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We study the superconducting properties of a model of coexisting itin-
erant carriers and local pairs with finite binding energy, taking into account
the effects of Coulomb (density—density) and direct pair hopping interac-
tions. The evolution of the phase diagrams and superfluid characteristics
with electron concentration, interaction parameters and the relative posi-
tion of the bands is examined. The model is found to exhibit several kinds of
superconducting behaviors ranging from the BCS-like to the local-pair-like.
The relevance of the obtained results to the interpretation of experimen-
tal data for the doped bismuthates (Bai_,K;BiOs and BaPb;_,BiO3) is

pointed out.

PACS numbers: 74.20.—z, 74.20.Mn, 71.28.+d, 74.25.Ha

1. Introduction

In Ref. [1] we have reported preliminary results concerning electromagnetic
and thermodynamic properties of the model introduced in Ref. [2] and called the
induced pairing model, which describes the system of coexisting itinerant carriers
(c-subsystem) and local pairs with finite binding energy (d-subsystem) and which
is a generalization of the (hard-core) boson—fermion model [3-9].

Here we present further results on this subject and examine the effects of
Coulomb (density—density) interactions and the direct pair hopping interaction
which were not considered in the previous work. We will determine the phase dia-
grams and superconducting characteristics of the system considered as a function
of total electron concentration (n = n. 4+ ng4), interactions and the relative posi-
tion of the bands (Ag) within the approach which treats the on site interaction of
localized electrons U exactly, and the remaining interactions within the broken
symmetry Hartree-Fock approximation (HFA).

(75)
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2. General formulation

The effective Hamiltonian of coexisting localized d-electrons and itinerant
c-electrons analyzed in the present work, taking into account the orbital coupling
of electrons to the external magnetic field, can be written as

H=Ha+ Het Hea, (1)
where
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ni =5, ct o, ni = >, dtdis, pf = (p7)t = d;"Td;"l, E; measures the
relative position of d-level with respect to the bottom of the c-electron band ¢} in
the absence of interactions, p is the chemical potential which ensures that a total
number of particles is constant, i.e.

n=n.+ng= (Z<n5>+z<n§l>) /N, (5)
2 2

Ug is the effective on-site density interaction between d-electrons, J;; is the in-
tersite charge exchange interaction of d-electrons (pair hopping), ¢ is the hopping
integral for c-electrons and Iy is the intersubsystem charge exchange coupling.
Vs = UY6;; + Vis(i # j) and Viﬁ»d are the Coulomb interactions between c-electrons
and those between ¢- and d-electrons, respectively. The Peierls factors in (2) and (3)
account for the coupling of electrons to the magnetic field via its vector potential
A(r), §;; = (—e/he) f]f,j drA(r), and e is the electron charge.

In analysis we have used, as in our previous works [1, 2], the variational ap-
proach which treats the on-site interaction term Uy exactly [10] and the intersub-
system and intersite interactions within the broken symmetry HFA [4]. For A = 0
the resulting expression for the free energy of the superconducting phase (5) is

5
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where

1
C = Jo(po)* + 2|Io|lzopo — U(20)* + (Ue/2 + Uea)ne — ZUcni

—Ucaneng + Ucqng + Ao, (7)

Ap = (A + U0 — 10P0|2)1/2a A=/ + (Jopo + |To|xo)?, (8)
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are the order parameters for d- and e-subsystems, respectively. ¢} = —tvz, v =
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Upon minimizing this free energy with respect to the variables py, 2z¢, and

Ue = 2Vi_g, Uca = chzdo, where ch(Cd) =

1 we obtain the following self-consistent equations:

1 1 BAg
_ 0 _
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n = n.+ ng, (13)
where n, and ng4 are given by
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The energy gaps in the c-electron spectrum and the d-electron spectrum are
given by E7(T) = min(24;) and Ej(T) = A, respectively, whereas E;mn(T) =
min{ £5(T), Ej(T)} defines the minimum energy gap. The free energy of the nor-
mal () state FJV is obtained from (6) by putting o = pf = 0, and with p given
by OF Jou = 0.

