (density {density ) and direct pair hopping interac-

tions . The evolution of the phase diagrams and superÛuid characteristics
w ith electron concentration, interaction parameters and the relative posi-
tion of the bands is examined. The mo del is found to exhibit several kinds of
superconducti ng beha vio rs ranging from the BC S- like to the local- pai r- li ke.

T he relev ance of the obtained results to the interpretation of experimen-
tal data for the dop ed bismuthates (Ba 1 À x K x BiO 3 and Ba Pb 1 À x BiO 3 ) is

p ointed out.

PACS numb ers: 74.20.{ z, 74.20.Mn, 71.28. + d, 74.25.H a

1. I n t rod uct io n

In Ref. [1] we have reported prel im inary results concerni ng electrom agneti c
and therm odyna mic pro perti es of the m odel intro duced in R ef. [2] and cal led the
induced pai ring m odel , whi ch describes the system of coexi sting i ti nerant carri ers
(c-subsystem) and local pa i rs wi th Ùnite bindi ng energy (d -subsystem) and whi ch
is a general izati on of the (hard- core) boson{ ferm ion model [3{ 9].

Here we present further resul ts on thi s subject and exam ine the ẽ ects of
Co ulomb (densi ty{ density) intera cti ons and the di rect pai r hoppi ng intera cti on
whi ch were not consi dered in the previ ous work. W e wi l l determ ine the phase dia-
gram s and superconducti ng characteri sti cs of the system consi dered as a functi on
of to ta l electron concentra ti on (n = n c + n d ), intera cti ons and the relati ve posi-
ti on of the bands (Â 0 ) wi thi n the appro ach whi ch trea ts the on site intera cti on of
local ized electrons U d exactl y, and the rem aining intera cti ons wi thi n the bro ken
sym m etry Hartree{ Fock appro xi matio n (HF A).

(75)
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2. G en er a l f or m ulat io n

The e˜ecti ve Ha mi lto nian of coexi sting local ized d -electrons and i ti nerant
c -electro ns analyzed in the present work, ta ki ng into account the orbi ta l coupl ing
of electrons to the externa l m agneti c Ùeld, can be wri tten as
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U d i s the e˜ecti ve on-site density intera cti on between d -electro ns, J i j i s the in-
tersi te charge exchange intera cti on of d -electro ns (pai r hoppi ng), t i s the hoppi ng
integ ra l for c-electro ns and I 0 i s the intersubsystem charge exchange coupl ing.
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are the Coulom b intera cti ons between c-electrons

and tho se between c - and d -electrons, respectivel y. The Peierls factors in (2) and (3)
account for the coupl ing of electrons to the magneti c Ùeld vi a i ts vecto r potenti al
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In analysis we have used, as in our previ ous works [1, 2], the variati onal ap-

pro ach whi ch trea ts the on-site intera cti on term U d exactl y [10] and the intersub-
system and intersi te intera cti ons wi thi n the broken sym metry HFA [4]. For = 0
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The energy gaps in the c-electron spectrum and the d -electron spectrum are
given by E c
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For a weak stati c potenti al the expectati on value of the Fouri er tra nsform of

the tota l current operato r can be obta ined from the l inear response theory as
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z i s the num ber of nearest neighbors (z = 2 for d = 1 chain, z = 4 for d = 2
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are the space-Fouri er tra nsform of £ Ï

i
and J i j , respect ively, and £ 0 ; x 0 , and ñ are

determ ined by Eqs. (11{ 13).
In the stati c lim i t and q ! 0 for the tra nsverse part of the param agneti c

kernel we obta in

K
x x

( ! = 0 ) =
8 ¤ e2 t 2

ñh 2 c2 a

1

N

X sin 2 k x

k T cosh2 (ÙE k =2 )
: (20)