For a weak static potential the expectation value of the Fourier transform of
the total current operator can be obtained from the linear response theory as

¢ ~dia -para
Jo(q,w) = NEZ [baar KU + KPP (g, w)] Aar(gq,w) (16)

and the diamagnetic part of kernel has the following form:
K% = K. + Ky, (17)

where
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z is the number of nearest neighbors (z = 2 for d = 1 chain, z = 4 for d = 2
square lattice, z = 6 for simple cubic lattice), a is the lattice constant. p%, and Jg
are the space-Fourier transform of pfc and J;;, respectively, and pg, xo, and pu are
determined by Eqgs. (11-13).

In the static limit and ¢ — 0 for the transverse part of the paramagnetic
kernel we obtain

8me’t? 1 Z sin? ky

para =0)= :
\rx ((.d ) hcha N ]CBIWCOSh2 (6Ek/2)

(20)

In the London superconductors the magnetic field penetration depth A is
determined by the transverse part of the total kernel in the static limit
A= {— ke grare(, = )} 7V (21)

Using the value of the penetration depth and the difference of the free energy
between N and S phase one is able to determine the thermodynamic critical field
He, the Ginzburg-Landau (G-L)correlation length & and the Ginzburg ratio &
as HZ(T)(87) = (FN(T) — F5(T))/(Na®), € = &o/(2mV/2XHc), k = A/€, where
@y = he/2e, and to obtain the estimations for the critical fields He1 ~ (Inx/k) He
and Hea ~ @q/27E2.

From Eqgs. (11-13) one can calculate the HFA transition temperature T, at
which 2o — 0 and po — 0. The Tt is given by a set of equations
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3. Results of numerical solution and discussion

We have performed an extended numerical analysis of Eqs. (6-22) both
at 7' = 0 and for T > 0, taking a rectangular density of states for c-electrons
(N(e) = 1/2D for 0 < €, < 2D, and 0 otherwise, with 2D denoting an effective
c-bandwidth). In the following we summarize the main results, concentrating on
the phase diagrams and basic superconducting characteristics, derived for several
most representative cases.

3.1. Ground state diagrams

In the model considered there are two types of mechanisms which can lead to
superconductivity. The first one is due to the direct local pair hopping interaction J
and involves exclusively the narrow band subsystem. For U; < 0 it gives rise to a
superconductivity analogous to superfluidity of *He.

The second one is due to the intersubsystem charge exchange Iy. This leads
to a superconducting state involving both subsystems, in which the single-particle
spectrum of the wide band electrons opens up a gap around the position of the
narrow band of electrons in pair states [2-8].

Figures 1 and 2 show the evolution of the ground state phase diagrams as
a function of n and Ag/D obtained for —oo < Uy < 0 and several fixed values of
Jo, Io, Uc, and Ucd~

Depending on the relative concentration of “¢” and “d” electrons; which is
determined by Ag = Fo+U;/2, the interactions and n, we distinguish three essen-
tially different physical situations. In the most interesting case of Iy # 0 (Fig. 2)
it will be: (i) d-regime, ng > n. (LP), (i) d 4 ¢ regime, 2 > n., ng > 0 (MIXED),
(iii) c-regime, n, > ng (BCS). In d-regime the superconducting properties of the
system are analogous (at least for Uy < 0) to those of pure local-pair supercon-
ductor, whereas in c-regime the situation is similar to the BCS case: pairs of “¢”
electrons with opposite momenta and spins are exchanged via virtual transitions
into empty d-levels. In d 4+ ¢ regime the system shows features which are inter-
mediate between those of pure local-pair superconductor and those of classical
BCS systems, even in the strong attraction (Ug < 0) case. This concerns, among
others, the gap in the single-particle excitation spectrum for c-electrons, the ratio
kpT./E4(0), the electromagnetic coherence length as well as the thermodynamic
critical field (see Sec. 3.2).