In the London superconduc to rs the magneti c Ùeld penetra ti on depth Ñ i s
determ ined by the tra nsverse part of the to ta l kernel in the stati c l imi t
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Using the value of the penetra ti on depth and the di ˜erence of the free energy
between N and S phase one is able to determ ine the therm odyna mic cri ti cal Ùeld
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3. R esul t s of nu mer ical so lu t io n an d di scu ssion

W e have perf orm ed an extended num erical analysis of Eqs. (6{ 22) both
at T = 0 and for T > 0 , ta ki ng a recta ngul ar density of sta tes f or c-electrons
(N ( ¯ ) = 1 =2 D for 0 < ¯ c

k < 2 D , and 0 otherwi se, wi th 2 D denoti ng an e˜ecti ve
c -bandwi dth). In the fol lowing we summ arize the m ain results, concentra ti ng on
the phase di agrams and basic superconducti ng characteri stics, deri ved for several
m ost representati ve cases.

3.1. Ground state diagrams

In the model considered there are two typ es of mechanisms whi ch can lead to
superconduct ivi ty . The Ùrst one is due to the di rect local pa i r hoppi ng intera cti on J

and involves exclusivel y the narro w band subsystem. For U d < 0 i t gives ri se to a
superconduct ivi ty analogous to superÛuidi ty of 4 He.

The second one is due to the intersubsystem charge exchange I 0 . Thi s leads
to a superconducti ng state inv olvi ng both subsystems, in whi ch the sing le-parti cle
spectrum of the wi de band electrons opens up a gap around the positi on of the
narro w band of electro ns in pai r sta tes [2{ 8].

Fi gures 1 and 2 show the evoluti on of the ground state phase di agrams as
a functi on of n and Â 0 =D obta ined f or À 1 ç U d ç 0 and several Ùxed values of
J 0 ; I 0 ; U c , and U cd .

D epending on the relati ve concentra ti on of \ c" and \ d " electrons, whi ch is
determ ined by Â 0 = E 0 + U d =2 , the intera cti ons and n , we di stinguish three essen-
ti al ly di ˜erent physi cal situa ti ons. In the m ost interesti ng case of I 0 6= 0 (Fi g. 2)
i t wi l l be: (i ) d -regim e, n d ƒ n c (LP), (i i) d + c regime, 2 > n c , n d > 0 (MI XED ),
(i i i ) c- regime, n c ƒ n d (BC S). In d -regim e the superconducti ng pro perti es of the
system are analogous (at least for U d ç 0 ) to tho se of pure local -pai r supercon-
ducto r, whereas in c-reg ime the situa ti on is simi lar to the BCS case: pai rs of \ c "
electrons wi th opp osite m omenta and spins are exchanged vi a vi rtua l tra nsi ti ons
into empty d -levels. In d + c regim e the system shows features whi ch are inter-
m ediate between tho se of pure local -pa i r superconducto r and tho se of classical
BCS systems, even in the stro ng attra cti on (U d § 0 ) case. Thi s concerns, am ong
others, the gap in the sing le-parti cle exci ta ti on spectrum for c -electro ns, the rati o
k B Tc =E g (0 ) , the electro magneti c coherence length as well as the therm odyna m ic
cri ti cal Ùeld (see Sec. 3.2).

As for the evoluti on of the superconducti ng pro perti es wi th an increasing
to ta l num ber of carri ers, there are three possible typ es of change-over: (i ) BCSÀ !

\ Cro ssover" (MIXED ) À ! BCS, (i i ) BCS À ! LP, and (i i i ) LP À ! BCS (comp. Fi g. 2).
Onl y in the case when the local pa i r level is deeply located below the botto m of
the wi de c band (Â 0 § 0 ), the system rem ains in d -regim e for any n ç 2 .

Let us also observe tha t wi th the increase in Â 0 =D at Ùxed n there are two
sequences of change-overs possible: LP ! MIXED ! BCS (i f n < 2 ) and BCS !

MIXED ! LP (i f n > 2 ).
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Fig. 1. Ground state diagrams of the mo del (1) as a function of n and Â 0 = D plotted for

À 1 ç U d ç 0, I 0 = 0 and di˜erent values of J 0 , c , cd , show ing the e˜ects

of increasin g Coulomb interactions c and cd ; (a) 0 , c , cd ;

0. 05; 0. 2 (numb ers to the curves- n. t. c.); (b) 0 , c , cd ; 0.05;

0. 25 (n. t. c.); (c) 0 , c ; 0.5; 1 (n. t. c.), cd . N otation:

(metallic state of -electrons), (normal state of - electrons), (sup erconductin g

state of -electrons).

In contra st to the change-overs MIXED BCS, whi ch are qui te sharp, the
evoluti on between the LP and MIXED regim es for I i s ra ther smooth (com p.
Fi gs. 4, 5) and theref ore the LP / MIXED bounda ry cannot be precisely located on
the n vs. Â =D diagram s.

In the case I , J , for whi ch the ground state diagram s are shown
in Fi g. 1, the situa ti on is sim pler. The superconduc ti ng state is restri cted to the
regions m arked by d S and d S cM , and al l the phase bounda ries on the di agram
are wel l deÙned. At the border d S cM =d S : n (f or n < ), or n (f or
n > ), whereas at the border d S cM =cM : n (f or n < ), or n (f or
n > ).
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Fig. 2. Ground state diagrams as a function of n and Â 0 =D plotted for À 1 ç U d ç 0 ,

J 0 = 0, 0 and di˜erent values of cd , c ; (a) cd ,

0. 2 (numb ers to the curves- n. t. c.), c , (b) c , 0.5 (n. t. c.),

cd BC S, LP , and M IX E D denote superconducti ng state of predominantly

- electrons, -electrons and coexisting electrons, respectively . By dashed lines we

mark the values of Â 0 and for w hich d or d become vanishingl y small

( d
5 ) deÙning in this way the approximate b order MI X ED /BC S.

As i t fol lows from the diagram s shown in Fi gs. 1c, 2b the intra subsystem
Co ulomb intera cti on U enlarges the coexi stence region of local pai rs and wi de
band electrons (n = 0 , n = 0 ) expandi ng i t to wards higher values of Â = D ,
both, in the case of I = 0 , J = 0 (cf . Fi g. 1c) as wel l as in the case of J = 0 ,
I = 0 (cf . Fi g. 2b), and the concentra ti ons of both typ es of parti cles change
smoothl y wi th varyi ng Â .

The inÛuence of the intersubsystem Coulomb repul sion U i s m ore dra stic
as i t tends to reduce the coexistence region (cf . Fi gs. 1a, b, for I = 0 , and Fi g. 2a,
for I = 0 ) . For U =2 D < 0 : 5 , D being the hal f-bandwi dth of c -electron band,
changes in the concentra ti ons of both typ es of carri ers, n and n versus Â are
smooth. On the other hand for U =2 D > 0 : 5 disconti nuous changes in n and n

wi th variati on of Â and (or) temperature can ta ke pl ace, and the d + c (MIXED )
regim e can be com pletely suppressed. It remains an open questi on whether such
behavi or in the case of strong intersubsystem Coul omb repul sion is an inherent
pro perty of the model or i f it is due to the appro xi mati on used.

3.2. Superconduct ing proper ties

Let us Ùrst concl ude the evoluti on of basic superÛuid characteri sti cs wi th
the parti cle concentra ti on n and Â =D at T = 0 , U 0 . Exa mpl es of the plots
of H , ¿, 1 =Ñ and ç vs. n and vs. Â =D are shown in Fi gs. 3 and 4, respectively,
for the Ùxed values of I and J (U = U = 0 ) .
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Fig. 3. C oncentration dependences of H
2
c , ¿, 1 = Ñ

2 , and ç at T = 0 for

I 0 = 2 , 0 , d , c cd (a) 0 ,

(b) 0 . 2
0

3 , 0 , 2
0

2 2 2

0 , .