As for the evolution of the superconducting properties with an increasing
total number of carriers, there are three possible types of change-over: (i) BCS—
“Crossover” (MIXED)—BCS, (ii) BCS—LP, and (iii) LP—BCS (comp. Fig. 2).
Only in the case when the local pair level is deeply located below the bottom of
the wide ¢ band (A <« 0), the system remains in d-regime for any n < 2.

Let us also observe that with the increase in Ay/D at fixed n there are two
sequences of change-overs possible: LP— MIXED— BCS (if n < 2) and BCS—
MIXED—LP (if n > 2).
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Fig. 1. Ground state diagrams of the model (1) as a function of n and Ag/D plotted for
—o0 < Uq €0, Ip = 0 and different values of Jo/2D, U./2D, U.q/2D, showing the effects
of increasing Coulomb interactions U, and U.q; (a) Jo/2D =0, U./2D =0, Usq/2D = 0;
0.05; 0.2 (numbers to the curves-n.t.c.); (b) Jo /2D = 0.25, U./2D = 0, U.4/2D = 0; 0.05;
0.25 (n.t.c.); (c) Jo/2D = 0.25, U, /2D = 0.05; 0.5; 1 (n.t.c.), Ucq/2D = 0. Notation: ¢M
(metallic state of c-electrons), dN (normal state of d-electrons), dS (superconducting

state of d-electrons).

In contrast to the change-overs MIXED«— BCS, which are quite sharp, the
evolution between the LP and MIXED regimes for Iy # 0 is rather smooth (comp.
Figs. 4, 5) and therefore the LP/MIXED boundary cannot be precisely located on
the n vs. Ag/D diagrams.

In the case In = 0, Jy # 0, for which the ground state diagrams are shown
in Fig. 1, the situation is simpler. The superconducting state 1s restricted to the
regions marked by dS and dS + ¢M, and all the phase boundaries on the diagram
are well defined. At the border dS + ¢M/dS: n. — 0 (for n < 2), or n. — 2 (for
n > 2), whereas at the border dS + ¢cM/cM: ng — 0 (for n < 2), or ng — 2 (for
n > 2).



Influence of Coulomb Interactions ... 81

4 a) T P 74! 4 b 0.05 — — =
//'/' . -
n BCS e LP 05
3r 2 . { BCS - LP
///// /,//'E D n "/, -7
2 IX 21— MIXED
M o7
1r BB 037 00s IR T
2 BCS 77 BCS
0 I,J I I 0 | - T | T | T | T
-1 0 1 2 A/D3 0 1 2 3 A/D 4

Fig. 2. Ground state diagrams as a function of n and Aq/D plotted for —oco < Uy <0,
Jo = 0, Iy/2D = 0.1 and different values of U.q/2D, U./2D; (a) Ucq/2D = 0.05,
0.2 (numbers to the curves-n.t.c.), Us/2D = 0, (b) U./2D = 0.05, 0.5 (n.t.c.),
Uea/2D = 0. BCS, LP, and MIXED denote superconducting state of predominantly
c-electrons, d-electrons and coexisting ¢ + d electrons, respectively. By dashed lines we
mark the values of A¢/D and n for which ng or 2 — ng become vanishingly small
(na/n = 107°) defining in this way the approximate border MIXED/BCS.

As it follows from the diagrams shown in Figs. lc, 2b the intrasubsystem
Coulomb interaction U, enlarges the coexistence region of local pairs and wide
band electrons (ng # 0, n. # 0) expanding it towards higher values of Ag/D,
both, in the case of Iy = 0, Jo # 0 (cf. Fig. 1c) as well as in the case of Jy = 0,
In # 0 (cf. Fig. 2b), and the concentrations of both types of particles change
smoothly with varying Ag.

The influence of the intersubsystem Coulomb repulsion U.q 18 more drastic
as it tends to reduce the coexistence region (cf. Figs. la, b, for Iy = 0, and Fig. 2a,
for Iy # 0). For U.q/2D < 0.5, D being the half-bandwidth of c-electron band,
changes in the concentrations of both types of carriers, n, and nq versus Agy are
smooth. On the other hand for U,4/2D > 0.5 discontinuous changes in n, and nq
with variation of Ag and (or) temperature can take place, and the d+¢ (MIXED)
regime can be completely suppressed. It remains an open question whether such
behavior in the case of strong intersubsystem Coulomb repulsion is an inherent
property of the model or if it is due to the approximation used.

3.2. Superconducting properties

Let us first conclude the evolution of basic superfluid characteristics with
the particle concentration n and Ag/D at T = 0, Ug < 0. Examples of the plots
of H2, £,1/)? and & vs. n and vs. Ag/D are shown in Figs. 3 and 4, respectively,
for the fixed values of Iy and Jy (U, = U.q = 0).
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Fig. 3. Concentration dependences of HZ, ¢, 1/A%, and s at T = 0 for
Io/2D = 0.1, Jo/2D = 0.05, —00 < Uy < 0, U = Ueg = 0, (a) Ao/D = +0.3,
(b) Ao/D = —01. H? = 16xD/a®, & = a/4/2, A3 = h2c*az/167e? D,

Ko = (ﬁhc/ﬁe) (1/ aD), D =zt

In Fig. 3 we show the evolution of the thermodynamical critical field H.,
the coherence length ¢ and the Ginzburg ratio k = A/ and 1/A? with electron
concentration n = ng + n., for two fixed values of Ag/D and 0 < Uj.

For Ag/D = 0.3 and Iy # 0 (Fig. 3a) upon increasing n the system exhibits
two change-overs: from the ¢-regime (BCS) (n. > ng = 0) into the c+d (MIXED)
regime and then again into the c¢-regime (BCS) (n. & n — 2, ng = 2). Notice only
a weak n-dependence of A, £ and  in a wide range of n. This is due to a strong
pinning of p around the d-level (Ag) in the ¢ + d regime, which yields n. to be
almost n-independent.

For Ay/D = —0.1 (Fig. 3b) ng > n. (except n &~ 2 and n > 2) and
electromagnetic characteristics for n < 2 are dominated by the d-subsystem. With
increasing n the system exhibits a single change-over from the predominantly
d-regime (LP) directly into the c-regime (BCS) at n & 2. One can observe it in
the behavior of &, which substantially increases near n = 2. In comparison to the
former case £ is strongly reduced, whereas A and x — strongly enhanced (k up to
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Fig. 4. The plots of H2, £, 1/X? and x as a function of Ag/D at T = 0 for n = 1,
Io/2D = 0.1, Jo/2D = 0.05, —c0 < Ug < 0, U = Ueqg = 0. HZ = 167D /a’, & = a/4\/2,
A2 =h%caz/16me D, ko = (ﬁhc/ﬁe) (1/VaD), D = =t.

the factor 40) for n < 2. Also their concentration dependences are very different
(comp. Fig. 3b with Fig. 3a).

The crossover between the local-pair-like and BCS-like behavior is clearly
seen in the variation of £, &, and 1/A? with increasing Ay (cf. Fig. 4). For Ag <0,
&(x) is very small (large), indicating extreme type II superconductivity, and £(x)
rapidly increases (decreases) as one approaches the e-regime at Ag/D & n. The
London penetration depth A(0) being very large in the local pair limit (Ay < 0)
decreases with increasing Ag in d+ ¢ regime, whereas in c-regime it remains almost
constant.

Figure 5 shows the variation of the ratio QkBTC/E;lin(O) as a function of
Ag/D for n =1, Jo = 0 and a fixed value of Iy/2D in the cases of Uy — —oo and
Ug = 0. As we see the ratio approaches the BCS value in c-regime and it strongly

Fig. 5. The variation of the ratio ZkBTC/E;m“(O) as a function of Ag/D for Uy = —o0
and Uy = 0 at n = 1, where £ (0) = min{ES(0), EZ(0)}, plotted for Io/2D = 0.1,
Jo=U,=U,qq=0.
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decreases as the concentration of d-electrons increases above that of wide band

electrons with decreasing Ag.