In Fi g. 3 we show the evoluti on of the therm odyna mical cri ti cal Ùeld ,
the coherence length and the Ginzburg rati o and wi th electron
concentra ti on , for two Ùxed values of and .

For and (Fi g. 3a) upon increasing the system exhi bi ts
two change-overs: from the -regim e (BCS) ( ) into the (MIXED )
regim e and then again into the -regim e (BCS) ( , ). Noti ce onl y
a weak -dependence of , , and in a wi de range of . Thi s is due to a stro ng
pi nni ng of around the - level ( ) in the regim e, whi ch yi elds to be
alm ost - independent.

For (Fi g. 3b) (except and ) and
electrom agneti c characteri sti cs for are dom inated by the -subsystem . W ith
increasing the system exhi bi ts a sing le change-over from the predom inantl y

-regim e (LP) di rectl y into the -reg im e (BCS) at . One can observe i t in
the behavi or of , whi ch substa nti al ly increases near . In com pari son to the
form er case is strongly reduced, whereas and | stro ngly enhanced ( up to
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Fig. 4. T he plots of H 2
c , ¿ , 1 =Ñ 2 and ç as a function of Â 0 =D at T = 0 for ,

0 , 0 , d , c cd . 2
0

3 , 0 ,
2

0

2 2 2 , 0 , .

the factor 40) f or n < 2 . Al so thei r concentra ti on dependences are very di ˜erent
(co mp. Fi g. 3b wi th Fi g. 3a).

The crossover between the local -pa i r- l ike and BCS- l ike behavi or is clearl y
seen in the vari atio n of ¿, ç , and 1 =Ñ wi th increasing Â (cf . Fi g. 4). For Â 0 ,
¿( ç ) is very smal l (large), indi cati ng extrem e typ e I I superconduct ivi ty , and ¿( ç )
rapi dly increases (decrea ses) as one appro aches the c -regim e at Â =D n . The
Lo ndon penetrati on depth Ñ(0 ) being very large in the local pa i r l im i t (Â < 0 )
decreases wi th increasing Â in d + c regim e, whereas in c- regime i t rem ains almost
constant.

Fi gure 5 shows the vari ati on of the rati o 2 k T =E (0 ) as a functi on of
Â =D for n = 1 , J = 0 and a Ùxed v alue of I =2 D in the casesof U and
U = 0 . As we see the rati o appro aches the BCS value in c-reg im e and i t strongly

Fig. 5. The variation of the ratio c g as a function of Â 0 for d

and d at , w here g min c
g

d
g , plotted for 0

0 c cd .
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decreases as the concentra ti on of d -electrons increases above tha t of wi de band
electrons wi th decreasing Â 0 .

The Coul omb intera cti ons U cd ; U c can strongly inÛuence the concentra ti on
dependences of superconduct ing characteri sti cs both in the local pa i r (d ) regim e
as well as in the mixed (d + c) regim e.

In Fi g. 6 we show the evoluti on of the Lo ndon penetra ti on depth (1 =Ñ2 )
at T = 0 as a functi on of to ta l electro n concentra ti on n for vari ous values of
intersubsystem Coul omb repul sion U c d and tw o Ùxed values of Â 0 =D , whereas
Fi g. 7 shows exam ples of the plots of 1 =Ñ 2 as a functi on of Â 0 f or the Ùxed
values of n and U cd . Both these Ùgures are calcul ated f or I 0 =2 D = 0 : 1 , J 0 = 0 ,

Fig. 6. The inverse square of penetration depth Ñ À 2 at T = 0 as a function of to-

tal concentration of carriers n for di˜erent values of Â 0 =D and interaction U

0 , 0 , , , 0.05, 0.1, 0.2.
2
0

2 2 2 ; (a) Â 0 , (b) Â 0 .

Fig. 7. T he inverse square of p enetration depth À 2 at as a function of Â 0 for

di˜erent values of and interaction . 0 , 0

2
0

2 2 2 ; (a) , , 0.2, (b) , , 0.1, 0.2.
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À1 ç U d ç 0 , as the ground state diagram s given in Fi g. 2a. Fi gure 6a is plotted
for Â 0 =D = 0 : 3 . In thi s case upon increasing n one observes two change-overs:
BCS ! MIXED ! BCS (com p. the di agram s 2a and Fi g. 3a). On the contra ry , for
Â 0 =D = À 0 : 1 (Fi g. 6b) the superÛuid characteri sti cs for any n < 2 are dom inated
by the d -subsystem (n d ƒ n c ) , comp. Fi gs. 2a and 3b. In compari son to the form er
case 1 =Ñ 2 i s strongly reduced (up to the factor 20) and shows a qui te di ˜erent
concentra ti on dependence. Al so the e˜ects of U cd on Ñ( n ) are di ˜erent in both
cases.

The superconducti ng cri ti cal tem perature T c as a functi on of Â 0 i s inÛuenced
by U c and U c d in the fol lowi ng way. The repul sive U c shifts the maxi mum of
T c to wards higher values of Â 0 . Thi s is sim ply a consequence of extendi ng the
coexistence region of d and c electro ns by U c (cf . Fi gs. 1c, 2b). The e˜ect of U c d

i s di ˜erent: there is no essential shi ft of the maximum Tc versus Â 0 , and the
coexistence region is reduced. Exa m ples of the plots of Tc vs. Â 0 =D are shown in
Fi g. 8 for n = 2 and a f ew Ùxed values of U c and U cd .

Fig. 8. The supercondu ctin g critical temp erature as a function of Â 0 =D for J 0

, 0 , , . The values of and are given in the brackets

( ) next to the curves.

Cl osing thi s secti on let us shortl y concl ude the e˜ects of on-site density
intera cti on U d , being the main facto r determ ining the d -pai r bindi ng energy E d

b

(f or a m ore detai led di scussion see R efs. [1, 2, 11]).
For U d ç 0 ; decreasing j U d j yi elds a m oderate reducti on of T in compari son

to the U d = À1 case (up to a f actor 2 for U d ! 0 ). As we see from Fi g. 5 the
rati o k T =E g (0 ) i s substanti ally enhanced by a decrease in j U d j in the d (LP)
reg im e and i t can be either enhanced or reduced in the c + d (MIXED ) regim e.
In the c regim e k T =E g (0 ) rem ains almost una˜ected by U d and i t appro aches
the BCS value (0 : 5 7 ) for any U d ç 0 .

The repul sive U d competes both wi th I 0 and J i j and i ts e˜ects on the proper-
ti es of the system can be m uch more spectacul ar tha n tho se of U d < 0 : In general ,
for a weak repul sion the superconducti ng tra nsiti on rem ains conti nuous, as for
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U d < 0 , however the d -pai r density exhi bi ts a sharp break at T c . The T c , H 2
c

(0 ) ,
ç , and (f or I 0 6= 0 ) the rati o k B T c =E c

g (0 ) i s stro ngly reduced, whereas the G{ L
coherence length is enhanced. The increasing U d changes the nature of the phase
tra nsiti on from a conti nuous to a disconti nuous typ e, resulti ng in the tri cri ti cal
point (TCP), then it suppresses superconduc ti vi ty for high n d ( j n d À 1 j ¤ 1 ). Fi -
na l ly, f or a large U d the system rem ains in the norm al state at any tem perature
and any n d [2, 11].