The Coulomb interactions U.4, U. can strongly influence the concentration

dependences of superconducting characteristics both in the local pair (d) regime

as well as in the mixed (d + ¢) regime.
In Fig. 6 we show the evolution of the London penetration depth (1/A?%)

at 7" = 0 as a function of total electron concentration n for various values of

intersubsystem Coulomb repulsion U.4 and two fixed values of Ag/D, whereas

Fig. 7 shows examples of the plots of 1/A% as a function of Ay for the fixed
values of n and U.4. Both these figures are calculated for Io/2D = 0.1, Jo = 0,

0.20 - - 0.01 b) .
a) —U./2D=0 =03 —U.4/2D=0
2/ N2 = 0s P A/ N —.01 "~ =00
N o4 T AETTEE =01
- =0.2
0.00 0.00
0 1 2 n 0 1 2 n
Fig. 6. The inverse square of penetration depth A™2 at T = 0 as a function of to-

tal concentration of carriers n for different values of AO/D and interaction Ucqa/2D.
L/2D = 01, Jo = U = 0, —00 < Uq < 0, Ueca/2D = 0, 0.05, 0.1, 0.2.

A3 = h2c*az /167’ D; (a) Ao/D = 0.3, (b) Ag/D = —0.1.
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—— U ,4/2D=0
----U /2D=0.
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Fig. 7.
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The inverse square of penetration depth A2 at 7' = 0 as a function of A/ D for

different values of n and interaction Uca/2D. I/2D = 0.1, Jo = U. =0, —0c0 < Uqg < 0;

A3 = h2cPaz /167’ D; (a) n =1, Uea/2D =0, 0.2, (b) n =2, Ueq/2D =0, 0.1, 0.2.




Influence of Coulomb Interactions ... 85

—0o < Ugq <0, as the ground state diagrams given in Fig. 2a. Figure 6a is plotted
for Ag/D = 0.3. In this case upon increasing n one observes two change-overs:
BCS—MIXED—BCS (comp. the diagrams 2a and Fig. 3a). On the contrary, for
Ag/D = —0.1 (Fig. 6b) the superfluid characteristics for any n < 2 are dominated
by the d-subsystem (ng > n.), comp. Figs. 2a and 3b. In comparison to the former
case 1/A? is strongly reduced (up to the factor 20) and shows a quite different
concentration dependence. Also the effects of Ugq on A(n) are different in both
cases.

The superconducting critical temperature 7; as a function of Ay is influenced
by U, and U.4 in the following way. The repulsive U, shifts the maximum of
T. towards higher values of Agy. This is simply a consequence of extending the
coexistence region of d and ¢ electrons by U, (cf. Figs. 1c, 2b). The effect of U4
is different: there is no essential shift of the maximum 7. versus Ap, and the
coexistence region is reduced. Examples of the plots of T. vs. Ag/D are shown in
Fig. 8 for n = 2 and a few fixed values of U, and U.4.

kyT/2D

0.02

I L
0 2 A/D 4
Fig. 8. The superconducting critical temperature as a function of A/ D for Jo/2D =

0.05, I =0, n =2, Ug/D = —oo. The values of U. and Ucq are given in the brackets
(Uca/2D; Uc/2D) next to the curves.

0.00

Closing this section let us shortly conclude the effects of on-site density
interaction Uy, being the main factor determining the d-pair binding energy Ef
(for a more detailed discussion see Refs. [1, 2, 11]).

For Uy < 0, decreasing |Uy4| yields a moderate reduction of Tt in comparison
to the Uy = —oo case (up to a factor 2 for Uy — 0). As we see from Fig. 5 the
ratio kBTC/E;lm(O) is substantially enhanced by a decrease in |Uyg| in the d (LP)
regime and it can be either enhanced or reduced in the ¢ + d (MIXED) regime.
In the ¢ regime kBTC/E;lm(O) remains almost unaffected by Uy and it approaches
the BCS value (0.57) for any Uy < 0.