4 . Fi nal r em ar ks

W e have studi ed the therm odyna mic and electrom agneti c pro perti es and
phase diagram s of an induced pai ri ng m odel . The m odel considered assumes ar-
bi tra ry value of the on-site densi ty intera cti on between local ized d -electrons U d ;

whi ch al lows inv estigati on of the e˜ects of reduced d -pa i r bindi ng energy. Mo re-
over, i t takes into account the Coulomb intera cti ons between i ti nerant electrons
U c and tho se between c and d electro ns U c d as wel l as the di rect pa i r hoppi ng
intera cti on J i j .

D epending on param eters the model is f ound to exhi bi t several ki nds of
superconduct ing behavi or ranging from the BCS- l ike to the local -pa ir- l ike. In par-
ti cul ar, for I 0 6= 0 , U d ç 0 and Ùxed n the electrom agneti c properti es l ike ¿, H c, Ñ ,
ç as wel l as the rati o k B T c =E min

g (0 ) can evolve wi th the positi on of LP level (Â 0 )
from LP to \ Cro ssover" (MIXED ) and Ùnal ly to BCS- l ike regime. There are also
three possible typ es of change-overs wi th an increasing to ta l num ber of carri ers:
BCS À ! MIXED À ! BCS, BCSÀ ! LP and LP À ! BCS.

As we found, the Coulomb intera cti ons U c and U c d can substa nti al ly change
the ground state di agrams of the m odel and stro ngly m odi fy the evoluti on of
basic superconduct ing characteri sti cs wi th parti cle concentra ti on and Â 0 . The
intra subsystem Coul omb intera cti on U c enlarges the coexistence region of c and d

parti cl es(MIXED regim e). On the contra ry , the intersubsystem Coul omb repul sion
U c d tends to reduce the MIXED region and the range of n in whi ch both typ es of
parti cl es coexist.

There are vari ous groups of materi als for whi ch the coexistence of local pai r
sta tes wi th iti nerant electro n states have been either establ ished or suggested
and whi ch can be suita bl e candi dates for the present model [3{ 9, 12]. Am ong
these m ateri als there are also several nonstandard (\ exoti c" ) superconduc to rs,
incl udi ng the hi gh-Tc cupra tes, the tung sten bronzes and the doped bi smutha tes
(Ba 1 x K x Bi O 3 and BaPb 1 x Bi x O 3 ).

For the bi smutha tes the exp erimenta l resul ts show the exi stence of p -ho les
to gether wi th disproporti onated (at least local ly) Bi 3 +

À Bi 5 + background [13, 14],
and the coexi stence of i ti nerant carri ers wi th small bi polarons has been indi cated
by the Ram an spectroscopy data [15]. The existence of local electron pai ring is
also supp orted by several photo emission studi es, whi ch pro vi de the evidences of a
pseudogap behavi or in the norm al state of these materi als [16].



InÛuenc e of Coulomb Int eract ions . . . 87

R ecently Puchko v et al . [17] have analyzed the dopi ng dependence of the
opti cal properti es of Ba 1 À x K x Bi O3 in the f ul l dopi ng range (0 < x ç 0 : 4 6 ) . In
contra st to the cupra tes the London penetra ti on depth has been found to be
alm ost doping independent in an extended range of x , i .e. i t exhi bi ts the behavi or
analogous to tha t corresp ondi ng to Â 0 =D = 0 : 3 in Fi gs. 3a and 6a. Thi s suggests
tha t the system considered is in the c + d (MIXED ) regim e for a wi de range of
doping. Support for such a concl usion is provi ded by the experim enta l Ùnding
tha t in doped BaBiO 3 the density of the i ti nerant (D rude) charge carri ers does
not signiÙcantl y change wi th doping [17]. W i thi n our theory such a resul t is easy
to expl ain by a stro ng pinni ng of chemical potenti al ñ around the d - level (Â 0 )
in the MIXED regim e, whi ch yi elds the i ti nerant carri ers concentra ti on n c to be
alm ost n - independent.

A more detai led discussion on the relevance of the induced pai ri ng m odel to
the interpreta ti on of experi menta l data for the cupra tes wi l l begiven elsewhere [11].
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