The repulsive Uz competes both with Iy and J;; and its effects on the proper-
ties of the system can be much more spectacular than those of Uy < 0. In general,
for a weak repulsion the superconducting transition remains continuous, as for
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Ug < 0, however the d-pair density exhibits a sharp break at T.. The T., HZ(0),
x, and (for Iy # 0) the ratio kpT./E;(0) is strongly reduced, whereas the G-L
coherence length is enhanced. The increasing Uy changes the nature of the phase
transition from a continuous to a discontinuous type, resulting in the tricritical
point (TCP), then it suppresses superconductivity for high ng (Jng — 1] &~ 1). Fi-
nally, for a large U; the system remains in the normal state at any temperature
and any ng [2, 11].

4. Final remarks

We have studied the thermodynamic and electromagnetic properties and
phase diagrams of an induced pairing model. The model considered assumes ar-
bitrary value of the on-site density interaction between localized d-electrons Uy,
which allows investigation of the effects of reduced d-pair binding energy. More-
over, it takes into account the Coulomb interactions between itinerant electrons
U, and those between ¢ and d electrons U.q; as well as the direct pair hopping
interaction J;.

Depending on parameters the model is found to exhibit several kinds of
superconducting behavior ranging from the BCS-like to the local-pair-like. In par-
ticular, for Iy # 0, Uz < 0 and fixed n the electromagnetic properties like €, H,, A,
x as well as the ratio kBTC/E;ﬁn(O) can evolve with the position of LP level (Ag)
from LP to “Crossover” (MIXED) and finally to BCS-like regime. There are also
three possible types of change-overs with an increasing total number of carriers:
BCS—MIXED—BCS, BCS—LP and LP—BCS.

As we found, the Coulomb interactions U, and U.4 can substantially change
the ground state diagrams of the model and strongly modify the evolution of
basic superconducting characteristics with particle concentration and Agy. The
intrasubsystem Coulomb interaction U, enlarges the coexistence region of ¢ and d
particles (MIXED regime). On the contrary, the intersubsystem Coulomb repulsion
U.q tends to reduce the MIXED region and the range of n in which both types of
particles coexist.

There are various groups of materials for which the coexistence of local pair
states with itinerant electron states have been either established or suggested
and which can be suitable candidates for the present model [3-9, 12]. Among
these materials there are also several nonstandard (“exotic”) superconductors,
including the high-7;. cuprates, the tungsten bronzes and the doped bismuthates
(Bal_xKxBiO;), and Banl_xBixO:«;).

For the bismuthates the experimental results show the existence of p-holes
together with disproportionated (at least locally) Bi3*—Bi®t+ background [13, 14],
and the coexistence of itinerant carriers with small bipolarons has been indicated
by the Raman spectroscopy data [15]. The existence of local electron pairing is
also supported by several photoemission studies, which provide the evidences of a
pseudogap behavior in the normal state of these materials [16].
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Recently Puchkov et al. [17] have analyzed the doping dependence of the
optical properties of Ba;_,K,;BiO3 in the full doping range (0 < # < 0.46). In
contrast to the cuprates the London penetration depth has been found to be
almost doping independent in an extended range of z, i.e. it exhibits the behavior
analogous to that corresponding to Ag/D = 0.3 in Figs. 3a and 6a. This suggests
that the system considered is in the ¢ + d (MIXED) regime for a wide range of
doping. Support for such a conclusion is provided by the experimental finding
that in doped BaBiOs the density of the itinerant (Drude) charge carriers does
not significantly change with doping [17]. Within our theory such a result is easy
to explain by a strong pinning of chemical potential p around the d-level (Ay)
in the MIXED regime, which yields the itinerant carriers concentration n. to be
almost n-independent.

A more detailed discussion on the relevance of the induced pairing model to
the interpretation of experimental data for the cuprates will be given elsewhere [11].
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